
1. Homework 1 answers

1.1. Linear diffeq’s and recursions. four answers:

0.1 Find all functions x(t), y(t) so that

x′(t) = −x + y, y′(t) = 3x− 3y

Find the particular solution so that x(0) = y(0) = 1/2.
The matrix is

A =

(
−1 1
3 −3

)
This has eigenvalues 0,−4 with corresponding eigenvectors X1 =

(
1
1

)
, X2 =

(
1
−3

)
. So A =

QDQ−1 where

Q =

(
1 1
1 −3

)
, D =

(
0 0
0 −4

)
, Q−1 =

1

4

(
3 1
1 −1

)
And

etA = QetDQ−1 =
1

4

(
1 1
1 −3

)(
1 0
0 e−4t

)(
3 1
1 −1

)
=

1

4

(
3 + e−4t 1− e−4t

3− 3e−4t 1 + 3e−4t

)
The general solution is X = etAX0 or

x =
x0

4

(
3 + e−4t

)
+

y0

4

(
1− e−4t

)
y =

x0

4

(
3− 3e−4t

)
+

y0

4

(
1 + 3e−4t

)
When x0 = y0 then the e−4t terms all cancel and we get that x, y are constant functions. In
particular, x = y = 1

2
is the particular solution in the homework.

Some people found another method but didn’t carry it through: Some of you noticed that
the equations say: y′ = −3x′ or

dy

dt
= −3

dx

dt
Cancel the dt’s and integrate: ∫

dy =

∫
−3dx

which gives: y = −3x + C1. Now you have to continue and put it back into the original
equation

dx

dt
= −x + y = −x− 3x + C1 = −4x + C1

dx

−4x + C1

= dt

−1

4
ln | − 4x + C1| = t + C2

−4x + C1 = e−4t−4C2

So,

x = C3e
−4t +

1

4
C1

1



and

y = −3x + C1 = −3C3e
−4t +

1

4
C1

When you put in the initial conditions you find C1 = 2, C3 = 0.
Remember that you need to add +C with a new C every time you integrate.

0.5 Find all functions f from integers to real numbers so that

f(n) =
1

2
f(n + 1) +

1

2
f(n− 1)− 1

[Show first that f(n) = n2 is a particular solution.]
To solve the homogeneous equation, try f = an. If a is a double root then the second

solution is f(n) = nan. The homogenous equation gives

a2 − 2a + 1 = 0

This has only one root: a = 1. So, the solutions are f(n) = 1 and f(n) = n. Thus the
general solution is

n2 + bn + c

where b and c are constants. There is no constant in front of the particular solution.

0.6 (a) Find all functions f : R → R so that

f ′′(x) + f ′(x) + f(x) = 0

Here you try f(x) = eλx and you find that

λ2 + λ + 1 = 0

or

λ =
−1± i

√
3

2

eλx = e−x/2(cos

√
3x

2
± i sin

√
3x

2
)

To get a real solution students correctly took a linear combination of the real and imaginary
parts:

f(x) = ae−x/2 cos

√
3x

2
+ be−x/2 sin

√
3x

2

(b) Find all functions f : Z → R so that

f(n + 2) + f(n + 1) + f(n) = 0

You try f(n) = an and you get

a2 + a + 1 = 0

Or

a =
−1± i

√
3

2
2



So, an arbitrary complex solution is given by

f(n) = a

(
−1 + i

√
3

2

)n

+ b

(
−1− i

√
3

2

)n

In order for this to be a real number it must be equal to its complex conjugate. So, b = a.
I.e., a = c + id, b = c− id where

c = f(0)/2

d = −f(1)
√

3/3

3



3. Homework 3

p. 36 #1.8, 1.9, 1.10, 1.15

1.8. (a) π(A) = 3/12 = 1/4
(b) E(T ) = 1/π(A) = 4
(c) Make A absorbing. M = (I−Q)−1 The C-th row of M is given by solving the equation

X(I −Q) = eC , X = (9/11, 14/11, 2/11, 4/11)

So, the answer is MCB = EC(#visits to B before A) = 9/11
(d) Make A, C absorbing. α(B, C) = PB(A before C) = 4/7 is the BC coordinate of MS
(e) Make A absorbing. Then EC(#steps to A) = 9/11 + 14/11 + 2/11 + 4/11 = 29/11.

