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0.2. Kermack-McKendrick. This is from the book Epidemic Mod-
elling, An Introduction, D.J. Daley & J.Gani, Cambridge University
Press. Kermadk-McKendrick is the most common model for the gen-
eral epidemic. It is usually more realistic with many subpopulations
with dilerent characteristics. But we areonly interestedin the concept,
not in an accuratemodel. So, I madetwo simplifying assumptiors:

¥ The population is homogeneous
¥ No births or deathsby other means

Sincethere are no births, the sizeof the population N is constart.
This model is similar to the Markov processesvhich we will study
starting next week: There are Ostates@nd peoplemove from onestate
to another accordingto certain rules. In a Markov process,the move-
mert is random. Hereit is deterministic.
In this model there are three states:

S: = susceptible
I: = infected
R: = removed (immune)

Letx=#S,y=#Il,z=#R. So
N=x+y+ z

| assumethat z, = O (If there are any OremweedOpeopleat t = 0 we
ignore them.)

As time passessuscetible peoplebecomeinfected and infected Ore-
coverOand becone immune. Sothe sizeof S decreasesind the sizeof
R increases.Peoplemove as shavn by the arrows:

st It R

0.2.1. recovery rate. The infected recover at an exponertial rate. We
assumethat the infection has a half-life, say oneweek,and half of the
infectedwill recoverin that time and 3/ 4 will recover in two weels, etc.
So,the number of infectedtendsto decreaset the rate proportional to
its size. Howeer, there are also newly infected which keep appearing.

So, this recovery processonly describesthe Bov | " R. The equation
is:

dz

—=1ly, I'>0.

at =7

The rate of changeof y is equalto the rate of infection minus the rate
of recovery.
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0.2.2. infection rate. The infection rate is given by the Law of mass
action which says:

The rate of interaction between two different subsets of the population
s proportional to the product of the number of elements in each subset.

So,

((j:i_)t(: F'xy, " >0.
To solwe theseequations,we divide them:
dx _dx/dt _!"xy "X
dz = dzdt ~ ly

This is a linear di'erential equationwith solution
' n
X = Xoexp (|_Z> = x,e /"

where # := /" is called the threshold population size. This is an
exponertial decg equation. It says that the size of the susceptible
population is decreasingat an alarming rate. Bad news!

Howewer, something happens before we all die: the number of in-
fectedy goesto zeroand the infection stops!

SinceN = x + y + z is bxedwe can bndy asa function of z:

y=N! x! z=N! xe"! z

Dilerentiating gives:
dy _ Xo —z/
—= —e 1
dz #

d’y Xo
—2 =1 e <
dz2 #2

So, the function is concave down with initial slope

dy X
—=—11
dz #
| graphedthesefunctions for diler ernt valuesof the parameéers to show

you what this means.

0.2.3. Case 1: Xy > #. When the initial susceptiblepopulation sizeis
greater than the threshold #, the infected population increasesat the
beginning. This is because

Xo># # 2>1 # =291 1> 0,
0 # #
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Howevwer, it ewvertually comesbadk down, although this may not be
obvious. Hereis the plot in the casewhen
N = 10,000
Xo = 9,900
Yo = 100
#= 5,000

- threshold

3,000 — susceptible

2,000 infected T

The plot shows x, y, # asa function of z. (# is constart.)

Note that there are approximately 2,000 uninfected at the end of
the epidemic. (The infected line crosseghe z axis at z = 8,000 and
x= N1 z=2000is the bnalvalue.)

In fact, this model predictsthat there will always be survivors of any
epidemic. l.e., there will always be peoplewho newer get infected.

0.2.4. case 2: Xy < #. If the initial susceptiblepopulation sizeis less
than the threshold #, the infected population is decreasingat the be-
ginning. Sincethe infected curve is concare down, it deaeaseseven
faster asz increases.Hereis the plot in the case

N = 10,000
Xo = 8,000
Yo = 2,000
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Here, almost half of the population survivesthe epidemic.
Another way to look at it is that this is the tail end of the epidemic.
The worst is over. In casel we sav the beginning of the epidemic.

Exercise 0.7. Provethat the highestpoint in the infected curve occurs
when the susceptiblecurve crosseghe threshold.



