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5. MARTINGALES

On the first day I gave the intuitive definition of “information,” and
martingales. On the second day I gave you the mathematical definition
of “information” and the proof of the “law of iterated expectation.”
Later we need to discuss the definition of “integrability” and “uniform
integrability” and the two theorems: Optimal Sampling Theorem and
the Martingale Convergence Theorem.

5.1. Intuitive description of martingale. A martingale is a random
variable which you expect to have the same value tomorrow as it has
today. What this amounts to is: You want to “hedge” an asset so that
its value will be constant. I used a really simple example to illustrate
this.

5.1.1. intuitive definition of information. We have a stochastic process
X, in discrete time n. X, is not necessarily Markovian.

F, represents all the information that you have about X,, for time
< n. This is basically just Xo, Xi,---,X,. Suppose that we have a
function

Yn - f(X07X17"' 7Xn>

Then, given F,,, Y,, is known. Given Fy, Y,, is random but E(Y,, | Fp) is
known. As time progresses (gets closer to n), you usually have a better
idea of what Y,, might be until finally,

E(Y,|F.) =Y,

5.1.2. example: Bernoulli. Suppose that X, X5, -, are independent
identically distributed (i.i.d.) with distribution

¥ - 1 with probability p
"] —=1 with probability 1 — p
Let Y,, = S,, be the sum:

The question is: What is the expected value of S, given F,,”
Example Suppose that after 5 tosses of this coin we have:

F3
n= 12 3|45
X,= 11 —1|1 1
S,= 12 1|2 3
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Then F3 consists of the information on the left of the vertical line. The
conditional expected value

E(S3|F;)=83=1

This is because, at time n = 3, we know the values of X, X5, X3 and
their sum S5. It is not random. We know it is 1. Similarly,

E(Sy | F3) = Sa = 2.
On the other hand,
E(Sy|F3) =S5+ E(Xy) =1+2p—1=2p.

This is because, first of all

E(X;)=p(1)+(1—-p)(-1)=2p—1
and, at time 3,

Si=Xi+Xo+ X5+ Xy =1+ X,
known

In general,

Sm+(n—m)2p—1) ifn>m
Sy ifn<m

]E(Sn|-7:m):{

5.1.3. the martingale. In the case when p = 1/2 we have (n —m)(2p —
1) = 0 in the above equation. So, we get:

S, ifn>m

S, ifn<m

E<Sn|-7:m):{

This means that .S, is a martingale according to the following definition.

Definition 5.1. A sequence of random variables M, M;,--- with
E(|M;]) < oo is a martingale with respect to {F,} if

E(M, | Fn) = My,
for n > m.

Continuing with the same example, let
M,=X1+ - +X,—n(2p—-1)=8,—n(2p—1)

This is the random number S,, minus its expected value. When n > m
we have:
E(Mn |fm) = E<Sn|fm) - 7’L<2p - 1)
= Spt+(n—m)(2p—1)—n(2p—1)
= Sn—m(2p—1) =M,

Therefore, M, is a martingale wrt F,,.
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The definition of a martingale is sometimes written as:
E(M, 1| F,) = M,

This say: With the information we have today, we expect the value of
M to be the same tomorrow as it is today.

I proved that this definition is equivalent to the previous definition
using induction and the “law of iterated expectation” which says

EEY | Fo) [ Fin) = E(Y | Fm)

Proof. (=) Certainly the first definition implies the second since the
first definition says that the value of M is expected be the same any
number of days in the future.

(<) We are given that

E(M; | Fo) = My,
E(M2 | ./Tl) - Ml.
To go to two days we use the law of iterated expectation:
E(Mz | Fo) = E(E(M: | F1) | Fo)
——
My
=E(M; | Fo) = M.

Continue by induction to increase the 2 to any positive integer. U

5.2. probability theory and information. I reviewed basic proba-
bility theory so that I could give the rigorous definition of “informa-
tion.”

5.2.1. basic probability.

Definition 5.2. A probability space (2, F,P) consists of

e () = the sample space,

e F = the o-algebra of all measurable subsets of 2, (elements of
F are called events) and

e P = the probability measure which assigns a measure P(A4) <1
for every A € F. lLe., P is a function:

P:F —0,1]

The only condition aside from the definition of “measure” and “o-
algebra” is: P(Q2) = 1.