1.9. (a) Irreducible
(b) 3
(c) p1000(2, x) = p2(1, x). So, p1000(2, 1) = 0, p1000(2, 2) = 0, p1000(2, 4) = 5/12.
(d) T = 3 is constant. So, π(1) = 1/3.
(e)

π = (
1

3
,
1

9
,
2

9
,

5

36
,

7

36
)

1.10. (a) This is irreducible and aperiodic.

π =
1

377
(233, 89, 34, 13, 5, 2, 1)

(b) The answer is π(4)p(4, 5)p(5, 0) = 5
377

1
4

1
4
≈ 0.0008289

(c) 1/144
(d) E(T ) = 1/π(3) = 377/13 = 29.
(e) Make 6 absorbing. The answer is sum of M0x which is

4(1 + 3 + 8 + 21 + 55 + 144) = 928

1.15. Use the equation EI = P. Then for each fixed T you get:

r(j) =
T−1∑
n=0

P(Xn = j)

rP (k) =
∑

j

r(j)p(j, k) =
T−1∑
n=0

∑
j

P(Xn = j)p(j, k)︸ ︷︷ ︸
=P(Xn+1=k)

=
T∑

n=1

P(Xn = k) = r(k)

Since the equation holds for each fixed T it holds when T is random. Now divide by
∑

r(j) =
E(T ) to get

π(j) = r(j)/E(T )

But r(i) = 1. So,
π(i) = 1/E(T )
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5. Homework 5 (Chap 3)

p. 84 #3.5, 8, 11, 12

3.5. Let Xt be a Markov chain with state space S = {1, 2} and rates α(1, 2) = 1, α(2, 1) = 4.
Find Pt.

The infinitesmal generator is

A =

(
−1 1
4 −4

)
This matrix has eigenvalues 0,−5 with corresponding right eigenvectors (1, 1)t, (1,−4)t form-
ing the matrix Q

Q =

(
1 1
1 −4

)
, D =

(
0 0
0 −5

)
, Q−1 =

(
4/5 1/5
1/5 −1/5

)
Pt = etA = QetDQ−1 = (

1 1
1 −4

) (
1 0
0 e−5t

) (
4/5 1/5
1/5 −1/5

)
So,

Pt =
1

5

(
4 + e−5t 1− e−5t

4− 4e−5t 1 + 4e−5t

)
3.8. The infinitesmal generator is

A =


−3 1 1 1
0 −3 2 1
1 2 −4 1
0 0 1 −1


(a) Find the invariant distribution π.

This is the solution of πA = 0 normalized so that the sum of the coordinates is 1:

π =
1

38
(3, 7, 9, 19) ≈ (.079, .184, .237, .5)

(b) If X0 = 1 what is the expected amount of time until the first jump?

The change rate is 3 times per unit time. So, the expected wait is 1/3 of a unit of time.

(c) If X0 = 1 what is the expected time until you reach state 4?

You take Ã = A with the 4th row and 4th column deleted. Then you want to solve the
equation

Ãb = −1

or: −3 1 1
0 −3 2
1 2 −4

 b(1)
b(2)
b(3)

 =

−1
−1
−1


The solution is easy: b(1) = b(2) = b(3) = 1. So, b(x) = (expected time to get from x to 4)
= 1 for x = 1, 2, 3.
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3.11. Xt is the birth-death process with λn = 1 + 1/(n + 1) and µn = 1. Is this positive
recurrent, null recurrent or transient?

Since

λn = 1 +
1

n + 1
=

n + 2

n + 1
the product collapses:

λnλn−1 · · ·λ0 =
n + 2

n + 1
· n + 1

n
· · · 2

1
= n + 2

The sum ∑ λnλn−1 · · ·λ0

µn+1µn · · ·µ1

=
∑

n + 2 = ∞

So, the process is not positive recurrent. Also,∑ µn · · ·µ1

λn · · ·λ1

=
∑ 2

n + 2
= ∞

So, the process is not transient. Thus, it must be null recurrent.

What about λn = 1− 1/(n + 2)?

