MATH 56A: STOCHASTIC PROCESSES
CHAPTER 9

9. STOCHASTIC INTEGRATION

I will continue with the intuitive description of stochastic integrals
that I started last week.

9.0. the idea. I already talked about the probabilitistic and analytic
approach to Brownian motion. Stochastic integrals combine these
methods. A key idea is Lévy’s quadratic variation which is used in
Kunita and Watanabe’s [2] reformulation of stochastic integration.

9.0.1. quadratic variation. We want to define the stochastic integral

t
Zt:/ Y, dX
0

where X is Brownian motion in R!. However, there is a big problem
because dX, has unbounded variation®. In other words,

/ |dX,| = lim Y " [X,,,, — X, | = oc.

6t—0

Fortunately, we can still define the stochastic integral because the “qua-
dratic variation” of X, (denoted by (X),) is bounded:

Theorem 9.1 (Lévy).
t
() = [ @x)? = Jim 30X = X =

with probability one.

Proof. (p. 207) Tt is easy to see that the quadratic variation is approx-
imately equal to t since the summands have expected value:

E((Xt - th.)2> - ti+1 - tz - 5t

So the sum has expected value:

E (Z(Xtm - Xti)2> => ot=t

Date: December 4, 2006.
!The Riemann sum converges if and only the function has bounded variation.
1

it+1
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The variance of each summand is?:

Var(Xe,, — X,,)%) = E(Xory, — X0)*) = E((Xp, — X,

it1 i1 i1 1)2)2 = 20t*

So, the sum have variance:

VaT(Z<Xti+1 - Xti)2) - Z 26t2 == 2t6t — 0

This means that, in the limit, the sum has zero variance and is therefore
not random. The value of this limit is almost sure equal to its expected
value which is ¢. O

This theorem is usually written in the differential form
(9.1) (dX;)* = dt
For arbitrary increments 0t of ¢ this is
(9.2) (0X)? = (Xpsor — Xi)? = 6t + 0% (5t)

where I labeled the error term as an effective little-oh. Usual: o(dt)/dt —
0 as 6t — 0. But effective little-oh means: If you take N ~ 1/6t inde-
pendent copies of 0%/ (§t) you get:

(9.3) Z o (5t) -0 asdt—0

1/0t copies

These three equations (9.1), (9.2), (9.3) summarize the statement
and proof of Lévy’s theorem on quadratic variation of Brownian mo-
tion.

9.0.2. Ito’s formula. Using quadratic variation we can “prove” Ito’s
formula.

Suppose that we have a particle density function f(z) for z € R
and X; is Brownian motion. The probabilistic argument said that we
should look for the expected present value of f at the future position

2This is an easy calculation. The moment generating function for the standard
normal distribution is

E(eXt) :/emt—mz/de/m:et2/2/€—(m—t)2/2dx/m:et2/2

The coefficient of 2" in E(eX*) is E(X2")/(2n)! and the coefficient of 2" in et’/2
is 1/n12™. Therefore, for X ~ N(0, 1),

(2n)!
nl2n

You need to multiply by 02" when X ~ N(0,0?).

E(X?") =

=@n-1":=1-3-5-7---(2n—1)
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X;. So, we assume that f(z) is not time dependent. It only varies with
position x. Do you remember the following formula?

F (e = FX0) = 14 (Xrror = X + 3" (X) K — X0 + (61
This can be abbreviated:
Of(Xy) = f{(Xy)o X, + %f”(Xt)(éXt)2 + o(6t)
Use quadratic variation: (6X;)% = 6t + 0%/ (t). Then:
SF(X,) = f{(X)6X, + % £ (X))t + o ()

Now take the sum from 0 to ¢. (We need to change t above to s so that
s can be the variable going from 0 to ¢: 0 < s <t.)

