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5.3. debniti on of condi ti onal exp ectati on. The dePnitionof a mar-
tingale is: If n > m then

E(My | Fn) = My |

But what is the depPnition of this T conditional expectation?

5.3.1. conditional expectation wrt information.

Debnition 5.8. Given: Y ameasurablefunction with respectto 7, =
UFn. (This meanswe will OeertuallyO know the value of Y.) Then

Y'= E(Y | Fn)

is debnedto be OtheF;,-measurablefunction which best approximates
Y.0

To explain what this says | usedtwo examples.

Exampl e 5.9. F, isgivenby Xy, X3, X5, --. Then F;, is given by the
table:

X2 =1
Fo: X,=2
X1: 1 X1: 2 X1: 3
Tosa that Y' = E(Y | ) is F,-measurablemeansthat Y takesonly
6 values,onein eadt of thelittle rectanglesin the diagram. (Each little
box is a subsetof )

y' = Y11 Y21 Y31
Y12 Y22 Y32

The numbers are the best guessas to the value of Y given the infor-
mation at time n = 2:

yj = E(Y | X1=14,X=))
The law of iterated expectation says:
E(Y | Fo) = E(E(Y | F2) | Fo) = E(Y" | Fo)

2
= Zzyij P(X1= 1, X3 = )

3
i=1 j=1

The conditional expectation with respect to information is the func-
tion which takes6 valuesin the previousexample. Each of thesenum-
bersis a conditional expectation with respect to an evert. The next
example explains this and gives the correct formula for conditional
jump time (somethng that we neededin Chapter 3).
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Exampl e 5.10. Considerthe cortinuous Markov chain (on the set of
integersZ): The rate of movemer to the right is a(n,n+ 1) = X\ and
to the left is a(n,n — 1) = pu. We want to calculate the conditional
expectedvalue of the jump time:

T = time of 1st jump
= inf{t| Xy # Xo}
This is a stopping time becauseX; is right continuous: At the mo-

T

mert that you jump you will know:
X7 = the state that you jump to
Xt will be either to the right R or left L:
R= ewen QX1 = Xg+ 10(jump right)
L= ewernt QX7 = X — 10(jump left)
Thesetwo everts give a o-algebra
F1 = o-algebrageneratedby R, L:
Fi=1{0,' \R,/ L}

The conditional expectation of the jump time 7' with respect to this
information is:

T = E(T|F1) = Fi-measurablefunction approximating T
T" being F;-measurablemeansthat it takestwo values:

T" = t|_ tR

The two valuesare:
tL = E(T| L)
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tr = ]E(T | R)
We know from before(and | will computeit again below) that
1
E(T = E(T) =
(T 7o) = E(D) =
| gave an intuitiv e proof of this by drawing a picture:
0 R—F L R—R '1

Here A = 3, = 2. Then on an averageunit interval of time we will
see3 jumpsto the right and 2 jumps to the left for atotal of A\+ = 5
jumps per unit time. The averagetime betweenjumps will be

1
At
The law of iterated expectation implies that this is
= E(E(T | F1) | Fo) = B(T"| Fo)
= E(T | L)P(L) + E(T | R)P(R)
o]

1
"5

=t - + {6 -
L+ 1 RO+ 14
This meansthat the intuitiv e idea that
1 .
tL = —, = — iIs WRONG
1 A
becauseat would give
2
= I
A A+

So, the questionis: What is E(T" | R)?
5.3.2. conditional expectation wrt an event.

Debnition 5.11. If Aisany evernt then the conditional expectation of
T given A is debnedto be:
E(T - Ia)
P(A)
where I, is the indicator function of A. This is the function which is

1 on A and 0 outside of A. (So,E(Ix) = P(A). This is an equation we
sav before.)

E(T| A) =

The expectation of 7" and of T" - I, are given by integration:

Wﬂzltﬁ@ﬁ

E(T - 1) = /o. t-Ia fr(t)dt
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where f7(t) is the probability density function (pdf) of 7.