Definition 5.3. A o-algebra on a set 2 is a collection F of subsets A
(called measurable subsets of Q) satisfying the following axioms:
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(1) F is closed under countable union. l.e., if Ay, Ay, --- € F then
Uaier
i=1

(2) F is closed under taking complements. (A € F = Q—A € F.)
3) 0,2 € F.

Note that, by DeMorgan’s law, (1) and (2) imply:

(4) F is closed under countable intersection.

The word “closed” means the operation gives another element of the
same set. For example if a club is “closed under friendship” it means
that: If you are a member of the club, so are all of your fiends. This
set is probably either empty or includes everybody.

A measure P : F — [0, 00) is a function which assigns to each A € F
a nonnegative real number s.t. P takes countable disjoint union to sum:

P([T4) = > Pran.

Definition 5.4. If B is any set of subsets of €2 then the o-algebra gen-
erated by B is defined to be the intersection of all o-algebras containing

B.

For example, the o-algebra generated by the collection of all half-
open intervals (a,b] in the real line R is the set of Borel measurable
subsets of R. In probability theory we use the Borel measurable sets
instead of the Lebesgue measurable sets so that we only need to con-
sider intervals.

Definition 5.5. A function X : 2 — R is called measurable with
respect to F if the inverse image of every measurable subset of R is
measurable, i.e., an element of F. (Because we are using the Borel
o-algebra on R, this is the same as saying that the inverse images of
half open intervals (a, b] are measurable or, equivalently, that

Pla < X <)
is defined.) Measurable functions on (2 are called random variables.

(Compare with the definition: A function is continuous if the inverse
image of every open set is open. Albert said in class that a function
is measurable if the inverse image of every open set is measurable.
This is true since every open interval is a countable union of half open
intervals.)
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5.2.2. information. is defined to be a o-subalgebra of the o-algebra F
of all events A C 2. When the book says that F,, is the information
given by Xy, --- , X, it means that F,, is the collection of all subsets of
2 which are given by specifying the values of Xy, Xj, -, X,,.

5.2.3. filtration. {F,} is called a filtration. 1 drew the following dia-
grams to illustrate what that means in the case when X takes 3 values
and X, takes two values:

TABLE 1. The o-subalgebra F; has only the two re-
quired elements Fy = {0, Q}

Xo: known
Xy = one value

Q

TABLE 2. The o-subalgebra F; has 23 = 8 elements
given by the values of X, X;

X1:1,2,3

Fr={0,A,B,C;AUB,AUC,BUC,Q}

Using Tables 2 and 3 I explained the concept of “measurablity with
respect to F,,.” The random variable X, is Fo-measurable because the
two sets

X; (1) := the subset of  on which X, = 1

X;1(2) := the subset of  on which X, = 2
are elements of the o-algebra F,. (X, (1) is the union of the top 3
boxes and X, (2) is the union of the bottom three boxes in Table 2.)
However, X, is not Fj-measurable since X, '(1) cuts across the three

boxes in Table 1 and is therefore not one of the & sets listed in Table
1.
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TABLE 3. The o-subalgebra F, has 26 = 64 elements
given by the values of Xy, X1, X5. These are the subsets
given by the 6 blocks in the table and unions of these.

Intuitively, “Y is JF,-measurable” means that, at time n, we will
have enough information to calculate the value of Y. We need the
precise mathematical definition to prove theorems about information
and martingales.

In the case where the filtration F,, is given by the values of the
stochastic random variable X,,, Y is F,-measurable if and only if

Y:f(XCHXl)”' ’X’I’L)

where f is a measurable function. (Unlike other concepts such as con-
tinuity or differentiability, any function that you can write down is
measurable.)

The increasing sequence of o-algebras

FoCFHFH CFC -
is an example of a filtration.

Definition 5.6. A filtration is an increasing sequence of o-subalgebras
of F.

The intuitive idea is that, as time progresses, you have more and
more information. If F,, were not contained in F,,;; it would mean you
will have forgotten some of the information between days n and n + 1.