FX0) = F(X0) = 3P0+ 30 S F (X5 + 3 0 (5s)

Now, take the limit as ds — 0. Then the last term goes to zero by
(9.3) and we get Ito’s formula:

04) (X)) — f(Xo) = /0 P dX+ /0 t % F/(X,) ds

Here the stochastic integral is
t
/ BT /
| rexyax. = jim 3 rxpx,

9.0.3. discussion. Why is this not a proof of Ito’s formula? The main
thing is that we haven’t defined the stochastic integral:

t
th/stXs
0

We only showed that the traditional “limit of Riemann sum” definition
makes sense and gives something which satisfies [to’s formula in the
special case when Y; = f'(X;) is the derivative of a twice differentiable
function of standard Brownian motion X;. In general we need the
integral defined for predictable stochastic processes Y,. This means Y
must be Fs-measurable and left continuous. Some people (e.g., our
book) take Y; to be right continuous. However, following my “bible”
4], it makes more intuitive sense to have information (X; and F;) be
right continuous and processes Y; based on this information should be
predictable.
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9.1. discrete stochastic integrals. Stochastic integrals are constructed
in three steps. First you have discrete time and finite state space (a
finite Markov process). Then you have continuous time and finite state
space (a continuous Markov chain). Then you take a limit.

The important properties of the construction are visible at each step:

e The construction is linear.

e The result is a martingale Z;.

o Z? — (Z), is also a martingale where (Z), is the quadratic vari-
ation of Z,.

Compare this with what you know about Brownian motion:
(1) X, is a martingale.
(2) X? —t is also a martingale.
(3) (X), =t by Lévy’s theorem which we just proved.

9.1.1. set up. Take simple random walk on Z. This gives a martingale
X, with Xy = 0 and increments X,,,1—X,, = =1 with equal probability.
Suppose that Y, is a predictable process, i.e., Y, is F,_i;-measurable.
The discrete integral is

Ly = i%(Xi - Xi—l) = ilYiCSXi

(This is supposed to resemble [YdX.)
The idea is that, at time n, you place a bet Y,,;; that X, will increase.
The money that you win or lose at that step is

Yn+1 (Xn—H - Xn)
Since you cannot see the future, Y, y; is only J,,-measurable.

9.1.2. linearity. This construction satisfies the following linearity con-
dition:

D (@Y + V)X =a) YisX;+bY VidX;
In short, Z, is a linear function of {Y;}.

9.1.3. martingale.

Theorem 9.2. 7, is a martingale and Zy = 0.

Proof. This is easy to verify:
E(Zn | Fo1) = Zna + E(Ya (X — Xna) | Faa)
Since Y, is F,,_1-meaaurable, the last term vanishes:
E(Y,(Xn — Xo1) [ Fa1) = VRE(Xy — Xp1 | Frm1) = 0
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So,
]E(Zn | anfl) == anl
]

9.1.4. quadratic variation. The quadratic variation of Z, is just the
sum of squares of differences:

n

(Z2) =) (Zi=Zia)* =) V7

i=1
since these differences are
Zi— 71 = Yi(Xi = X; 1) = £V

Theorem 9.3. Suppose that E(Y?) < oo for each i. Then (Z,)*—(Z),,
1s a martingale. In particular,

Var(Z,) = E(Z2) = ZE(Yf)

Proof. The difference between Z2 and the quadratic variation of Z, is
just the sum of the cross terms:

72— (2),=2 Y, YY;(Xi—X;i1)(X; - X;0)

1<i<j<n
n—1
= 7o = (D) + 2 YV(Xi = Xi) (X — X i)
=1 fnfl—n?efasurable IEZO
So,
E(Zy = (Z), | Far) = Z3_1 —(Z),
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9.2. Integration wrt Brownian motion. We take W; to be standard
Brownian motion. This is also called the Wiener process, which might
explain the use of the letter “W.” We want to define the integral

t
th/stWs
0

where Y is a predictable process (left continuous F;-measurable) which
we need to assume is square summable in the sense that

t
(9.5) / E(Y?)ds < oo
0
for all ¢.

9.2.1. simple processes. The first step is to take a step function Y.
This is also called a simple predictable process. The book calls it a
“simple strategy” to emphasize the assumption that Y; is given by a
formula. “Simple” means that Y; takes only a finite number of values:
0,Yy,Ys, -+ .,Y,

0 ift=0

Y, = Yi if t1 <t <ty

Y, ift, <t

The stochastic integral is the function
t k
(9.6) 7, = / YodW, =Y Yia (Wi, = W,,_,) + Yu(W, = W,,)
0 i=1

if £y <t <t

Remark 9.4. You can subdivide the intervals (t;_1,t;] and the integral
Z; remains the same. For example, if you insert t3/; between t; and to
and put Y3, =Y) then

Yi(Wo = Wh) =Yi(Wsp — Wh) + Y30(Wo — Wy o)
So the sum (9.6) remains the same after subdivision.

