
MATH 56A: STOCHASTIC PROCESSES
CHAPTER 7

7. Reversal

This chapter talks about t ime reversal. A Markov process is a state
Xt which changes wit h time. If we run time backwards what does it
look like?

7.1. Basic equation. There is one point which is obvious. As time
progresses,weknow that a Markov processwill convergeto equilibrium.
If we reversetime then it will tend to go away from the equilibrium
(contrary to what weexpect) unlesswestart in equilibrium. If a process
is in equilibrium, it will stay in equilibrium (ßuctuating between the
various individual states which make up the equilibrium). When we
run the Þlm backwards, it will ßuctuate betweenthe same states. So,
we get a theorem:

Theorem 7.1. A Markov processwith equilibrium distribution π re-
mains a Markov process(with the sameequilibrium) when time is re-
versed provided that

(1) left limits are replaced by right limits,
(2) the processis ir reducible
(3) and nonexplosive.

The t ime reveredprocesshas a di!erent transiti on matrix
!P = " −1P t"

where P = (p(x, y)) is the tr ansition matrix for the original process
and

" =

"

#
π(1) 0 · · ·

0 π(2) · · ·
0 0 · · ·

$

%

is the diagonal matrix with diagonal entr ies π(1), π(2), · · · given by the
equilibrium distributio n. In other words,

öp(x, y) = π(x)−1p(y, x)π(y)

or
π(x)öp(x, y) = π(y)p(y, x)
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This makes sensebecause π(y)p(y, x) is the equilibrium probabilit y
that a random particle will start at y and then go to x. When we run
the Þlm backwards we will seethat particle starting at x and moving
to y. So, the probabilit y of that is π(x)öp(x, y)

x• p(y,x)←−−− •π(y)y

x•π(x)
p̂(x,y)−−−→ •y

7.1.1. Example 1. Take the cont inuousMarkov chain with inÞnitesmal
generator

A =

"

#
−2 2 0
0 −4 4
1 1 −2

$

%

The row are requiredto have sumzeroand terms o! the diagonal must
be nonnegative. The equilibrium distributio n (satisfying πA = 0) is

π = (1/4, 1/4, 1/2)

So, the time reversed processis

!A = " −1At" =

"

#
4

4
2

$

%

"

#
−2 0 1
2 −4 1
0 4 −2

$

%

"

#
1/4

1/4
1/2

$

%

!A =

"

#
−2 0 2
2 −4 2
0 2 −2

$

%

7.2. Reversible process.

Definition 7.2. A Markov processis called reversible if !P = P . This
is the sameas !A = A. We sayit is reversiblewith respect to a measure
π if

π(x)p(x, y) = π(y)p(y, x)

Example 1 is not a reversibleprocessbecauseöA $= A.

Theorem 7.3. If a Markov chain is reversible wrt a measure π then
(1) If

&
π(k) < ∞ then

λ(j) =
π(j)

&
π(k)

is the (unique) invariant probability distribution.
(2) If

&
π(k) = ∞ then the processis not positive recurrent.



MATH 56A: STOCHA STIC PROCESSES CHAPT ER 7 3

7.2.1. example2. Takethe randomwalk on S = {0, 1, 2, · · · } wherethe
probabilit y of going right is p. I.e., p(k, k + 1) = p, p(k + 1, k) = 1− p.

(1) Show that this is a reversibleprocess.
(2) Find the measure π
(3) What is the invariant distribut ion λ?

To answer the Þrst two questions we have to solve the equation:

π(k)p(k, k + 1) = π(k + 1)p(k + 1, k)

or:
π(k + 1) =

p

1− p
π(k)

This has an obvious solution:

π(k) =
'

p

1− p

( k

Therefore, the random walk is reversible.
Now we want to Þnd the invariant distribution λ.
If p < 1/2 then

∞)

k=0

π(k) =
1− p

1− 2p

So, the equilibrium distributio n is

λ(k) =
pk(1− 2p

(1− p)k+1

If p ≥ 1/2 then
∞)

k=0

π(k) = ∞

sincethe terms donÕtgoto zero. Sothe processis not positive recurrent
and there is no equilibrium.