I I TN I N N | | !
O—— 11T 11 a- T

Fr(t) t~P jump occursin the interval (¢,¢t + " ]
T ~ and it doesnot happenin the interval [0, t]

= P( jump occursin the interval (¢,¢t + " t]) x
. . [
P( no jump in ead of o intervals of length " ¢)

=AM+t @=xt—pt )t
Cancelingthe " tOsve get:
fr@)ym A+ p) - (L= t—pm )

To makethis approximation exact, we needto takethe limit as" ¢ — 0.
This usesthe well-known limit:

; o urt — $c
!|Itg10(1 " t) e
which you can prove using L®ospitalOsrule (after taking the log of
both sides). If we raise both sidesto the power ¢ we get:
H . vt — $ct
!Iltr#po(l " t) e

Setting c = A\ + u we get:
fr@) = (A + p) !|itg10(1 N LA W P LGl

This meansthat | |
E(T) = /0 t fr(t)dt= /0 A+ @S =

(Do the substitution: s = (A + p)t,ds = (A + p)dt then:
— 1 | $s — 1
E(T)—m A se ds—)\+u

since [ se*Sds = —se¥s — ¥+ ()
To do the expectedvalue of T'- Ir we ned to take the probability of
jumping to the right which is:

In-fr(t) t~P (

1
A+

a jump to the right occus in the interval (¢,t + " ]

and no jump (right or left) occursin the interval [0, ¢]
= At @A=Nt—pt )Yt

The secondterm is the sameasbeforebut the brstterm is \" ¢ instead

of (\+ w)" t. This means

In - fr(t) = AS 70!
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! ! A A
. = . = $ (Lt = — =
]E(T IR) /O tIRfT(t) dt /0 the dt N+ /LE(T) (>\+ M)Z
Sincethe probability of jumping to theright is P(R) = ,L—u we get:

E(T-1a) _ MO+ w?_ 1
P(R) — M\ +p)  A+p

E(T| R) =

Similarly,
1
E(T|L) = )\TM

This meansthat the information of which way you jump tells usnothing
about 7! (The time of the jump and the direction of the jump are
independert.)

We then moved on to the Optimal Sampling Theorem.



MATH 56A SPRING 2008 STOCHASTIC PROCESSES 135

5.4. Opti mal Sampling Theorem (OST). First | statedit a little
vaguely.
Theorem 5.12. Suppose that

(1) T is a stopping time

(2) M, is a martingale wrt the filtration JFy

(3) certain other conditions are satisfied.

Then:

E(My | Fo) = Mo

The prstthing | explainedis that this statemert is NOT TRUE for
Monte Carlo. This is the ganbling strategy in which you double your
bet every time you lose. Supposethat you want to win $100. Then
you go to a casinoand you bet $100. If you loseyou bet $200. If you
lose again, you bet $400and so on. At the end you get $100. The
probability is zero that you lose ewvery single time. In practice this
does not work sinceyou needan unlimited supply of money But in
mathematicswe donOhave that problem.

To make this a martingale you do the following. Let

Xl7 X27 X37 e

be i.i.d. Bernoulli random variableswhich are equalto +1 with equal
probability:

—1 with probability 2
In other words, we are assumingead gave is fair. Then
E(X|) = 0.

- {1 with probability 1

Let

My = X1+ 2Xo+ 4X3+ -+ 2"91X,
This is the amourt of money you will have at the end of n rounds of
play if you bet 1 on the brst game,2 on the seond, 4 on the third, etc.
and keep playing regardlessof whether you win or lose. To see that
this is a martingale we calculate:

Mpsp = Xg+ 2Xo+ -+ 290X+ "X 00 = M+ 2" Xoug

At time n we know the brst n numbers but we donOtknow the last
number. So,
E(Mn+1 | Fn) = My + E(2"Xp41)
= M, + 2"E(Xp+1) = My + 0= M,
l.e., the expect future value is the sameas the known value on eath
day. So,this is a martingale.
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T = the brsttime you win. Then
P(T < o0) = 1.
The argumert about random walk being null recurrert actually does

not apply here. | will explain on Monday what that wasabout. In the
Monte Carlo caseit is obviousthat 7' < oo since

1
In any case,
MT =1
since,at the momert you win, your net gain will be exactly 1. So,
E(MT ‘.,lto) = 17 M(): 0.

In other words, the Optimal Samgding Theoremdoesnot hold. We need
to add a condition that excludes Monte Carlo. We alsoknow that we
cannotprove atheoremwhich is false. So,we needsomeother condition
in order to prove OST. The simplestcondition is boundedness:

Theorem 5.13 (OST1). The OST holds if T is bounded, i.e., if T < B
for some constant B.