I want to go over the basic properties. Maybe I won’t prove them.
(1) Z; = f(f Y, dW, is linear in Y;. lLe.,

t t t
/(aXS+bYS)dWS:a/ XSdWS+b/ Y, dW,
0 0 0

(2) Z; is a martingale which is square summable, i.e., E(Z}?) < oo.
(3) Z} — (Z), is a martingale.
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@
t
B(Z) = | B?)ds
0

(So, Z; is square summable if and only if Y; is square summable.)

Here the quadratic variation (Z), is given by

¢
(Z), :/ Yf ds
0
So, (3) = (4): If Z? — (Z), is a martingale, then
E(Z} —(2),) = Z; = (Z)y =0
So,

B(z) = 2@ ~ 5 ( [ vzas) - [[E02)as

Now, I am going to verify properties (2) and (3) (at least on paper).
The key point is that all cross terms have expectation zero.

9.2.2. wanishing expectation of cross terms.

Theorem 9.5. Z,; is a martingale for simple processes.

Proof. The definition of a martingale is that E(Z; | Fs) = Z; if s < t.
By subdividing the interval, we can always assume that s is a jump
time (Remark 9.4). By induction it suffices to show this when s = ¢
is the last jump time before t. In other words, we have to show that
the last term in Equation (9.6) has expectation 0:

E(Yy(Wy — Wi, ) | F,) = EW, = Wy, | F,) =0

The point is that this is a product where the first factor Y} is determined
when the second factor is still random with zero expectation. 0

And now, here is a wonderful theorem that will save us a lot of time:

Theorem 9.6 (Meyer). Suppose that Z; is a square summable martin-
gale wrt Fy with Zg = 0. Then Z} — (Z), is also a martingale.

In other words, (2) = (3)!

Proof. The idea is summarized in the following motto (from [1], 1.5.8).
“When squaring sums of martingale increments and taking the expec-
tation, one can neglect the cross-product terms.”

This theorem is supposed to proved property (3) in all cases simulta-
neously. So, Z; could be anything. However, we can always subdivide
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the interval [0,¢] into parts of length §t and get Z; as a sum of incre-

ments:
Zy=Zv—Zo=Y Ty~ T, = 6iZ

The increments 0,7, = Z;, — Z;,_, have expectation zero since Z; is a
martingale. When you square Z; you get:

7P = (7)) +2) 620, 7
1<j

The sum of squares converges to the quadratic variation by definition:
7y, =1 8iZ;)?
(Z), = lim > (8:Z)

and the cross terms 0;7,0;Z; have expectation zero because the first
term is determined when the second term is random with expectation
ZETo.
]E((SiZt(Sth | Ejil) == (SZZtE(éth ‘ .’,E'tz) — O
and by the rule of iterated expectation,
]E(5¢Zt5th | fs) = E(E(5izt5jzt | Ft;‘—l) |‘7:8) =0

for any s <t;_;. O

9.2.3. general stochastic integral (wrt W;). Now suppose that Y; is any
(square summable) predictable process. Then we convert to a simple

process by letting Y™ be the average value of Y; over the inverval

(=L, £] if s lies in the next interval (£, 2], This is to insure that, at

n 'n
time ¢t = k/n when we choose Ys(n), we only use information from the

past and not from the future, i.e., it is predictable.
Since Y™ is a simple predictable process, we can define

t
ZM = / Y™ dw,
0
Without saying it, the book is using the following well-known theorem
in real analysis applied to the measure space (2, F;, P).

Theorem 9.7. The space of square summable real valued functions on
any measure space is complete in the L* metric.

The L? metric is just
1Z:]|2 := E(Z7)

The martingales Zt(”) form a Cauchy sequence in the L? norm. Ie.,

t
E((Z" — Z{™)?) = E((Z™ — AR /0 (Y™ —ym)2gs — 0
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as n,m — oo. The book then uses the theorem about completeness

of L? to concluded that the martingales Zt(") converge to some square
summable process Z;

t
7, = / Y, dW, = lim Z™
0

Since the limit of martingales is a martingale, Z; is a martingale. By
Theorem 9.6 that is all we have to show (linearity being obvious).