7.3. Symmetric process.

Definition 7.4. A Markov chain is called symmetric if p(x, y) =
p(y, x). This implies reversiblewith respect to the uniform measure:
π(x) = 1 for all x and the processis positive recurrent if and only if
there are Þnitely many states.

I talked about oneexamplewhich is related to the Þnal exam. It is
example3 on page160: HereS is the setof all N -tuples (a1, a2, · · · , aN )
whereai = 0, 1 and the inÞnitesimal generator is

α(a, b) =

*
1 if a, b di!er in exact ly one coordinate
0 otherwise
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This is symmetric: α(a, b) = α(b, a).
We want to Þnd the second largest eigenvalue

2 of A. (The largesteigenvalue is λ1 = 0. The second largest is negative
with minimal absolutevalue.) The eigenvectors of A are alsoeigenvec-
tors of P = eA with eigenvalue eλ, the largest being e0 = 1 and the
second largest being eλ2 < 1.

The Þrst thing I said was that theseeigenvectors are π-orthogonal.

Definition 7.5.

〈v, w〉π :=
)

x∈S

v(x)w(x)π(x)

When π(x) = 1 (as is the casein this example) this is just the dot
product. v, w are called π-orthogonal if

〈v, w〉π = 0

According to the book the eigenvaluesof A are

λj = −2j/N

for j = 0, 1, 2, · · · , N . This implies that the distance from Xt to the
equilibrium distribution decreasesat the rate of −2/N on the average:

E(||Xt − π||) ≤ e−2t/N ||X0 − π||

7.4. Statistical mechanics. I wastrying to explain the Gibbs poten-
tial in classand I gave you a crashcoursein statistical mechanics.

The fundamental assumption is that All states are equally likely.
Supposethat we have two systemsA, B with energy E1, E2. Suppose
that

# A(E1) = #stat esof A with energy E1

# B(E2) = #stat esof B with energy E2

Then

# A(E1)# B(E2) = #stat es of (A, B) with energy E1 for A, E2 for B

Supposethat the two systems can exchange energy. Then they will
exchange energy until the number of states is maximal. This is the
sameas when the log of the number of statesis maximal:

ln # A(E1 + $ E) + ln # B(E2 − $ E) = 0

or:
∂

∂E1
ln # A(E1) =

∂

∂E2
ln # B(E2) = β (constant)
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DeÞnethe entropy of the systemA to be S(E) = ln # A(E). In equi-
librium we have to have

∂

∂E
S(E) = β

We think of B as an inÞnite reservoir whose temperature will not
change if we take energy out.

Every state has equal probabilit y. But, a state x of A with energy
E(x) cannotexist without taking E(x) out of the environment B. Then
the number of statesof theenvironment decreasesby a factor of e−βE(x).
Therefore, the probabilit y of the state is proportional to e−βE(x). So,
the probabilit y of state x is

P(x) =
e−βE(x)

&
y∈S e−βE(y)

The denominator is the partition function

Z(β) =
)

y∈S

e−βE(y)

We looked at the Ising model in which there are points in a latt ice
and a state x is given by putting a sign εi(x) = ±1 at each lattice point
i and the energy of the state x is given by

E(x) =
)

i−j

|εi(x) − εj(x)| · H

(This is 2H times the number of adjacent latt ice point i, j so that
the signsεi(x), εj(x) are di!erent.) Then I tried to explain the Gibbs
sampler which is the Markov processwhich selectsa lattice site i at
random (with probabilit y 1/#lat tice points) and then changesεi(x)
according to the probabilit y of the new state y. So,

p(x, y) =
1

#lat tice points
P(y)

P(y) + P(y′)

if x, y di!er at only onepossiblelocation i and y′ is the other possible
state which might di!er from x at location i. (So, x = y or x = y′.)

The Gibbs sampler has the e!ect of slowly pushing every state to-
wards equilibrium.