This is almost the same thing:

λn = 1− 1

n + 2
=

n + 1

n + 2

the product collapses again:

λnλn−1 · · ·λ0 =
n + 1

n + 2
· n

n + 1
· · · 1

2
=

1

n + 2

The sum ∑ λnλn−1 · · ·λ0

µn+1µn · · ·µ1

=
∑ 1

n + 2
= ∞

So, the process is not positive recurrent. Also,∑ µn · · ·µ1

λn · · ·λ1

=
∑ n + 2

2
= ∞

So, the process is not transient. Thus, it must be null recurrent.

3.12. For λn = nλ, µn = nµ what values of λ, µ make extinction probability 1?

In this problem we first have to make the Markov chain irreducible by changing λ0 to be
1. Then the extinction probability is one if and only if the new irreducible chain is recurrent,
i.e., not transient. So, we take the sum:∑ µn · · ·µ1

λn · · ·λ1

=
∑ µn

λn

This converges (making the chain transient) if and only if µ < λ. So, the extinction prob-
ability is one if and only if µ ≥ λ and µ > 0. (When µ > λ the chain is positive recurrent
and the expected time to extinction is finite.)
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6. Homework 6 (Chap 4)

p. 98 #4.1, 2, 3, 4

4.1. We have a simple random walk with absorbing walls on {0, 1, 2, · · · , 10} with payoff
function:

x : 0 1 2 3 4 5 6 7 8 9 10
f(x) : 0 2 4 3 10 0 6 4 3 3 0

Find the optimal stopping time rule and the value function v(x) which gives the expected
payoff at each state.

This one is easy. You use the convex function rule. Interpolating linearly we get:

x : 0 1 2 3 4 5 6 7 8 9 10
f(x) : 0 2 4 3 10 0 6 4 3 3 0
v(x) : 0 2.5 5 7.5 10 8.6 7.2 5.8 4.4 3 0

The optimal stopping rule is to stop at x = 4, 9 and continue otherwise (if you can).

4.3. (a) Add a cost function of g(x) = .75 at each move.

Now, when we have to subtract g(x) at each single gap, 2g(x) at each double gap and
3g, 4g, 3g at each triple gap. If the gap were longer we would have to solve the linear
recursion:

v(k + 1) =
1

2
v(k) +

1

2
v(k + 2) − g(k + 1)

For constant g the solution, for a gap of n − 1, is

v(k) = −k(n − k)g

(The particular solution is v(k) = k2g. The homogeneous solutions are v(k) = 1, v(k) = k.)
This gives:

x : 0 1 2 3 4 5 6 7 8 9 10
f(x) : 0 2 4 3 10 0 6 4 3 3 0
v1(x) : 0 2.5 5 7.5 10 8.6 7.2 5.8 4.4 3 0
v2(x) : 0 2 4.666 7.333 10 8 6 4.5 3 3 0
v3(x) : 0 2 4 7 10 7.25 6 4 3 3 0
v(x) : 0 2 4 6.25 10 7.25 6 4 3 3 0

The optimal stopping rule is to continue only at x = 3, 5.

(b) a discount rate of α = .95.

By iteration we get the following:

x : 0 1 2 3 4 5 6 7 8 9 10
f(x) : 0 2 4 3 10 0 6 4 3 3 0
v(x) : 0 2 4.14 6.71 10 7.6 6 4.55 3.58 3 0

The optimal stopping rule is to stop at x = 1, 4, 6, 9. You can get the exact value of the
(present) value function v(x) by solving the equation

v(x) = max(f(x), α(v(x − 1) + v(x + 1))/2)
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to get

v(2) =
1710

413
, v(3) =

2774

413
and

v(7) =
1881

413
, v(8) =

1482

413

(c) with both cost g(x) = .75 and discount rate of α = .95.

By iteration we get the following:

x : 0 1 2 3 4 5 6 7 8 9 10
f(x) : 0 2 4 3 10 0 6 4 3 3 0
v(x) : 0 2 4 5.9 10 6.85 6 4 3 3 0

The optimal stopping rule is to continue at x = 3, 5 and stop elsewhere. You can get the
exact value of the (present) value function v(x) by solving the equation

v(x) = max(f(x), α(v(x − 1) + v(x + 1))/2 − g(x))

So,
v(3) = .95(14/2) − .75 = 5.9

and
v(5) = .95(16/2) − .75 = 6.85

are exact.
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4.2. Now you roll two dice and f(x) is the sum of the two numbers except for f(7) = 0.
a) What is your expected payoff if you always stop after the first roll?