9.3. Ito’s formula. I will repeat the formula and do the examples in
the book but I won’t go over the proof since we already did it.

Theorem 9.8 (Ito’s first formula). Suppose that W is standard Brown-
ian motion and f(z) is C?, i.e., twice continuously differentiable. Then

Fov) = 1) = [ rovoaw.+ 5 [ v as

I just want to point out that the naive definition of the stochastic
integral that we used in the earlier proof of this formula is equivalent
to the rigorous definition that I just explained because Y; = f/'(W,) is
a continuous function of ¢. Continuity implies that the average value
over an interval (used in the rigorous definition) converges to the actual
value at one end (used in our naive definition).

9.3.1. example 1. Let f(t) =t>. Then f'(t) = 2t and f”(t) = 2. So,
t e
W) = f(Wo) = Wi :/ QWdes+§/ 2ds
0 0
/tW dW, = 1W2 175
o 020t 2

9.3.2. geometric Brownian motion. Take f(t) = ' = f'(t) = f"(¢).
Then Ito’s formula is:

t 1 t
eWt—lz/ eWs dWS+—/ Vs ds
0 2 Jo

If we write X, := e"* this becomes:

t 1 t
Xt—1=/ XSdWS—}——/ X,ds
0 2 0
1

dXt == Xt th + §Xt dt

or
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9.4. Extensions of Itd’s formula. The key ideas are covariation and
the product rule.

9.4.1. covariation. This is also called the covariance process.

Definition 9.9. The covariation of A; and By is defined to be
(A, B), = }}E}o 0;A6,B

= lim » (A, — Ay )(By, — By )
Properties

(A, A), = (A), (quadratic variation)

d(A,B), = dA,dB, (by definition)

(A+B) +1=(A), +(B), +2(4, B),
Quick proof:

D (iA+6:B)* =D (5A)?+ > (6:B)*+2> 5;A6B

9.4.2. product rule. The following formula holds without error. (See
picture.)

0AB = AéB + BOA+ 0AB

0B AdB 0A6B

B AB BJdA

A SA

FIGURE 1. The term dAd0B becomes the covariation.

The infinitesmal version is

dAB = AdB + BdA + d (A, B),
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Example 9.10. This is example 1 on p.209 which I also did at the
end of the last section although I didn’t have time to do it in class. Let
At = Bt = Wt' Then

d(W.W), = d (W), = di
So, the product rule gives:
dW? = 2W, dW, + dt

9.4.3. quadratic variation of Z;. is equal to the quadratic variation of
the stochastic part of Z,.

Lemma 9.11 (Lemma 1). If f is continuous with bounded variation
(e.g. if f is differentiable) then

<f>t:0

(The quadratic variation of f is zero.)

Proof.
= i §f)? = lim |6 ) =0-bdd=0
(= o D_(0f)" = Jim 5f] > 15f]
5](‘ —0 —0 variation is bdd

Lemma 9.12 (Lemma 2). (f) =0= (f,X) =0 VX.

Proof. If (f, X), > 0 then

<X - af>t = <X>t - 2a<f,X>t+a2 <f>t
—— =
fixed >0 0
If we make a really big then we can make (X —af), < 0. But this is
impossible because quadratic variations are sums of squares! O
Here is the theorem we need:

Theorem 9.13. Suppose that

t t
Zt:/Xsd8+/Y;dWS
0 0

where X integrable (i.e., fot | Xs|ds < 00). The second integral is the
“stochastic part” of Z,. Written infinitesmally:

dZt = Xt dt +}/15th

The theorem is:

d(Z), = Y} dt
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Proof. Let f = fot Xsds and g = fJY;dWS. Then Z; = f+g. So,
using the properties of covariation,

(Z)y = () +{9)+2(f,9)

But, (f) = 0 by Lemma 1 (9.11) since f has bounded variation. And
(f,9) =0 by Lemma 2 (9.12). So, (Z), = (g) and

4(2), = (YidW,? = Y7 dt
O

9.4.4. Tto’s second formula. Suppose that f(z) is C? i.e., twice con-
tinuously differentiable. Then, the Taylor series of f gives is

(9.7) fle+0x) = f(z) = f'(z)dz + %f”(fﬁ)(&f)2 +o((02)?)
Now, substitute x = Z; where Z; is as in the theorem above.
F(Zusn) = $(2) = (2007 + S ()62 + o
The infinitesmal version is:
() = f(Z) 7+ 5'(Z)d(2),
Substitute dZ; = X, dt + Y, dW, and d (Z), = Y,2dt and we get:
Theorem 9.14 (Ito II).