5.2.4. conditional expectation. 1 still need to explain the definition of
“conditional expectation.” I used the integral formula for conditional
expectation to prove:
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Theorem 5.7 (rule of iterated expectation). If F, is a filtration and
n > m then

EEQY | Fo) | Fin) =E(Y | Fn)
Assuming that E(|Y]| | Fp) < oc.

Proof. 1 gave the proof of this equation in the following form:
EEY | X)) =E(Y)

Here X represents the information given by F,. I am assuming that
X is one random variable. The RHS is given by

E(Y)—/ylP’(y<Y§y+dy)

But
Ply <Y <y+dy) = fy(y)dy
So,

oo

E(Y)= /y]P’(y <Y <y-+dy) = / yfy(y)dy

—00

On the LHS we have

E(Y|X:x):/yP(y<Y§y+dQ|$<X§x+dx/)
A B

b

But

_ P(AB)  f(z,y)dxdy
FAD = BE) T @

where f(x,y) is the joint density function. So,
*yf(zy)dy

E(E(Y | X)) is the expected value of this function:

BE(Y X)) = [ EY|X = o)fx()da
[
://R2yf(;1:,y)dyd:c
= [v] [ o) av= [ ustsrdy=5v)
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where we switched the order of integration (Foubini’s theorem) and
used the identity

/ f(x,y) de = fr(y).
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5.3. definition of conditional expectation. The definition of a mar-
tingale is: If n > m then

E(M, | Fn) = M, |

But what is the definition of this T conditional expectation?

5.3.1. conditional expectation wrt information.

Definition 5.8. Given: Y a measurable function with respect to Fo, =
UF,. (This means we will “eventually” know the value of Y.) Then

Y =E(Y | Fn)

is defined to be “the F,,-measurable function which best approximates
Y‘”

To explain what this says I used two examples.

Example 5.9. F,, is given by X, X1, Xs,---. Then F; is given by the
table:

fZ : X2 =2
Xi=1 X;1=2 X;=3
To say that Y = E(Y | F3) is Fy-measurable means that Y’ takes only

6 values, one in each of the little rectangles in the diagram. (Each little
box is a subset of €.)

y! — Y11 Y21 Ys1
Y12 Y22 Y32

The numbers are the best guess as to the value of Y given the infor-
mation at time n = 2:

v = E(Y [ Xy =4, Xy = j)
The law of iterated expectation says:
E(Y | Fo) = E(E(Y | F2) | Fo) = E(Y'| Fo)

3

= Zzyijp(xl =1, Xy = j)

=1 j=1

The conditional expectation with respect to information is the func-
tion which takes 6 values in the previous example. Each of these num-
bers is a conditional expectation with respect to an event. The next
example explains this and gives the correct formula for conditional
jump time (something that we needed in Chapter 3).
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Example 5.10. Consider the continuous Markov chain (on the set of
integers Z): The rate of movement to the right is a(n,n + 1) = X and
to the left is a(n,n — 1) = u. We want to calculate the conditional
expected value of the jump time:

T = time of 1st jump
= inf{t | X; # Xo}
This is a stopping time because X, is right continuous: At the mo-

T

ment that you jump you will know:
X7 = the state that you jump to
X will be either to the right R or left L:
R = event “Xr = Xy + 17 (jump right)
L = event “Xr = X — 17 (jump left)
These two events give a o-algebra
F1 = o-algebra generated by R, L:
Fr=1{0,Q,R, L}

The conditional expectation of the jump time 7" with respect to this
information is:

T' =E(T|F)) = Fi-measurable function approximating 7'

T’ being Fi-measurable means that it takes two values:

The two values are:
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tr =E(T|R)
We know from before (and I will compute it again below) that
1
E(T|Fy) =E(T) = ——
(T F) = E(T) = 1
I gave an intuitive proof of this by drawing a picture:
0 R—F > R—=R 1

Here A = 3,1 = 2. Then on an average unit interval of time we will

see 3 jumps to the right and 2 jumps to the left for a total of A+ pu =5
jumps per unit time. The average time between jumps will be

1
Abpu B
The law of iterated expectation implies that this is

=E(E(T|F) | Fo) = E(T' | Fo)
— E(T| L)P(L) + E(T | R)P(R)

I
= t . —|— t .
BN I BN+ 7
This means that the intuitive idea that
1 1
t;, = -, tR: - is WRONG
1 A
because it would give
P2 "
A A+p

So, the question is: What is E(T'| R)?
5.3.2. conditional expectation wrt an event.
Definition 5.11. If A is any event then the conditional expectation of
T given A is defined to be:
E(T - 1)
P(A)
where 14 is the indicator function of A. This is the function which is

1 on A and 0 outside of A. (So, E(/4) = P(A). This is an equation we
saw before.)