This is just

E =
∑

p(x)f(x) = 210/36 = 35/6 ≈ 5.8333

b) What is your optimal payoff?

The question itself is a hint. Instead of trying to compute vn(x) we compute the expected
payoff En for vn.

E1 =
∑
x 6=7

p(x)12 = 10

Given En we can compute En+1 by

En+1 =
∑
x 6=7

p(x) max(f(x), En)

which gives:
E2 = 8.4444
E3 = 7.4691
E4 = 7.001
E5 = 6.806
E6 = 6.7247

Once you realize that the optimal stopping time is to stop when you get more than 7 then
you can calculate the expected value:

E(f(XT )) = 140/21 ≈ 6.66667

Since this is more than 6, the strategy is correct.

4.4. a) Do it again with cost function g = [2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1].

Start with E1 = 10. And repeat:

En+1 =
∑
x 6=7

p(x) max(f(x), En − g(x))

This gives:
E2 = 7.5
E3 = 6.3194
E4 = 5.9977
E5 = 5.9443
E6 = 5.9398
E7 = 5.9394
E8 = 5.9394

So, E = 5.9394. and the optimal strategy is to continue only if you get 2 or 3. You can solve
for E by

E = (E − 2)(3/36) + 202/36

to get E = 196/33 ≈ 5.939394 (If you get a 4 you should keep it instead of paying 2 and
getting 5.9394 for a net of 3.9394)
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b) with discount rate α = .8

Start with E1 = 10. And repeat:

En+1 =
∑
x 6=7

p(x) max(f(x), .8En)

This gives:
E2 = 7.2222
E3 = 6.3272
E4 = 6.1283
E5 = 6.0949
E6 = 6.0904

E7 = E8 = 6.0898

So, E = 6.0898 and the optimal strategy is to continue only if you get 2,3 or 4. You can get
the exact value for E by solving the equation

E = 6(.8E)/36 + 190/36

which gives
E = 1900/312 ≈ 6.0897

(If you get a 5 you should keep it instead of rolling again to get an expected discounted
payoff of 80% of 6.0897 which would be 4.8718)

c) both.

Start with E1 = 10. And repeat:

En+1 =
∑
x 6=7

p(x) max(f(x), .8En − g(x))

This gives:
E2 = 6.5278
E3 = 5.8796
E4 = 5.8529

E5 = E6 = 5.8523

So, E = 5.8523 and the optimal strategy is to continue only if you get 2. You can get exact
answers by solving for E:

E = (.8E − 2)/36 + 208/36

This gives
E = 2060/352 ≈ 5.8523

(With a 2 you should pay the fee of 2 and get a net payoff of

5.8523 · 0.8 − 2 = 2.6818)

• What is your expected payoff if you always stop after the first roll?

In all three cases this is the same as before (since you don’t pay to continue and you don’t
get discounted)

E =
∑

p(x)f(x) = 210/36 = 35/6 ≈ 5.8333
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5. Homework 7 (Chap 5)

p. 125 #5.2,5,7,15

5.2. If Xt is a Poisson process with λ = 1 then find E(X1 |X2), E(X2 |X1).

By the definition of a Poisson process, E(X2 −X1) = E(X1) = λ = 1. Also, X2 −X1 is
independent of X1. So,

E(X2 |X1) = E(X2 −X1 |X1) + E(X1 |X1) = X1 + 1

If the total X1 + (X2 −X1) is given then, by symmetry,

E(X1 |X2) =
1

2
X2.

5.5. Suppose that Xn is the number of individuals in the nth generation in a branching
process. If the mean number of offspring is µ then show that

Mn = µ−nXn

is a martingale wrt X0, X1, · · ·
By definition of µ we have

E(Xn+1 |Xn) = µXn

So,
E(Mn+1 | Fn) = µ−n−1E(Xn+1 |Xn) = µ−n−1µXn = Mn

and we see that Mn is a martingale.

5.7. Take the random walk on Z where the probability of going right at each step is p < 1/2
and the probability of going left is 1− p. Take Sn = a + X1 + · · ·+ Xn where 0 < a < N .

(a) Show that

Mn =

[
1− p

p

]Sn

is a martingale.