1
df (Z;) = [((Z) Xedt + f'(Z)Y, dW, + §f”(Zt)Yt2 dt
9.4.5. Ito’s third formula. For this we need the vector version of the

Taylor series (9.7) and we need to apply it to « = (t,Z;). Then f’
becomes the gradient Vf = (f1, f2) and

f/(x) dr = (fl, fg) (ddZtt> = f<t7 Zt) dt + f/<t7 Zt) (Xt dt +Y; th)

and f” becomes the Hessian D?f = SRS . So,
Jar S

» ) fu fe) [ dt
§f (z)(dz)? = (dt,dZ;) (le f22) (dZt>

1 1 1
= —fud{t) +f12d (t, Z,) += ford (Z), = = ["(t, Zy) Y, dt
2 ~— —_—— 2 2
-0 =0
Putting these together we get:



MATH 56A: STOCHASTIC PROCESSES CHAPTER 9 13

Theorem 9.15 (Ito III).

(1,2 = [t Z) i+ (0 20) (Xedt+ Yo dWo) L f (1, Z)YPdt

At this point we jumped ahead to the last section 9.8 on the Black-
Scholes formula.

9.5. Continuous martingales. We skipped this section. But this
looks like a good place for me to put the proof of Lévy’s theorem
which implies that all continuous martingales are reparametrizations
of Brownian motion.

Theorem 9.16 (Lévy). A continuous L? martingale My starting at 0
is standard Brownian motion if and only if M? —t is a martingale.

What follows is from Kunita and Watanabe [2] which is considered
to be the most elegant. I also included proofs of the necessary lemmas.

9.5.1. first step.
Lemma 9.17. Assuming the conditions of Theorem 9.16, (M), =t.
The proof of this lemma uses Meyer’s theorem proved in class that

Theorem 9.18 (Meyer). If M; is a continuous L? martingale then
(M), is the unique continuous increasing process starting at 0 so that

My — (M)

t

t
1s a martingale.

1

Except that I didn’t prove the uniqueness and I didn’t define “in-
creasing process.”

9.5.2. uniqueness of increasing process.
Definition 9.19. X, is called an increasing process if

t>s=X; > X, as

(1) Clearly, X; =t is a continuous increasing process.
is an increasing process starting at 0 since
2) (M), is an i ing tarting at 0 si

<M>t - <M> = lim (Mtz - Mti—1)2 >0

s 6t—0

And (M), is continuous if M, is continuous and square summa-
ble (by definition of square summable).
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Proof of uniqueness part of Meyer’s Theorem. Suppose that A;, B; are
continuous increasing processes starting at 0 and

M? — A, M} - B,
are martingales. Then the difference
At — Bt

is also a continuous martingale starting at 0 with bounded variation
(for ¢t bounded). By the following lemma this implies that A; = B;. So,
the continuous increasing process that we need to subtract from M? to
make it into a martingale is unique. U

Lemma 9.20. Suppose M, is a continuous martingale starting at 0
and M,; has bounded variation for bounded t. Then M, =0 for allt.

Proof. By Lemma 1 (9.11), this implies that the quadratic variation of
M, is identically zero: (M), = 0. Therefore, M7 is also a martingale
by the first part of Meyer’s theorem that we already proved in (9.6).
But M? > 0. So, E(M,;) = 0 only if M, = 0 almost surely. O

9.5.3. Kunita- Watanabe. One of the main results of [2] was to general-
ize Ito’s formula to the case of L? martingales. Or perhaps it would be
more fair to say that they formulated the theory of stochastic integrals
in such a way that it easily extends to this case.

Theorem 9.21 (Kunita-Watanabe). If M, is a continuous L* martin-
gale and f is C? then

F) = f0) = [ L)+ [ o aon,

Now we can prove Lévy’s theorem. Suppose that M? —t is a mar-
tingale. We know that M? — (M), is also a martingale. By Meyer’s
uniqueness theorem we can conclude that (M), = t.

