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0. DIFFERENTIAL AND DIFFERENCE EQUATIONS

We havetwo daysto gooverthe basics of linear dilerential equations.
Dilerential equationsis a one semestercourseand we donOthave time
to cover it in detail. Howewer, to do Markov chains you just needto
understand how Prst order linear dilerential equationswork.

0.1. Linear di'er enti al equati ons in one variable. In the brstlec-
ture, | discussedinear dilerential equations(DileqOs)in one variable
of arbitrary order. | presened the problem and the complete solution
but without proof. These missing proofs | appendedat the end so
that thesenoteswill faithfully represem the style and content of the
lectures.

The problemin degreed = 2 is to bnd a function y = f(t) sothat:

(0.2) v+ ay + by+ c=0

wherea, b, c areconstarts. (The degree, or order is the number of times
that the variablesare dilerentiated. In this casethe degreeis 2 since
we have y".)

0.1.1. particular solution. A (one) solution y = fu(t) of this equation
is called a particular solution. It is really easyto bPnd:

—C
y = fo(t) = e
This is a constart function. ItOsderivative (and higher derivatives) are
zero: y' = y" = 0. So,whenyou plug it into Equation (0.1) you get
0+0+by+c=0=y= —c/b.
If b= 0then the answeris
—C
y= fo(t) = —t.
a
This is alsoeasyto see:y' = —c/a and 3" = 0. So,
'+ ay' + by+ c= 0+ a(—c/a)+ 0+ c= —c+ c= 0.
Now, supposeyou have another solution y = f(¢).
0.1.2. homogeneous equation.

Lemma 0.1. If fo(t), f(t) are two solutions of the differential equation
then the difference
y = f(t) — fol?)

is a solution of the homogeneougquation
y'+ ay + by = 0.

(This is the original equation minus the constant term c.)
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This lemmaimplies that the solutions of the Dileq are given by:
f(t) = fo(t) + (all solutions of the homogeneas equation)

The solutions of homogeneougquation have good theoretical prop-
erties:

Lemma 0.2. If fi(t) is a solution of the homogeneous equation then
so is a.f1(t) for any (constant) scalar c.

Lemma O0.3. If fi1, fo are two solutions of the homogeneous equation
then so isy = f1+ fo.

Thesetwo lemmasimply that we have a vector space:

Theorem 0.4. The set of solutions of the homogeneous equation form
a vector space. The dimension of this space is equal to the degree d of
the differential equation.

As you remenber from linear algebra,every vector spacehasa basis:
f1(t), f2(1), -+, fa(t). So, every solution of the homogeneougquation
is a linear combination of the basiselemerts:

arfit axfo+ -+ agqfa.

This meansthat the solutions of the original Dileq are given by:

J(@) = fot) + asfa(t) + azfa(t) + - - + aqfa(t)

whereay, - - - ,ay are arbitrary scalas.
Thus, we needd linearly independen solutions of the homogeneous
dilerential equation.

0.1.3. solutions for homogeneous equation of degree one. | Prstdid the
caseof degreeone. This is an equation of the form:

y+ay=0
or.
'y! = —ay.

l.e., y Is decreasingat a rate proportional to its size. This is the
equationof exponertial decgy which you learnin calculus. The solution
is

at

Y= yoen
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0.1.4. solutions in higher order. To explain the idea, | gave a specibc
example:

y' =5y + 6y+ 1= 0.
The particular solutionis fy(t) = —1/6 and the homogeneougquation
is:

y" —5y' + 6y = 0.
| rewrote this using the differential operator D = %:
D?y — 5Dy + 6y = 0
or
(D> —5D+ 6)y = 0.
Now we can factor the operator (the thing that is operating on y):
(D =2){D524= 0
=0
To solwe this, we look at the part (D — 3)y. If this is zero then the
whole thing is zero. But the equation
(D-3y=0
is the Prst order equation
y'—3y=0.

The solution is y = Cye% for someconstart C;. This givesone basis
elemen fi(t) = €%. To get the other one, we go badk and rewrite the
di'erential equationas:

(D —3)(D —2)y= 0.

Then we get the solution y = Cye? and fo(t) = e*. So, the general
solution of the Dileq is

1
f(t) = _é + Cle3t + 02€2t.

Theorem 0.5. If we have a linear differential equation in one variable
of order d given by a polynomial in D of degree d with d distinct roots
A1, Ao, -+, Ag then the functions et e?2t ... Mt form a basis for the
vector space of all solutions of the associated homogeneous equation.