First note that

Mn+1 =

[
1− p

p

]Sn+Xn+1

= Mn

[
1− p

p

]Xn+1

And

E

([
1− p

p

]Xn+1
)

=

[
1− p

p

]
p +

[
1− p

p

]−1

(1− p) = (1− p) + p = 1

So,

E(Mn+1 | Fn) = MnE

([
1− p

p

]Xn+1
)

= Mn

So, Mn is a martingale.
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(b) Suppose that T is the first time that Sn reaches 0 or N . Compute P(ST = 0).

By the OST we have

E(MT ) = M0 =

[
1− p

p

]a

But this expected value is also given by

E(MT ) = P(ST = 0) +

[
1− p

p

]N

(1− P(ST = 0))

So,

P(ST = 0) =

[
1−p

p

]a
−
[

1−p
p

]N
1−

[
1−p

p

]N =
(1− p)N − (1− p)apN−a

(1− p)N − pN

5.15. Suppose that Mn is a martingale. Suppose there exists Y ≥ 0 so that E(Y ) < ∞ and
|Mn| < Y for all n. Then show that Mn are uniformly integrable.

Since E(Y ) < ∞, the size of the tail of Y goes to zero. I.e., for any ε > 0,

E(Y IY >K) < ε

for K sufficiently large. But |Mn| > K implies Y > |Mn| > K. So, the indicator function of
|Mn| > K is less than or equal to the indicator function for Y > K. So,

|Mn|I|Mn|>K ≤ Y IY >K

and
E(|Mn|I|Mn|>K) ≤ E(Y IY >K) < ε

Since the same K works for all n we have uniform integrability.
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8. Time is money (Chap 6)

M/G/1 queueing is explained on p. 148.

8.1. The insurance company. We have an insurance company which starts with a certain
amount of capital x. It has a constant income (premiums) which arrives at the rate of 1 (one
unit money per unit time). For example, we can take units to be

1 day = $1,000,000

The insurance company settles (pays) claims from time to time. Assume the occurrence of
claims is a Poisson process with rate λ. For example, it could be λ = 1/10 which means one
claim every 10 days on average.

Let Un be the amount of the n-th claim. (in millions of dollars). Assume that

λE(Un) < 1

This means the company is profitable in the long run. For example, suppose that every claim
is exactly 5 (million $). Then the company expects to keeps about half its premiums.

8.2. Conversion to queueing. Here is an outline of how you convert this to an M/G/1-
queueing problem. Imagine that the company puts its money into a safe. Every time a claim
is paid, money is taken out of the safe and there is a “hole” where the bundle of cash used
to be. For each claim there is a new hole. As the money comes in, the holes are filled (at
the rate of 1 in the order that they were made). So, if the first claim is 5 million $, it will
takes 5 days to fill that hole.

Now imagine that the holes are people standing in line. When the n-th hole is being filled,
the n-th person is being served. The time it takes to fill the hole is equal to the amount of
the claim. This is Un, the service time for the n-th person.

Your homework this week is to complete this analogy to answers the questions, or at least
convert the questions into queueing questions.

8.3. Homework questions. Suppose that λ = 1/10 and Un = 5 is constant.

(1) Complete the analogy so that the relevant questions about the insurance company
are converted into questions about the queue.

(2) The queue has an equilibrium distribution because it is positive recurrent. What
does this mean in terms of the company and can you find the particular equilibrium
for the given rate of claims.

(3) What is the bankruptcy distribution function

B(x) := P(company will go bankrupt if its initial capital is x)

(What is the meaning of it in terms of the queue and can you calculate it?)

Some students asked if the premiums arrive at a particular time each day. No, we are
doing a continuous process. The premiums come in at a continuous rate all the time. Claims
come in at the (exponential) rate of λ = 1/10 and they are paid immediately with cash. The
company is bankrupt when it cannot pay a claim immediately. (It cannot borrow money.)

I will do the problem this weekend and let you know if you need more information or
more formulas.
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First we need to interpret the random variable Yn. In the queue, this is the number of
people still in line when the nth person has been served. Serving people in line means fully
paying for claims. So, Yn is the number of claims left to be fully paid when the nth claim
has been fully paid. We know exactly how long this takes. So, Yn times 5 million dollars is
the amount of money that we are in the red for 5n days after the first claim came in.