Now, let f(z) = €= f'(x) = iz f"(x) = —2z%e"™* where z is a
formal variable. Then f(M;) = e** and

| | ; 1
E(e™*) = 1+ 4E(My)z — SE(MP)2* - %E(Mf’)zfﬂ + B -

gives all of the moments of M;. So, it suffices to show that these
moments are what they should be if M; were Brownian motion. lL.e., it

suffices to show that
E(ethz) _ 6—t22/2
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But the Kunita-Watanabe variation of [to’s formula gives:

1

B (M) — f(Mo) = 5 [ B ds

since d (M), = ds and since anything predictable (like f(M;)) times
dM, has expectation 0. Since f(My) =€® =1 and f"(M,) = —z2eM=

we have

¢
E(e™?) -1 = %/ —2?E(e™:%) ds
0
Let h(t) = E(e®™**). Then
2 gt
h(t)—1=—— [ h(s)ds
2 Jo

Differentiate both sides:
2

W(t) = ——h(t)
This is just exponential growth: h(t) = h(0)e~**/2. But h(0) = 1 since
MO =0. SO,
h(t) _ E(ethz) _ 6ftz2/2

as claimed.

9.6. Girsanov transformation. We skipped this section.
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9.7. Feynman-Kac. The formula of Feynman and Kac gives another
way to solve the Black-Scholes equation. First we need to understand
how bonds grow if their rates are variable.

9.7.1. wvariable bond rate. Suppose the bond rate changes with time:
r(t).Then the value of your bonds will grow by

(9.8) dY, = r(t)Y, dt

(9.9) Y, = Yy eap </0tr(s) ds)

Why is (9.9) the solution of (9.8)7

t t+dt
Yiear = Yoexp </ r(s)ds + / r(s) ds)
0 ¢

=Y, exp(r(t)dt) = Yy (1 + r(t)dt +Z"(t)2dt2/2 +. .;)

Vv
=0

dY; = Yyr(t)dt
If we solve (9.9) for Y, we get:

o= Yieap ([ =rs)as)

9.7.2. the stochastic process. Now suppose we have a stochastic process
Z; satisfying the stochastic differential equation:

dZt = a(Zt)dt + b(Zt)th

Lemma 9.22. Z, is a martingale if and only if a(Z;) is identically zero
a.s.

Proof. Z; is a martingale iff E(dZ, | F;) = a(Zy)dt =0 O

Let J; be given by

Jy = exp (/Ot —r(s, Zy) ds)

This is how much one dollar at time ¢t was worth at time 0 if the bond
rate depends on time and on Z;.
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9.7.3. the payoff. 1f the payoff function is f(Z7) then the value at time
0 of this payoff is

9(Zr)Jr
How much of this value is determined by time ¢ (0 <t < T)?

Jr = exp (/OT (s, Z.) ds)
~eap (/Ot (s, Z.) ds + /tT (s, Z,) ds)
— Joexp (/tT (s, 7)) ds)

9.7.4. the martingale.
M, :=E(g(Zr)Jr | )

_ thE(g(ZT)exp (/tT —r(s, Zs) ds> Iftz

-~

V(t,Zt)
- JtV(t, Zt)

with My = g(Z7). This is a martingale by the law of iterated expec-
tation:

E(M; | Fs) = E(B(g(Zr)Jr | F2) | Fs) = E(9(Zr) Jr | Fs) = M,
Take the differential:

. 1
= J(=r(t, Z)V dt + J; (v dt +V'dz, + V" d <M>t)

. 1
= Jt(—r(t, Zt)V dt + Jt (V dt + V/(I dt + V/b th + §V//b2 dt)

Since M, is a martingale, the coeflicient of dt must be zero (Lemma
9.22) Therefore, if = Z;then

(9.10)  —r(t,2)V(t,z) + V(t,z) + a(z)V'(t, x) + Zﬁ;—x)v”(t, r)=0

(9.11) V(T,z) = g(x)
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Theorem 9.23. The solution of the stochastic differential equation
(9.10) with boundary condition (9.11) is given by

Vitor) = lzryeny ([ —ris.2)d5)

where

dZt = CL(Zt) dt + b(Zt) th

9.7.5. application to Black-Scholes. If you apply this to the Black-
Scholes equation (9.12) you get

r(t,x) =r
a(x) =rx
b(x) =ox

So,
V(t,x) = E*((Zr — K) e @)
dZy =rZydt + o Z, dW,
These equations say that the fair price of the option at time t is equal
to the expected value of the option at time T adjusted for inflation
assuming the stock has drift equal to the bond rate.
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9.8. Black-Scholes.

