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4. OPTIMAL STOPPING TIME

4.1. Definitions. On the first day I explained the basic problem using
one example in the book. On the second day I explained how the
solution to the problem is given by a “minimal superharmonic” and
how you could find one using an iteration algorithm. Also, a simple
geometric construction gives the solution for fair random walks. On
the third day I explained the variations of the game in which there
is a fixed cost per move and on the fourth day I did the payoff with
discount. I skipped the continuous time problem.

4.2. The basic problem. I started with the example given in the
book: You roll a die. If you get a 6 you lose and get nothing. But if
you get any other number you get the value on the die (1,2,3,4 or 5
dollars). If you are not satisfied with what you get, you can roll over
and you give up your reward. For example, if you roll a 1 you probably
want to go again. But, if you roll a 6 at any time then you lose: You
get nothing. The question is: When should you stop? The answer
needs to be a strategy: “Stop when you get 4 or 5.” or maybe “Stop
when you get 3,4 or 5.” You want to chose the best “stopping time.”

4.2.1. stopping time.

Definition 4.1. In a stochastic process T is called a stopping time if
you can tell when it happens.

Basically, a stopping time is a formula which, given X7, Xo,--- , X,
tells you whether to stop at step n. (Or in continuous time, given X
for t < T, tells you whether T is the stopping time.)

Some examples of stopping time are:

(1) the 5th visit to state x
(2) 10 minutes after the second visit to y.
(3) the moment the sum X; + X5 + - -+ + X, exceeds 100.

You cannot stop right before something happens. In class we dis-
cussed the scenario where you are driving on the highway and you are
about to have an accident. Is the second before the moment of impact
a stopping time? Even if the probability is 1, you are not allowed to
call it a stopping time because “probability one” is not good enough.
You have to use the information you have until that moment to decide
if this is stopping time. For example, you could say, T" is the moment
your car gets within 1cm of the car in front of you. That would be a
stopping time.
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4.2.2. payoff function. The payoff function is a function
f:S—=R

which assigns to each state x € S a number f(z) € R representing how
much you get if you stop at state x. To figure out whether to stop you
need to look at what you can expect to happen if you don’t stop.

(1) If you stop you get f(x).
(2) If, starting at z, you take one step and then stop you expect to
get

> p(a,y)f(y)

You need to analyze the game before you play and decide on an
algorithm when to stop. (Or you have someone play for you and you
give them very explicit instructions when to stop an take the payoff.)
This stopping time is T

X is the state that you stop in.
f(X7r) is the payoff that you will get.
You want to maximize f(Xr).
4.2.3. walue function. The value function v(z) is the expected payoff
using the optimal strategy starting at state x.
v(z) = E(f(X7) | Xo = 7)
Here T is the optimal stopping time. You need to remember that this

is given by an algorithm based on the information you have up to and
including that point in time.

Theorem 4.2. The value function v(x) satisfies the equation

v(x) = max(f(x), Z p(z,y)v(y))

Y

In this equation,
f(z) = your payoff if you stop.
Z p(z,y)v(y) = your expected payoff if you continue.
y

Here you assume you are going to use the optimal strategy if you con-
tinue. That is why you will get v(y) instead of f(y). When you compare
these two (f(z) and > p(x,y)v(y)), the larger number tells you what
you should do: stop or play.

The basic problem is to find the optimal stopping time 7" and calcu-
late the value function v(z).
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Example 4.3. Suppose that you toss a die over and over. If you get

x your payoff is
x ifx#6
fw) = {0 it x =6

And: if you roll a 6 you lose and the game is over. l.e., 6 is recurrent.
If Xy is your first toss, X; your second, etc. the probability transition
matrix is:

1/6 1/6 1/6 1/6 1/6 1/6

1/6 1/6 1/6 1/6 1/6 1/6

1/6 1/6 1/6 1/6 1/6 1/6

1/6 1/6 1/6 1/6 1/6 1/6

1/6 1/6 1/6 1/6 1/6 1/6

0 0 0 0 0 1

Since v(6) = 0, the second number in the boxed equation is the product
of the matrix P and the column vector v:

> plz,y)oly) = Pu(x) = é(v(l) +0(2) +0(3) +v(4) +v(5))

(for x < 6). I pointed out that, since the first 5 rows of P are the same,
the first 5 entries in the column vector Pv are the same (and the 6th
entry is 0).