During the 5 days that it takes to fully pay for the n + 1st claim, the number of new
claims that will come in is given by the Poisson distribution. So,

P(Yn+1 = Yn + k − 1) = e−5λ λk

k!
= e−1/2λk

k!
= p(k)

p(0) = 0.60653066
p(1) = 0.30326533
p(2) = 0.075816332
p(3) = 0.012636055
p(4) = 0.001579507
p(5) = 0.000157951
p(6) = 1.31626E − 05

This means the transition matrix P has entries

p(i, j) =


p(j − i + 1) if j ≥ i− 1 ≥ 0

1 if (i, j) = (0, 1)

0 otherwise

The equilibrium distribution for Y∗ is some infinite vector

π = (π(0), π(1), π(2), · · · )
so that πP = π (and

∑
π(n) = 1). This gives an infinite sequence of equations:

π(0) = π(1)p(0)
π(1) = π(0)+ π(1)p(1) + π(2)p(0)
π(2) = π(1)p(2) + π(2)p(1) + π(3)p(0)

· · · · · ·
π(k) = π(1)p(k) + π(2)p(k − 1) + · · ·+ π(k + 1)p(k)

· · · · · ·
Since we know that

π(0) =
1

E(τ) + 1
=

1− λµ

2− λµ
=

1

3
we can solve these equations one by one:

π(1) = π(0)
p(0)

= 0.549573757

π(2) = π(1)−π(0)−π(1)p(1)
p(0)

= 0.081733307

π(3) = π(2)−π(1)p(2)−π(2)p(1)
p(0)

= 0.025192069

π(4) = π(3)−π(1)p(3)−π(2)p(2)−π(3)p(1)
p(0)

= 0.007272549

π(5) = π(4)−π(1)p(4)−π(2)p(3)−π(3)p(2)−π(4)p(1)
p(0)

= 0.002071164

π(6) = · · · = 0.000589322

The numbers π(n) represent the long term proportion of the time that the number of unpaid
claims will be n.
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The Markov chain method of analyzing the bankruptcy probability is to compute the
probability that Yn will reach k before reaching 0:

Pk := P(Yn reaches k before reaching 0 |Y0 = 1)

This is the (1, 2) entry of the matrix (I −Q)−1S

P2 = (1−Q)−1S12 = (1− p(1))−1(1− p(0)− p(1)) = 0.129467

P3 =

(
I2 −

(
p(1) p(2)
p(0) p(1)

))−1 (
1− p(0)− p(1)− p(2)

1− p(0)− p(1)

)
12

= 0.038373

P4 =

I3 −

p(1) p(2) p(3)
p(0) p(1) p(2)
0 p(0) p(1)

−1 1− p(0)− p(1)− p(2)− p(3)
1− p(0)− p(1)− p(2)

1− p(0)− p(1)


12

= 0.0110

P5 = 0.0031
P6 = 0.0009

Suppose that the company starts with 10 million dollars. Then it will go bankrupt in the
first round of claims if it has its first claim after 5k days (k ≥ 0 and before 5k + 5 days and
Yn goes up to k + 2. (And this is only approximate since it measures only whole numbers of
claims and does not take into account how far the company has gone to partially paying off
the nth claim).

P(first claim comes in between 5k and 5k + 5 days) = e−k/2 − e−(k+1)/2

k e−k/2 − e−(k+1)/2 Pk+3 P(bankruptcy)

0 0.39346934 0.038373347 0.015098736
1 0.238651219 0.010956401 0.002614759
2 0.144749281 0.00311059 0.000450256
3 0.087794877 0.000884294 7.76364E − 05
4 0.053250285 0.000251641 1.33999E − 05

0.053576273 0.018254786

So, the probability of bankruptcy is approximately 2% according to this analysis.
Most of you just took the number P3 = 3.8373347% as the probability of bankruptcy

during the first round of claims. This turns out to be more accurate. The exact bankruptcy
probability (starting at 10 million) being 5.3039403% as calculated on the next page. The
sum of numbers in the third column 5.3576273% is slightly too big probably because it
counts things twice. For example, the second number 0.010956401 should be multiplied by
1 − 0.038373347 to get the probability that the company survives the first round and then
dies on the second. With these corrections the third column adds up to 0.052944573 which
is more accurate. I need to think about it more to figure out if this is exactly the correct
formula.
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The exact bankruptcy probability has a formula very similar to the formula for the equi-
librium distribution. Suppose that B(n) is the probability of bankruptcy for the company
assuming that it starts with 5n million $. Then S(n) = 1−B(n) is the survival probability
(the probability that the company will never go bankrupt).