In the exanple, d = 2, the polynomial is D?> — 5D + 6 which has
roots A\; = 3, A\, = 2. The analysisof the generalcaseis very similar.

There aretwo points which | expandedon in orderto give a complete
description of the answer:

e complexroots,
e multiple roots.
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0.1.5. complex roots. What happensin the casewhen )\ is a complex
number? | gave an exampleto start:

y'+ 2y +5y=0.
In terms of dilerential operators this is:
(D*>+ 2D+ 5)y = 0.
The roots of this polynomial are:
AN = —142i, i= /-1

So, a basis for the solution spaceis e, e*t. But what are these
functions? Herel switchedto letters: \. = a+bi wherea = —1,b= 2.

Mt = edehit = ¢ (cosbt + i sinbt)
et = e it = e (cosbt — i sinbt)

If we add theseand divide by 2 or subtract and divide by 2i we get
two other basic solutions of the homogeneougquation:

fa(t) = e* cosbt

fo(t) = ™ sinbt
In our particular example,we have

fa(t) = e 'cos2t

fo(t) = e tsin2t.

Thesetwo functions form the real basisfor the 2-dimensionalvector
spaceof all solutions of the secondorder homogeneoudi'eq.

0.1.6. multiple roots. Supposethat the polynomial has multiple roots.
For example,supposethe equationis:
y'+ Ay +4ay=0
(D*+ 4D+ 4)y = 0.
This factors as:
(D+ 2%y =0.
Therootsare A = —2, —2. l.e., —2 s a double root.

We know that oneof the solutionsis f1(t) = e %. There must be one
more. We cannot take the samefunction twice. The generalanswer is

fa(t) = teM = e 2.

If X is atriple root we get f5 = t2¢ and soon.
The derivation, which | did not give in class,is easy:

D(te™) = M+ theM.
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So,
(D — NteM = M
(D — (D — NteM = (D — NeM = 0.
This givesthe completedescription of the solution of a linear diler-
ertial equationin onevariable.

0.1.7. proofs. Studerts should feel free to skip this subsectionand go
on to the section on epidemic modeling. This is only for those who
want to seeall the details.

Going badk to our original equation

y”+ ay!+ by+ c=0
we rewrite this as
(D*+ aD+ b)y+ c= 0
o(y) = —c

where
©0=D?+ aD+b.

The point is that ¢ is a linear operator, i.e.,
elafrt ff2) = apfrt Befs

if o, 3 are constants. If of; = ¢f, = 0 then this equationimplies that
o(afi + Bf2) = 0. This proves Lemma 0.2, Lemma 0.3 and the brst
sertencein Theorem0.4. It remainsto prove Lemma0.1 and the rest
of Theorem0.4.

Proof of Lemma 0.1. If fo, f are solutions of the original Dileq then
¢(fo) = —c and ¢(f) = —c. So,

o(f — fo) = of —pfo= —c+c=0,
l.e., f — fo is a solution of the homogeneos equation. O

Proof of Theorem 0.4. The proof is by induction on d. If d = 1 then
you learned, or should have learned, the following in calculus.

(D-Ny=0

Dy = Ay
dy

— = \y.
at Y

Separatevariables:
d
Y= adt,
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then integrate: % %

The solution is:
In|jy|= M+ C
y = Ll = yoe)\t
wherey, = +¢© is constart, i.e., ascalar. So,e* is a basis. The vector

spacehas dimensiond = 1 as claimed. This casecan be written as
follows.

Lemma 0.6. The kernel ker(D — \) of the linear operator D — X is
one dimensional and is spanned by et.

Now supposethe theorem holds for degreed — 1. Sinceany polyno-
mial in D canbe factor asa product of linear factors D — \ for complex
numbers A\, we can write:

=YD —N)
where ¢ is a polynomial of degreed — 1 in D. By induction on d we

know that the solution spaceof the homogerousDileq vy = 0is a
vector spaceof dimensiond — 1, i.e.,

dimkery = d — 1.
But,
f@t) ekerp = (D —N)f(t) = 0= (D — \)f(t) € ker.
So,D — X is a linear mapping
D — = L :kerp — keri.
We just shaved that the kernel of D — ) is one-dimensional.So,
dim(kery) = dim(ker L) + dim(im L)
<1+ dimkery =1+ (d—1)=d.
This meansthat there are at most d linearly independert solutions of

a homogeneouslinear Dileq of order d. But, in the discussionabove
we found d linearly independen solutions. So, we know that

dimkery > d.

So, we must have
dimkery = d
asclaimed. ]



