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0. Differential and difference equations

Wehavetwo days to goover the basicsof linear di!erential equations.
Di!eren tial equationsis a onesemestercourseand we donÕthave time
to cover it in detail. However, to do Markov chains you just needto
understandhow Þrst order linear di!erential equationswork.

0.1. Li near di !er enti al equati ons in one var iabl e. In the Þrst lec-
ture, I discussedlinear di!erential equations(Di!eqÕs)in one variable
of arbitrary order. I presented the problem and the completesolution
but without proof. These missing proofs I appended at the end so
that thesenotes will faithfully represent the style and content of the
lectures.

The problem in degreed = 2 is to Þnd a function y = f (t) so that:

(0.1) y!! + ay! + by + c = 0

wherea, b, c areconstants. (The degree, or order is the number of times
that the variablesare di!erentiated. In this casethe degreeis 2 since
we have y!!.)

0.1.1. particular solution. A (one) solution y = f0(t) of this equation
is called a particular solution. It is really easyto Þnd:

y = f0(t) =
−c

b
.

This is a constant function. ItÕsderivative (and higher derivatives)are
zero: y! = y!! = 0. So,when you plug it into Equation (0.1) you get

0 + 0 + by + c = 0⇒ y = −c/b.

If b = 0 then the answer is

y = f0(t) =
−c

a
t.

This is alsoeasyto see:y! = −c/a and y!! = 0. So,

y!! + ay! + by + c = 0 + a(−c/a) + 0 + c = −c + c = 0.

Now, supposeyou have another solution y = f (t).

0.1.2. homogeneous equation.

Lemma 0.1. If f0(t), f (t) are two solutions of the differential equation
then the difference

y = f (t) − f0(t)
is a solution of the homogeneousequation

y!! + ay! + by = 0.

(This is the original equation minus the constant term c.)
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This lemma implies that the solutions of the Di!eq are given by:

f (t) = f0(t) + (all solutions of the homogeneous equation)

The solutions of homogeneousequation have good theoretical prop-
erties:

Lemma 0.2. If f1(t) is a solution of the homogeneous equation then
so is αf1(t) for any (constant) scalar α.

Lemma 0.3. If f1, f2 are two solutions of the homogeneous equation
then so is y = f1 + f2.

Thesetwo lemmasimply that we have a vector space:

Theo rem 0.4. The set of solutions of the homogeneous equation form
a vector space. The dimension of this space is equal to the degree d of
the differential equation.

As you remember from linear algebra,every vector spacehasa basis:
f1(t), f2(t), · · · , fd(t). So, every solution of the homogeneousequation
is a linear combination of the basiselements:

a1f1 + a2f2 + · · · + adfd.

This meansthat the solutions of the original Di!eq are given by:

f (t) = f0(t) + a1f1(t) + a2f2(t) + · · · + adfd(t)

wherea1, · · · , ad are arbitrary scalars.
Thus, we needd linearly independent solutions of the homogeneous

di!erential equation.

0.1.3. solutions for homogeneous equation of degree one. I Þrst did the
caseof degreeone. This is an equation of the form:

y! + ay = 0

or:

y! = −ay.

I.e., y is decreasing at a rate proportional to its size. This is the
equationof exponential decay which you learn in calculus. The solution
is

y = y0e
" at.
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0.1.4. solutions in higher order. To explain the idea, I gave a speciÞc
example:

y!! − 5y! + 6y + 1 = 0.

The particular solution is f0(t) = −1/6 and the homogeneousequation
is:

y!! − 5y! + 6y = 0.

I rewrote this using the differential operator D = d
dt :

D2y − 5Dy + 6y = 0

or
(D2 − 5D + 6)y = 0.

Now we can factor the operator (the thing that is operating on y):

(D − 2) (D − 3)y
! "# $

=0

= 0.

To solve this, we look at the part (D − 3)y. If this is zero then the
whole thing is zero. But the equation

(D − 3)y = 0

is the Þrst order equation

y! − 3y = 0.

The solution is y = C1e3t for someconstant C1. This givesone basis
element f1(t) = e3t. To get the other one,we go back and rewrite the
di!erential equation as:

(D − 3)(D − 2)y = 0.

Then we get the solution y = C2e2t and f2(t) = e2t. So, the general
solution of the Di!eq is

f (t) = −1
6

+ C1e
3t + C2e

2t.

Theo rem 0.5. If we have a linear differential equation in one variable
of order d given by a polynomial in D of degree d with d distinct roots
λ1, λ2, · · · , λd then the functions eλ1t, eλ2t, · · · , eλd t form a basis for the
vector space of all solutions of the associated homogeneous equation.

In the example, d = 2, the polynomial is D2 − 5D + 6 which has
roots λ1 = 3, λ2 = 2. The analysisof the generalcaseis very similar.