4.3. Solutions to basic problem. On the second day I talked about
solutions to the optimal stopping time problem and I explained:

(1) minimal superharmonics
(2) the iteration algorithm
(3) solution for random walks

4.3.1. manimal superharmonic.

Definition 4.4. A superharmonic for the Markov chain X, is a real
valued function u(zx) for x € S so that

u(z) > pl,y)uly)

yeSs

In matrix form the definition is
u(z) > (Pu)(z)

where u is a column vector.
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Example 4.5. Roll one die and keep doing it until you get a 6. (6 is
an absorbing state.) The payoff function is:

states x payoff f(x) probability P

1 150 1/6
2 150 1/6
3 150 1/6
4 300 1/6
5 300 1/6
6 0 1/6

The transition matrix in this example is actually 6 x 6 as in the first
example. But I combined these into 3 states!: A=1,2 0r 3, B =4 or
5and C = 6:

states © payoff f(z) probability P

A 150 1/2
B 300 1/3
C 0 1/6
Then, instead of a 6 X 6 matrix, P became a 3 X 3 matrix:
1/2 1/3 1/6
P=1|1/2 1/3 1/6
0 0 1

The best payoff function you can hope for is (the column vector)
u = (300, 300, 0)"
where the * means transpose. (But later I dropped the £.) Then

1/2 1/3 1/6\ (300 250
Pu=|1/2 1/3 1/6| [300] = [ 250
0 0 1 0 0

Since 300 > 250, u = (300, 300, 0) is superharmonic.

Theorem 4.6. The value function v(x) is the minimal superharmonic
so that v(x) > f(x) for all states x.

This doesn’t tell us how to find v(x). It is used to prove that the
iteration algorithm converges to v(z).

You can combine two states z, y if:

(1) f(z) = f(y) and

(2) the x and y rows of the transition matrix P are identical.
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4.3.2. ateration algorithm. This gives a sequence of superharmonics
which converge to v(x). You start with u; which is the most opti-
mistic. This the best payoff you can expect to get:

() = 0 if x is absorbing
ST ) max f(y) if x is transient
In the example, max f(y) = 300 and C' is absorbing. So,
ui(A) 300
uy = Ul(B) = 300

Next, usy is given by
uz(x) = max(f(x), (Pui)(z))
We just figured that Pu; = (250,250,0). So,

150 250 250

us = max [ [300]] | 250 | = [ 300
0 0 0

Keep doing this using the recursive equation:

Unt1(7) = max(f(z), (Pun)(x))

You get:
w; = (300, 300, 0)
us = (250, 300, 0)
ug = (225, 300, 0)
uy = (212.5, 300, 0)

When you do this algorithm you get an approximate answer since

To get an exact answer you need to realize that only the first number is

changing. So, you let z = v(A) be the limit of this first number. Then:
z =v(A) = max(f(A), Pv(A)) = max(150, Pv(A)) = Pv(A)

(The calculation shows that z &~ 200 > 150.) Once you get rid of the
“max” you can solve the equation:

111 (.7 z 300 =z
2= Po(4) =(5,3,5) (300 | =5+ =5+100
0

So,
z =200
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and
v = (200, 300, 0)
The optimal strategy is to stop if you get 4 or 5 and play if you get 1,2

or 3.

4.3.3. concave-down value function. ? Suppose you have a simple ran-
dom walk with absorbing walls. Then, for x not one of the walls, you
go left or right with probability 1/2:

plz,z+1) =

plz,z—1) =

N~ N

and p(z,y) = 0 in other cases. A function u(x) is superharmonic if

u(@) = ple,y)uly) = sl 1) $ule+1)

2

This equation says that the graph of the function u(x) is concave down.
In other words, the point (z,u(x)) is above the point which is midway
between (z — 1,u(x — 1)) and (z + 1,u(z + 1)).

So, the theorem that the value function v(z) is the minimal super-
harmonic so that v(z) > f(x) means that the graph of v(z) is the
convex hull of the graph of f(z).

Example 4.7. Suppose that we have a random walk on S = {0,1,2,3,4,5}
with absorbing walls and payoff function:

012 3 4
6 1

T = 5)
flzy=0 2 3 0

/()

Then v(x) is the convex hull of this curve:

v(x)

2Students were correct to point out that “convex” means concave up.