E(T | A) :=

The expectation of 7" and of T'- I 4 are given by integration:

E(T) = /0 C4 e di

E(T.IA):/OOt.JA Fa(t) dt
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where fr(t) is the probability density function (pdf) of 7'

N R N A O B |
! L Yt+At T
frt)At ~ P jump occurs in the interval (¢, + At]
. - and it does not happen in the interval [0, ¢]

= P( jump occurs in the interval (¢,t + At])x

t
P( no jump in each of A intervals of length At)

= (A + )AL - (1 — AL — pAt)A
Canceling the At’s we get:
Fr(t) = (A4 p) - (1= AAL — pAt)2!

To make this approximation exact, we need to take the limit as At — 0.
This uses the well-known limit:

lim (1 — cAt)V/A = ¢=¢
At—0

which you can prove using L’Hospital’s rule (after taking the log of
both sides). If we raise both sides to the power ¢ we get:

lim (1 — cAt)/A = e~

At—0
Setting ¢ = A\ + p we get:
fr(t) = (A +n)

This means that

Jim (1= AAz - LAY AE = (A 4 pp)e”OHmt
t—

oo o 1
ET:/ tf tdt:/ tN+ p)e AFWtg = —
@)= [Tenwa- [T -
(Do the substitution: s = (A + p)t,ds = (A + p)dt then:
1 o 1
E(T) = —— s = —
( ) )\+M 0 ¢ s )\+N

since [ se *ds = —se * —e* +C.)
To do the expected value of T'- I'r we need to take the probability of
jumping to the right which is:

Infr() AL ~ P a jump to the right occurs in the interval (¢,¢ + At]
AT - and no jump (right or left) occurs in the interval [0, ¢]

= AAt - (1 — At — pAt) /A
The second term is the same as before but the first term is AA¢ instead
of (A + p)At. This means

I fr(t) = Ne~ A tp)t
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E(T-Ig) = | tIefr(t)dt= [ the MWt = — E(T)= ————
Tn) = [ elntrtydt= [ ox B =
Since the probability of jumping to the right is P(R) = ﬁ we get:
E(T- I A(A 2 1

P(R) AMA+p)  A+p

Similarly,
1
E(T|L)=——
TI0 =1

This means that the information of which way you jump tells us nothing
about 7! (The time of the jump and the direction of the jump are
independent. )

We then moved on to the Optimal Sampling Theorem.
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5.4. Optimal Sampling Theorem (OST). First I stated it a little
vaguely:
Theorem 5.12. Suppose that

(1) T is a stopping time

(2) M, is a martingale wrt the filtration F,

(3) certain other conditions are satisfied.

Then:

E(MT|fQ) — Mo

The first thing I explained is that this statement is NOT TRUE for
Monte Carlo. This is the gambling strategy in which you double your
bet every time you lose. Suppose that you want to win $100. Then
you go to a casino and you bet $100. If you lose you bet $200. If you
lose again, you bet $400 and so on. At the end you get $100. The
probability is zero that you lose every single time. In practice this
does not work since you need an unlimited supply of money. But in
mathematics we don’t have that problem.

To make this a martingale you do the following. Let

X1, X5, X3, - -
be i.i.d. Bernoulli random variables which are equal to +1 with equal
probability:
X {1 with probability
‘ —1  with probability
In other words, we are assuming each gave is fair. Then

E(X,) = 0.

N= N

Let

M, =X;+2Xo +4X3+---+2"7'X,
This is the amount of money you will have at the end of n rounds of
play if you bet 1 on the first game, 2 on the second, 4 on the third, etc.
and keep playing regardless of whether you win or lose. To see that
this is a martingale we calculate:

My =X +2Xo+ -+ 2" X, + 2" X, 11 = M, + 2" X, 4

At time n we know the first n numbers but we don’t know the last
number. So,
E(M,11|Fn) = M, + E(2"X,,41)
=M, +2"E(Xp41) =M, +0= M,
Le., the expect future value is the same as the known value on each
day. So, this is a martingale.
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T = the first time you win. Then
P(T < o0) =1.

