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8. Brownian Motion

We will spend 5 days on this chapter and cover the following topics:

8.1. introduction
8.2. strong Markov property and the reßection principle
8.3. fractal dimensionof the zeroset
8.4. the heat equation
8.5. recurrenceand transience

8.1. intr oducti on. Brownian motion (named after Robert Brown) is
also called a Wiener process (named after Norbert Wiener). It refers
to the fact that particles bounce around under a microscope. They
seemto be comingback to the sameplacebut they actually cometo a
point just above or just below where they were before. You donÕtsee
the third dimension. (Random walk is recurrent in Z2 and transient in
Z3.)

I started with general1-dimensionalBrownian motion. This means
we are looking just at the x-coordinate of a particle moving in 3-
dimensional space. You need to imagine that the particle is moving
at random inside of a medium which is drifting.

Xt = position of a particle on a line at time t. This is the x-
coordinate of a particle in R3. The concept is verbally described as
follows.

(1) memoryless If s > t then Xs dependsonly on Xt and not on
how the particle got to the point Xt . More succinctly, Xs ! Xt

is independent of F t (all Xu for u " t).
(2) time & space homogeneous The increment in position depends

only on the increment in time. I.e., the probability distribution
of Xt+∆t ! Xt dependsonly on ! t. (It is independent of t, Xt .)

(3) Xt is continuous.

8.1.1. mathematical deÞnition.

DeÞni ti on 8.1. A random variable X : [0, # ) $ R (t %$Xt ) is
Brownian motion with drift µ and variance σ2 (the book calls thi s the
variance parameter) if

(1) For all s1 < t1 " s2 < t2 " ááá " sn < tn [This means
(s1, t1], (s2, t2], ááá, (sn , tn ] are disjoint, i.e., nonoverlapping.]

Xt 1 ! Xs1 , Xt 2 ! Xs2 , ááá, Xt n ! Xsn

are independent random variables.
(2) Xt is continuous(it doesnÕtjump)
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(3) Xt ! Xs is normally distributed with mean(t ! s)µ and variance
|t ! s|σ2. This is (t ! s)σ2 assumingt > s. So:

Xt ! Xs & N (µ(t ! s), σ2|t ! s|)

& meansÒdistributedasÓ.

Wecanconvert this to the standardnormal distribution by subtract-
ing the meanand dividing by the standard deviation:

Xt ! Xs ! µ(t ! s)

σ
√

|t ! s|
& N (0, 1)

DeÞni ti on 8.2. Standard Brownian motion, denotedWt , is Brownian
motion with three additional conditions:

a) W0 = 0 (Wt is ÒcenteredÓ)
b) µ = 0 (no drift)
c) σ2 = 1.

For example,if Xt is Brownian motion with drift µ and varianceσ2

then

WT =
Xt ! X0 ! µt

σ
is standard Brownian. Solving this for Xt we get:

Xt = X0 + µt + σWt

The book assumes that X0 = 0 and µ = 0. This focuseson the
stochasticpart of Xt which is σWt . (X0 is F 0-measurableand µt is not
random.)

Theo rem 8.3. Condition (3) in the deÞnition of Brownian motion is
equivalent to the condition that Xt 1 ! Xs1 , Xt 2 ! Xs2 , ááá are i.i.d. with
Þnite mean andvariance for nonoverlappingintervals(s1, t1], (s2, t2], ááá
of the samelength:

t1 ! s1 = t2 ! s2 = ááá

I pointed out that this condition follows from the assumptionsof
beingÒmemorylessÓand Òtime& spacehomogeneous.ÓIn other words,
this theorem says that the verbal and mathematical descriptions of
Brownian motion agree.

