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3.4. birth-death. Continuousbirth-death Markov chainsarevery sim-
ilar to courtable Markov chains. One new conceptis Oexplosion@hich
meansthat an inPnite number of state changeewens can happenin a
Pnite amourt of time.

3.4.1. birth and explosion. Suppose that people newer die and that
birth is a Poissonprocess.
X; = population at time ¢
S=1{1,2 3 54}
A, = rate of birth when population sizeis n

In other words,
aln,n+ 1)= )\,
a(n,n) =1 X\,
and all other entries of the inPnite matrix A are zero.

Question What is the probability of ezplosion?
l.e., What is the probability that the population sizewill goto inPnite
in a bnite amourt of time?

Answer. This probability is either O or 1!

Proof. Supposethat
p = P(explosionoccursat sometime 7' < 1000)

Then either p = 0 or p > 0.
If p = 0 then the population will never explode.
If p > 0then

P(no explosionin 1000years)= 1! p<1
If we wait N millennia then the probability of no explosionwill be
1 p*

Sincethis goesto 0 as N " # , the probability of never having an
explosionis zero. O

So,we just have to determinewhether the population is destinedto
explode or not. To bgurethis out | computed the expected time it
would take for the population sizeto goto inPnity. If this time if Pnite
we have an explosion.

Ty, = time it takesto jump 1" 2
T, = time it takesto jump 2" 3
T = time to explosion = 77 + T, + 884
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Theorem 3.10. The population exploses a.s. if and only if

CONVETGES.

3.4.2. conversion to discrete time. Next | consideed birth and death.
But | didnOtwant 0 to be an absorbingstate. So,| assumedhat there
was spontaneousgeneration.

X;$ 5={012 3 a4
with all rates positive:
O0< A\, = birth ratewhenX;,=n, n%0

0< pu, = deathratewhenX;=n, n%1

Let J;, Jo, &84 be the jump times (the times when the population size
jumps).

We convert to discretetime sothat we can usethe formulasthat we
already know:

Z = population sizeafter k birth-death events

The transiti on probabilities for this courtable Markov chain are given
by:
Lemma 3.11.

An
P(Zy1=n+ 1|2, =n) = Nt
P(Z1 = n! 1]Z,= n)= —
An t i

Proof. If we chop up the time into small intervals of length ! ¢ then
only one evert will occur in ead interval. The probability that there
will be a birth in one of these time intervals is

]P(Xt+At =n+ llXt = n) & )\n' t
and the probability of death will be
P(Xirar=n! 11Xy =n) & pu! ¢
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Sinceonly one of theseoccur, the probability of a birth or death will
be the sum:

P(Xipar = n|Xp=n) & A\ t+ pp! t
and the conditional probability of a birth will be:

Anl An

P(Xipar= Xo+ 1| Xipnr = X)) & At ! t: An t pin

Taking the limit as! ¢t" 0 we get:

bt 1t 1t t t+ 1t

Adt A
Andt+ ppdt Ny + i

P(Xirar = Xo+ 1| X = Xo) &

(1) Whenis Z, transient, null-recurrent, positive recurrert?
(2) When is X; explosiwe?
(3) What is the relation betweenexplosionand recurrence?

The correct answer to the last problemis that
Z, recurrert (X, nonexplosiwe

The reasonis that, when Z,, is recurrert, with probability one you
return to the samestate over and over. The expectedreturn time is
the sameead time, say 100 years. If you return to the sameplace
onceewery 100years,it will take forever to return an inPnite numbers
of times. If you want to explode after that you donOhave time.

Exampl e 3.12. | asked these questionsin the special case:

A, = birth rate=n+ 1

i, = deathrate = n



MATH 56A SPRING 2008 STOCHASTIC PROCESSES 91
An

db) n ¥ —¥n+1) &

Hn+1

3.4.3. positive recurrent. To seeif X, is positive recurrert we have to
Pnd an invariant distribution. This comesfrom the picture above. In
order for the rate of movemen from) n to %n+ 1to bethe sameas
the reverserate, the invariant distribution must satisfy:

m(n)An = mw(n+ Dy

So,
A At 1A
a(n+ 1) = 7(n)— = 7(n! 1) v 1%n
Hn41 M in41
AnAnr 1 888N\

Hn+1Hn éa’éﬂl
The sum of thesenumbers must be bnite. So,

= &a= 7(0)

Theorem 3.13. X, is positive recurrent if and only if
" )\n)\n" 1 ééé)\o
n=0 Mn41n éa’éﬂl

Le., iff the series converges.

<#

In the special case), = n+ 1,1, = n ead fraction is equalto 1.
So,the sumis
1+1+1+ 1+ &4=#

So, the seriesdivergesand the Markov chain is not positive recurrert.
3.4.4. transient. To seeif X, is transiernt, we look at the discretechain

Z, andtry to bndthe function a(n) sothat «(0) = 1 andinf a(n) = 0.
The equation for a(n) is:

on) = p(n, m)a(m)
Sincewe can only go up and down by onethis is:
a(n) = p(n,n+ Da(n+ 1)+ p(n,n! La(n! 1)
Ana(n + 1) N pna(n! 1)
An * fin An t fin
(A + pp)a(n) = Apa(n+ 1)+ ppa(n! 1)
This equation can be rewritten as
m(g(m) ! glp! 1) = Aula(n+ Bl a(n)
Apa Aptra

! na = Ayl i«

a(n) =
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50 0 _ i
| o= A—: n A”A: 1! 2o = 84
a(n+ 1)1 a(n) = ’;" gl(a(l)' (0))
an)! a(n! 1)= ’;: 131(04(1)' 2(0))
Adding theseup and cancelingtermswe get:
ant ! a0)= ‘A"; 1aaa“1(a(1)l (0))
k=0

Theorem 3.14. X; is transient if and only if

"n

Le., iff this series converges.

In the special case)\, = n+ 1, i, = n, the fraction is:
e 1 @@ (k! l)aadl 1

Ak"lllljl_ k/llz - k
But this givesthe harmonic series:
1
— = #
k

So, the chains Z,, and X, are not transiert.
Therefore,it must be null-recurrert.

3.4.5. explosion. Recurrert implies nonexplosie. So, there is no ex-
plosion. The correct calculation which shows this is:

yn = expectedtimeit takesto getfrom X = nto X =n+ 1
1 L

= e
Yn /\n + Lin )\ + (yn 1 yn)
== ( )
yn_2n+1 2n+1yn1 Yn
n+ 1 1 n

n+ 1T n+ 120+ 10!

n
Y = 1+ mynw%l

sincey, = 1. So,

yp Y01+ 1+ 1+ &8a= #

and there is no explosion.