The argument about random walk being null recurrent actually does
not apply here. I will explain on Monday what that was about. In the
Monte Carlo case it is obvious that 7" < oo since

1
P(T >n) = on 0.
In any case,
Mr =1
since, at the moment you win, your net gain will be exactly 1. So,
E(Mr | Fo) =1%# My=0.

In other words, the Optimal Sampling Theorem does not hold. We need
to add a condition that excludes Monte Carlo. We also know that we
cannot prove a theorem which is false. So, we need some other condition
in order to prove OST. The simplest condition is boundedness:

Theorem 5.13 (OST1). The OST holds if T is bounded, i.e., if T' < B
for some constant B.
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5.5. integrability conditions. The OST says that
E(MT ’ fo) — MO

under “certain conditions.” These are integrability conditions which I
want to explain (but just the definition).

Definition 5.14. Suppose that Y is a random variable. Then
(1) Y is integrable (L') if
E(]Y]) < o0
L.e, if the integral

/ lylfy(y)dy  converges.

(2) Y is square integrable (L?, p. 217 in book) if
E(Y?) < oo

K |

-K 0

If Y is not integrable then one of the tails must be fat: L.e., either the
right tail
/ y fy(y)dy = oo
K
or the left tail:

/_ )y = o

If we cut off any finite piece, you still have infinity left. So, the same
will be true for any value of K.

5.5.1. a beautiful theorem. Here is a wonderful theorem which takes
longer to state than to prove and which is related to what we just
learned.

Theorem 5.15. Suppose that
(1) Y, is F,-measurable,
(2) T is a stopping time and
(3) P(T < o0) = 1.
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Then
M, =E(Yr|F,)
1s a martingale wrt F,.
Proof.
E(Mysi1 | Fo) = B(EQY7 | Foir) | Fu) = E(Yr | ) = M.
So, M, is a martingale. O

Example 5.16. Let Y,, = f(X,,) be the payoff function.
X,, = state at time n.
T = optimal stopping time. Then
Yr = f(Xr) = optimal payoff.
v(x) = value function.
Then
—
Yr
As an example of the theorem we just proved, we have:

Corollary 5.17. M,, = v(X,,) is a martingale!
Question: Does v(X,,) satisfy OST? In other words:
(;E(U(XT) |f0) = U(XO)?

Answer: Yes, because v(Xr) = f(Xr). (When you reach the state
Xr you are supposed to stop and take the payoff.)

5.5.2. uniform integrability.

Theorem 5.18 (2nd Optimal Sampling Theorem). Suppose that My, My, My, - - -

is a martingale wrt the filtration F,,. Suppose

(1) T = stopping time

(2) P(T < o0) = 1.

(3) My is integrable E(|Mr|) < oo

(4) My, My, --- are uniformly integrable (defined below).

Then OST holds, i.e., BE(Mr | Fo) = My

Note: The contrapositive is also true. IL.e., if OST fails then one of
the conditions must fail.
For example, in Monte Carlo, X; = +1 with probability 1/2,

M, = X1 42Xy + 22 X3 +--- +2"'X,
is a martingale

T = smallest n so that X,, = 1.
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This is a stopping time with P(T' < co) = 1 and My = 1 is integrable.
But OST fails. So, it must be that this martingale is not uniformly
integrable.

Definition 5.19. Y, is integrable if for every ¢ > 0 there is a K,, > 0
so that the K,,-tails have total area less than e:

[ee) Ky
/ v (y)dy + / lylfra (9)dy < e

o0

Y,, is uniformly integrable if the cutoff points are the same for all Y,,:
K,=K.

If a sequence Y,, is not uniformly integrable then, as time goes on,
you are very likely to end up in the tail. (No matter where you cut
it the tail has probability > ¢ > 0. But you have an infinite sequence
of random variable. If they are independent you are almost certain to
end up in the tail.)

Finally, I asked: Why is Monte Carlo not uniformly integrable? It
is not given by an integral. So, what does this mean?