9.8.1. the set-up.

S; = wvalue of one share of stock at time ¢
dS; = pSidt + oS, dWy (= return)

g = drift (constant in this model)

o = volatility (also constant)

W; = standard Brownian motion

We are looking at a European call option. This is an option to buy one
share of stock at price K at time T.

K = exercise price = strike price
T = expiry date
V(t,z) := fair price of the option at time ¢ given that S; = x

We want to calculate V(t,S;). We know how much it will be worth at
expiry:

V(T,z) = (x — K)4 := max(z — K,0)
But how much is the option worth today?

9.8.2. replicating portfolio. The theory is that there is a portfolio O,
whose value at time 7" will be exactly (Sr— K),. Then the value of the
option should be the present value of the portfolio. Black and Scholes
assumed that there are no arbitrage opportunities. This implies that
O; is unique. In [1] it says that there are always sure ways to lose
money. So, they don’t assume that the value of Oy is unique. Instead
it is proved that the fair price of the option is equal to the value of the
cheapest replicating portfolio. Who is right is a matter of debate.

Fortunately, in this case, the replicating portfolio (also called a hedg-
ing strategy) is unique.

Our portfolio is just a combination of stocks and bonds but we only
have one stock and one bond to choose from in this model. So,

Ot - XtSt + }/t
X; = number of shares of stock
Y, = money in bonds
r = bond rate (assumed constant)

The problem is to find X; and Y; so that O, = V (¢, .5;) for all t <T.
Note: O; needs to be self-financing. This means that we have to
continuously reinvest all profits. So, O, grows in two steps:

(a) Stocks and bonds increase in value. (= more $$)
(b) You immediately reinvest the profit. (zero net gain in this step)
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Step (a):

dO; = X;dS; +rY; dt
Step (b): Change X; and Y; by dX;, dY; so that there is no net change
over what you got in step (a). Using the product rule this means:

dOt - XtdSt —+ T}/t dt - SdXt + XtdSt -+ d <X, S)t -+ dn
We need to have V (¢, S;) = O;. Using It0’s third formula we get:

1
dV(t,S,) = V(t,S,)dt +V'(t,S;)dS, + §V”(z&, S,)o?S2 dt

. 1
= V(t, St) dt + V/(t, St)MStdt + Y/(t, St)O'Stth —|—§V”<t, St)0'25t2 dt

TV
stochastic part

If this is equal to
dOt = XtdSt + T}/t dt = Xt,uStdt + XtO'Stth +TK dt
hasti t
stochastic par

then the stochastic parts must be equal. So,
Xt = Vl(t, St)

Some people say it this way: If you are holding the option V'(¢,S;) and
you sell off X; = V’(¢,S;) number of shares of stock then you have
hedged away all of your risk (since the stochastic parts will cancel).
Therefore, the financial instrument that you are holding: V (¢, S;)—X.S;
must be increasing in value at the bond rate which is exactly the case.

Now go back to the equation dV (¢, S;) = dO; and cross out the terms
which are equal (X;dS; and V'(t,S;)dS;) and divide by dt. Then we

have:

rY; =V(t,S) + %V”(t, Sy)o?S?
But we also know that
Y, =0, — XiS, =V(t,S) — V'(t,5)S;
So,
V(L S,) + %V”(t, 0?52 — rV (¢, S)) + FV'(E, S))S, = 0
which we can rewrite as:
(9.12) V(t,x)+ %oszV”(t, z) +raV'(t,x) —rV(t,x) =0

This is the Black-Scholes equation. This can be solved using Feynman-
Kac. But it can also be solved directly using some tricks.
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9.8.3. simplification of Black-Scholes equation. The first step is to no-
tice that the drift © does not matter. It is not part of Equation (9.12).
Therefore, we may assume that p = 0 and

The next step is: We may assume that » = 0. This is the same as
measuring value in terms of value at time 7" adjusted for inflation.
When r = 0 the equation becomes:

. 1
(9.14) Vo(t,x) + 502;1:2\/0”(15, r)=0

When I say “we may assume r = 0” I mean that, if you can solve the
r = 0 equation then you can also solve the original equation. Sup-
pose Vy(t, x) is the solution of this equation with boundary condition
Vo(T,z) = (x — K),. Then the solution of the original equation (9.12)
is

(9.15) V(t,z) = e T DVp(t, e TN y)

The reason is that Vj is in terms of time 7" dollars and = dollars today
(at time ) is worth e"™ 9z dollars at time 7" and the output V; is in
terms of time 7" dollars. So, V; of those dollars is worth e "Z=9V} in
today’s dollars.
If you don’t believe it, you can just differentiate the expression in

(9.15):

V. o=rV4+e @Y, — raVy

%4 — efr(Tft)‘/O

V=V

V" = er(T—t) VON
Then ]

V+ 5021‘2‘/” +razV' —rV

. 1
= (rV 4+ eIV, — V) + 50'2:L‘26r(T_t)‘/0” +raV' —rV

_ e—r(T—t)VO + %O_leer(T—t)‘/O// —0
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9.8.4. solution of Black-Scholes. Remember that y =0 = r. Thus
(9.16) dS; = oSy dW;
dVio(t,S;) = dOy = XidSy + 1Y = Xy0S; dW,
So, St, Oy, Vo(t, S;) are all martingales. Therefore,
Vo(t, St) = E(Vo(T, S7) [ F1)
But T is the payoff date. So, we get
W(T,z) = g(x) = (z — K)+ = max(z — K,0)

where g(z) represents the payoff function. So, the value of the option
is just the expected payoff which will depend on the value of the stock
at time T'. So, we need to calculate St.

Equation (9.16) can be solved for S; as follows.

s, 1/—1
ding, = & ¢ (—)aszdt

S, 2\ 82
2
zath—%dt
So,
2
t
lnSt:UWt—%+C’

Plugging in t = 0 gives C' = 1n .S;. So,
ot
Sy = Spexp | oW, — -

Now attach a little timer on the stock certificate and set that timer
to zero at time 7' — t. When the timer reaches ¢ the expiry date has
arrived:

Vo(T' = t,2) = E(g(S1) [ So = )
=E (g(x e”Wt_"Qt/2)>

we get:

V(T —t,ye”?) = E ((ye™ — K),)

But oW; ~ N(0,0%t). So we can use the following lemma with b =
) 2
oVt,a=y=xe 7t /2,

Lemma 9.24. Suppose that X = ae®? where Z ~ N(0,1). Then the
expected value of g(X) = (X — K), is

E((X — K);) = ac”/*® (W) ~ K® (M)

Letting y = z e 7°t/2

= xXe

where ® is the distribution function for N(0,1).
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Theorem 9.25. The value of the European call option at time T — t
18

VMT_tx):x¢(m@7K)+a%ﬂ)__K®<thK)—a%ﬂ)

o/t o/t
if Sy = x assuming the bond rate is zero and
V(T —t,x) = e "Vy(t,e"n)
2 _ 2
& <1n(x/K) +rt+o t/2> oK <1n(x/K) +rt—o t/2>
o/t oVt

if the bond rate is a constant r.

Proof of Lemma 9.24. The expected value is given by an integral which
is easy to compute:

Bl - ).) = [ " (e — K)y0(2) dz

o0

Since ae’ = K when z = § In(K/a) we can write this as:

o dz
bz—22/2 —22/2
ae — Ke —
/iln(K/a) V2

For the first part you can change variables by z = y+ b, dz = dy to get
1
5

In(K/a) Vor Lin(K/a)—b V2m
Changing y to —y this gives
Lin(a/K)+b
ae”/? /b e’yQ/zﬂ = ac”/?® 1ln(a/K) +b
_ v b

o] 2T

The second term is easy:

> dz 1
_Ke#lP 22 - K (1 ) (—m K/a ))
/ll)ln(K/a) V2r b (5/a)

:—K®<%mMNQ>
O

I'll stop here. (But in the lecture I have to go back to section 9.7 on
the Feynman-Kac formula.)

“The one thing probabilists can do which analysts can’t is stop...”
-Sid Port, analyst [3]
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