Proof. Choose! t small: ! t = t! s
N . Then

Xt ! Xs = (Xs+∆t ! Xs) + (Xs+2∆t ! Xs+∆t ) + ááá+ (Xt ! Xt ! ∆t )

The RHSis a sumof N i.i.d. randomvariablesand wecantakeN $ #
without changing the LHS. Therefore, by the central limit theorem,
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Xt ! Xs is normally distributed. We just need to compute its mean
and standard deviation. But:

E(Xt ! Xs) = N︸︷︷︸
t ! s
! t

E(Xs+∆t ! Xs)

E(Xt ! Xs) = (t ! s)
E(Xs+∆t ! Xs)

! t
= (t ! s)µ

whereµ is deÞnedby

µ :=
E(Xs+∆t ! Xs)

! t
This doesnot depend of s, t or ! t since

E(Xt ! Xs)
t ! s

=
E(Xs+∆t ! Xs)

! t

the LHS doesnot depend on ! t and the RHS doesnot depend on s or
t.

A similar trick works for the variance:

Var(Xt ! Xs) = N Var(Xs+∆t ! Xs)

Var(Xt ! Xs) = (t ! s)
Var(Xs+∆t ! Xs)

! t
= (t ! s)σ2

whereσ2 is deÞnedby

σ2 :=
Var(Xs+∆t ! Xs)

! t
This works because,again, there is no t in this expression.

Putting thesetogether we get

Xt ! Xs & N ((t ! s)µ, (t ! s)σ2)

assumingt > s. !
8.1.2. asa limit of randomwalks. StandardBrownian motion is a limit
(as ! t $ 0) of random walks where:

Time movesin integer multiples of ! t and
Spaceis an integer multiple of

'
! t

The Markov chain is: In each increment ! t of time, you move±
'

! t
with probability 1/2.

Note that ! t <<
'

! t. For example,

! t = 10! 6 =
1

1, 000, 000
(

'
! t = 10! 3 =

1
1, 000

= 103! t

The cover of our book showsa graph of a typical motion of this Markov
chain. But, since ! t is going to 0, it would be more accurate to use
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! t = 10! 6. Then,
'

! t = 103! t. So, a more accurate picture would
be:

¥ )
'

103
'

! t ) 31.6! t = .0316

W.001 & N (0, .001)

W.001 ) ± .0316

103! t = .001= .03162

'
! t

SinceX∆t = ±
'

! t hasmean0 and variance! t, the CLT says that

XN ∆t ú&N (0, N ! t)

As ! t $ 0 (with t = N ! t Þxed),Xt convergesto

Wt = Xt & N (0, t)
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8.1.3. L«evyÕstheorem. I stated the following theorem without proof
becauseI ran out of time. But the proof is easy.

Theo rem 8.4. Supposethat Xt is Brownian motion with drift µ and
variance σ2. Then

a) Xt ! µt is a continuous martingale.
b) (Xt ! µt)2 ! tσ2 is a continuous martingale.

Proof. (a) Let Mt = Xt ! µt. Then:

E(Mt | Fs) = E(Xt ! µt | Fs) = Xs ! µt + E(Xt ! Xs)

= Xt ! µt + (t ! s)µ = Xs ! µs = Ms

(b) Mt = Xt ! µt is Brownian motion with zero drift. Therefore,
E(Mt ! Ms) = 0 and E((Mt ! Ms)2) = σ2(t ! s) for t > s. So,

E(M2
t ! σ2t | Fs) = M2

s ! σ2t + E(M2
t ! M2

s | Fs)

But,
M2

t ! M2
s = (Mt ! Ms)2 + 2M2(Mt ! Ms)

with expectedvalue

E(M2
t ! M2

s | Fs) = E((Mt ! Ms)2 | Fs) + 2Ms E(Mt ! Ms | Fs)︸ ︷︷ ︸
0

= σ2(t ! s)
So,

E(M2
t ! σ2t | Fs) = M2

s ! σ2t + σ2(t ! s) = M2
s ! σ2s

making M2
t ! σ2t into a martingale. !

So, you can seethat this is easy. L«evy proved the di"cult converse
of this theorem. One of the most elegant proofs of this theorem by
Kunita and Watanabe is outlined in section9.5 of the 2006notes.

Theo rem 8.5 (L«evy). A continuous L2 martingale Mt is standard
Brownian motion if and only if M0 = 0 and M2

t ! t is a martingale.