There aretwo points which I expandedon in order to givea complete
description of the answer:

• complexroots,
• multiple roots.
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0.1.5. complex roots. What happens in the casewhen λ is a complex
number? I gave an exampleto start:

y!! + 2y! + 5y = 0.

In terms of di!erential operators this is:

(D2 + 2D + 5)y = 0.

The roots of this polynomial are:

λ± = −1± 2i, i =
√
−1.

So, a basis for the solution spaceis eλ+t, eλ−t. But what are these
functions? HereI switched to letters: λ± = a± bi wherea = −1, b = 2.

eλ+t = eatebit = eat (cosbt + i sinbt)

eλ−t = eate" bit = eat (cosbt− i sinbt)
If we add theseand divide by 2 or subtract and divide by 2i we get
two other basicsolutions of the homogeneousequation:

f1(t) = eat cosbt

f2(t) = eat sinbt

In our particular example,we have

f1(t) = e" t cos2t

f2(t) = e" t sin2t.

These two functions form the real basis for the 2-dimensionalvector
spaceof all solutions of the secondorder homogeneousdi!eq.

0.1.6. multiple roots. Supposethat the polynomial hasmultiple roots.
For example,supposethe equation is:

y!! + 4y! + 4y = 0

(D2 + 4D + 4)y = 0.

This factors as:
(D + 2)2y = 0.

The roots are λ = −2,−2. I.e., −2 is a double root.
Weknow that oneof the solutionsis f1(t) = e" 2t. There must beone

more. We cannot take the samefunction twice. The generalanswer is

f2(t) = teλt = e" 2t.

If λ is a triple root we get f3 = t2eλt and so on.
The derivation, which I did not give in class,is easy:

D(teλt) = eλt + tλeλt.
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So,
(D − λ)teλt = eλt

(D − λ)(D − λ)teλt = (D − λ)eλt = 0.

This givesthe completedescription of the solution of a linear di!er-
ential equation in onevariable.

0.1.7. proofs. Students should feel free to skip this subsectionand go
on to the section on epidemic modeling. This is only for those who
want to seeall the details.

Going back to our original equation

y!! + ay! + by + c = 0

we rewrite this as
(D2 + aD + b)y + c = 0

ϕ(y) = −c

where
ϕ = D2 + aD + b.

The point is that ϕ is a linear operator, i.e.,

ϕ(αf1 + βf2) = αϕf1 + βϕf2

if α, β are constants. If ϕf1 = ϕf2 = 0 then thi s equation implies that
ϕ(αf1 + βf2) = 0. This proves Lemma 0.2, Lemma 0.3 and the Þrst
sentence in Theorem0.4. It remainsto prove Lemma 0.1 and the rest
of Theorem0.4.

Proof of Lemma 0.1. If f0, f are solutions of the original Di!eq then
ϕ(f0) = −c and ϕ(f ) = −c. So,

ϕ(f − f0) = ϕf − ϕf0 = −c + c = 0.

I.e., f − f0 is a solution of the homogeneous equation. !

Proof of Theorem 0.4. The proof is by induction on d. If d = 1 then
you learned,or should have learned,the following in calculus.

(D − λ)y = 0

Dy = λy

dy

dt
= λy.

Separatevariables:
dy

y
= λdt,
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then integrate: %
dy

y
=

%
λdt.

The solution is:
ln |y| = λt + C

y = ±eCeλt = y0e
λt

wherey0 = ±eC is constant, i.e., a scalar. So,eλt is a basis. The vector
spacehas dimension d = 1 as claimed. This casecan be written as
follows.

Lemma 0.6. The kernel ker(D − λ) of the linear operator D − λ is
one dimensional and is spanned by eλt.

Now supposethe theoremholds for degreed− 1. Sinceany polyno-
mial in D canbe factor asa product of linear factorsD−λ for complex
numbersλ, we can write:

ϕ = ψ(D − λ)

whereψ is a polynomial of degreed − 1 in D. By induction on d we
know that the solution spaceof the homogeneousDi!eq ψy = 0 is a
vector spaceof dimensiond− 1, i.e.,

dim kerψ = d− 1.

But,

f (t) ∈ kerϕ⇔ ψ(D − λ)f (t) = 0⇔ (D − λ)f (t) ∈ kerψ.

So,D − λ is a linear mapping

D − λ = L : kerϕ→ kerψ.

We just showed that the kernel of D − λ is one-dimensional.So,

dim(kerϕ) = dim(kerL) + dim(im L)

≤ 1 + dim kerψ = 1 + (d− 1) = d.

This meansthat there are at most d linearly independent solutions of
a homogeneouslinear Di!eq of order d. But, in the discussionabove
we found d linearly independent solutions. So,we know that

dim kerϕ ≥ d.

So,we must have
dim kerϕ = d

as claimed. !