5.5.3. monintegral meaning of uniform integrability. We need a new def-
inition of tail which applies to any random variable Y,,, not just the
continuous ones. For any 0 > 0 define a d-tail to be a set of values
of Y,, with probability < §. Then uniform integrability implies that:
Ve > 0 30 > 0 so that
Y,| < e

d-tail
for all n. (In the discrete case the integral means you add up the
probability times |Y,,| for all points in the tail.) In the case of Monte
Carlo, regardless of §, we can take n so that 1/2" < 4. Then the event
that X7, Xo, -+, X, are all 1 is in the J-tail. It has probability 1/2".
But M, = 2™ — 1 on this tail. So,

2" —1
/ |M,| > ~ 1
d-tail 2n

which will not be < €. So, this sequence is not uniformly integrable.
This d-tail condition is not exactly the same uniform integrability.
This will be explained at the end.

5.5.4. Martingale convergence theorem. 1 just stated this theorem with-
out much explanation. It has two important integrality conditions.

Theorem 5.20 (Martingale convergence theorem). Suppose that M,
1s a martingale wrt the filtration F,,. Then
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(1) M,, converges to a random variable My, if E(|M,|) < C for
some constant C'.
(2) E(M,,) = E(My) if M,, are uniformly integrable.

This ends what I said in class about martingales. What follows are
some theoretical comments that I didn’t have time to say. If we need
them later I will go back and explain them.

It helps to know that the second conditions implies the first condi-
tion.

Lemma 5.21. If'Y, are uniformly integrable then there is finite C' so
that E(|Y,|) < C for all n.

In fact there is the following theorem relating uniform integrability,
this boundedness condition and the J-tail interpretation.

Theorem 5.22. A sequence of real valued random variables Y, is uni-
formly integrable if and only if both of the following conditions hold.

(1) (uniform L'-boundedness) 3C < oo s.t. E(|Y,]) < C for alln
(2) (6-tail condition) (Ve > 0)(35 > 0)

/ Y, <e
o-tail

5.5.5. definition of uniform integrability. The book gives the following
definition of uniform integrability. This wording is intended to apply
to all cases of real valued random variables.

for all n.

Definition 5.23. A sequence or real valued random variables Y,, is
uniformly integrable iff (Ve > 0)(3K > 0) so that
(Yo I(|Y,] > K) < e

Where I(]Y,| > K) is the indicator function of the property |Y,| <
K, ie., it is the function which is equal to 1 when [Y,| < K and
0 elsewhere. Expectation value are given by integrals for continuous
random variables and sum for discrete random variables. So, this is
always defined.

Proof of Lemma [5.21] Another one-line proof:
E(|Y,]) = E(|Y,|I(|Y,] < K) + E(|Y,[I(Y > K)) <2K? +e.
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HOMEWORK 5
MARTINGALES

These problems are due Wednesday, March 26. Answers will be
posted the following week.

First problem: Suppose that X;, X5, -- arei.i.d. random variables
with expected value p = E(X;).

a) Show that

X, Xy - X,

M,
Mn
is a martingale wrt X, Xo, - --
b) Assuming that X; > 0, is In M,, (natural log of M,,) a martingale
in general? [See next question.]
¢) Modify In M,, to make it into a martingale.
Second problem: (a special case of the first problem)

d) Suppose that (in the above problem)

P 1/2  with probability 1/2
)2 with probability 1/2

Then show that 7" = first time that M,, = 1/2 is a stopping time. Does
the Optimal Sampling Theorem hold?

e¢) Using the Central Limit Theorem (on In M, ), show that, with
probability one, M,, converges to 0. Explain why this contradicts the
Martingale convergence theorem. (What part of the statement holds?
What part doesn’t hold?)

Third problem Suppose that

¥ —1  with probability 2/3
" 12  with probability 1/3

f) Show that
S, =X1+Xo0+---4+ X,
is a martingale wrt Xy, Xo,---7
g) Show that the Optimal Sampling Theorem does not hold. [Let
T = first time that S,, > 0. Show that .S, is a recurrent Markov Chain
and therefore P(T < 00) = 1]
h) Is S, /y/n a martingale wrt X, Xo, -7
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