For, example, S(0) is the probability that the company can make it starting with zero
capital. Obviously, it needs to survive for 5 days with zero claims. This has probability
p(0) = e−1/2. Then it has 5 million dollars and its survival probability is S(1). So,

S(0) = p(0)S(1)

If the company has 5 million then it can survive one claim but not two in the next 5 days.
So, it has a p(0) + p(1) probability of surviving for 5 days. After that it has either S(2) or
S(1) probability of survival. So,

S(1) = p(0)S(2) + p(1)S(1)

And so on.
S(0) = S(1)p(0)
S(1) = S(1)p(1) + S(2)p(0)
S(2) = S(1)p(2) + S(2)p(1) + S(3)p(0)

· · · · · ·
S(k) = S(1)p(k) + S(2)p(k − 1) + · · ·+ S(k + 1)p(k)

· · · · · ·
If we knew what was S(0) we could calculate the rest:

S(1) = 1.648721271× S(0)
S(2) = 1.893921193× S(0)
S(3) = 1.969497401× S(0)
S(4) = 1.991315048× S(0)
S(5) = 1.997528541× S(0)
S(6) = 1.999296506× S(0)
S(7) = 1.999799737× S(0)

If the company starts with a lot of money then its survival probability is close to 1. So,
S(0) = 1/2 and S(n) and B(n) = 1− S(n) are given by:

S(0) = 0.5 B(0) = 0.5
S(1) = 0.824360635 B(1) = 0.175639365
S(2) = 0.946960597 B(2) = 0.053039403
S(3) = 0.9847487 B(3) = 0.0152513
S(4) = 0.995657524 B(4) = 0.004342476
S(5) = 0.99876427 B(5) = 0.00123573
S(6) = 0.999648253 B(6) = 0.000351747
S(7) = 0.999899868 B(7) = 0.000100132
S(8) = 0.999971496 B(8) = 2.85044E − 05

So, for example, if the company starts with 10 million dollars its probability of bankruptcy
is 5.3039403%. Notice that if it starts with nothing it has a 50-50 chance of survival.
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9. Homework 9 (Chap 7)

p. 170 #7.1, 7.10
and rewrite the ALOHA protocal clearly as a Markov process. In other words, make the

question clear. You don’t have to go through the answer (why it is null recurrent).

7.1. Show that every irreducible, discrete time, two-state Markov chain is reversible with
respect to its invariant probability.

This just follows from the definitions. There are two states 1, 2. Irreducible means the in
the transition matrix

P =

(
1− p p

q 1− q

)
we have p, q > 0. The invariant distribution is a distribution π so that πP = π:

(π(1), π(2))

(
1− p p

q 1− q

)
= (π(1)(1− p) + π(2)q, π(1)p + π(2)(1− q)) = π

This implies that π(1)p = π(2)q or

π(1)p(1, 2) = p(1, 2)π(2)

This is the balance equation showing that the Markov chain is reversible.

7.10. Let α(x, y) be a symmetric rate function on the edges of Zd. Suppose there are real
numbers 0 < c1 < c2 < ∞ so that for all x, y with ||x = y|| = 1,

c1 ≤ α(x, y) ≤ c2

(a) Show that Xt is recurrent if d = 1 or 2.

This uses the Theorem stated on page 167 and proved in the next few pages. The theorem
is that if α, β are symmetric transition rates on a graph and β(x, y) ≤ α(x, y) for all vertices
x, y and α is recurrent then so is β.

For the first part we use the fact proved in class that the integer lattice in Z1 and Z2

are recurrent. This implies recurrence for a constant rate c2 and the theorem implies that
α ≤ c2 is also recurrent.

(b) Show that Xt is transient for d ≥ 3.

Same thing. If α were recurrent then the constant rate c1 ≤ α would also be recurrent.
But we know that for a constant rate, Zd is transient d ≥ 3.
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