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8. BROWNIAN MOTION

We will spend 5 days on this chapter and cover the following topics:

8.1. introduction

8.2. strong Markov property and the ref3ection principle
8.3. fractal dimensionof the zeroset

8.4. the heat equation

8.5. recurrenceand transience

8.1. intr oducti on. Brownian motion (named after Robert Brown) is
also called a Wiener process (hnamed after Norbert Wiener). It refers
to the fact that particles bounce around under a microscope. They
seemto be comingbadk to the sameplacebut they actually cometo a
point just above or just below where they were before. You donOtsee
the third dimension. (Randomwalk is recurent in Z? and transiert in
Z3)

| started with generall-dimensionalBrownian motion. This means
we are looking just at the z-coordinate of a particle moving in 3-
dimensional space. You needto imagine that the particle is moving
at random inside of a medium which is drifting.

Xt = position of a particle on a line at time ¢. This is the z-
coordinate of a particle in R®. The conceptis verbally descriked as
follows.

(1) memowlessif s > t then X5 dependsonly on X; and not on
how the particle got to the point X;. More succinctly, Xs! X;
is independer of F; (all X, for u" t).

(2) time & space homaereous The incremen in position depends
only on the incremern in time. l.e., the probability distribution
of Xiiat! Xi dependsonly on! t. (It isindependen of ¢, X;.)

(3) X; is continuous.

8.1.1. mathemati@al debnition.

Debnition 8.1. A random variable X : [0,# ) $ R (t %$X;) is
Brownian motion with drift ;. and variance o2 (the book calls this the
variance parameter) if

Q) For all s; < t;1 " sy < ty " &8A" s, < tp [This means
(s1,t1], (s2,t2], &4, (sn, tn] are disjoint, i.e., nonoverlapping.]

Xo ! Xo, Xi, ! Xs,, 888, X, ! X,

are independert random variables.
(2) X is cortinuous (it doesnOjump)
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XL . : _ .
(3) Xi! Xgisnormally distributed with mean(t! s)u and variance
[t! s|o?. Thisis(t! s)o? assumingt > s. So:

Xi! Xs & N(u(t! s),0%|t! s|)

& meansQdistributedasO.

We cancorvert this to the standard normal distribution by subtract-
ing the meanand dividing by the standard deviation:

Xib Xg! p(t! s)

o/|t! s

& N(0,1)

Debnition 8.2. Standad Brownian motion, denoted¥;, is Brownian
motion with three additional conditions:

a)W,=0 (W, is OceteredO)

b) u=20 (no drift)

c) o2 =

For example,if X; is Brownian motion with drift x and variance o

then Xl
Wy = t- 0+ M
g

is standard Brownian. Solving this for X; we get:

Xe= Xo+ pt+ oW

The book assumesthat X, = 0 and © = 0. This focuseson the
stachastic part of X; which is cW;. (X, is Fo-measurableand ut is not
random.)

Theorem 8.3. Condition (3) in the debPnition of Brownian motion is
equivalentto the condition that X, ! X, Xi,! Xs,,&84arei.i.d. with
Pnite mean and variance for nonovetappingintervals(si, t1], (s, t2], 884
of the samelength:

tl! S1 = tg' So = ada

| pointed out that this condition follows from the assumptionsof
being Omemoryless@nd Otime& spacehomogeneous.@ other words,
this theorem says that the verbal and mathematical descriptons of
Brownian motion agree.

Proof. Choose! ¢ small: | ¢ = 42, Then

Xi! Xs= (Xsgar! Xo) + (Xsioat! Xeyar) + 882+ (Xi! Xu ar)

The RHSisasumof V i.i.d. randomvariablesandwecantake N $ #
without changing the LHS. Therefore, by the certral limit theorem,
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Xt ! Xs is normally distributed. We just needto compute its mean
and standard deviation. But:

E(Xt! Xo) = N _E(Xsiat! Xo)

t's
It

E(X ! Xo) = (t! s)E(XS+IAtt! Xo) _ (t! s)p

where . is debPnedby
_ E(Xsiar ! X)
a I ¢
This doesnot depend of s,t or ! ¢ since
E(Xt! Xs) - E(XerAt! Xs)
t! s It
the LHS doesnot dependon! ¢ and the RHS doesnot dependon s or
" A similar trick works for the variance:
Var(X;! Xg) = NVar(Xsiar! Xs)
Var(XerAt! Xs)
It

Var(X;! Xg) = (¢! s) = (t! s)o?

whereo? is debPnedby

52 = Var(Xsiar ! Xs)
Lt

This works becauseagain, there is no ¢ in this expression.
Putting thesetogether we get

Xi! Xs & N((t! s)u, (t! s)o?)
assumingt > s. O

8.1.2. asalimit of randomwalks. Standard Brownian motion is a limit
(as! t$ 0) of random walks where:

Time movesin integer multiples of ! ¢t and

Spaceis an integer multiple of 1 ¢ .

The Markov chainis: In ead incremert ! ¢ oftime, youmovex ! ¢
with probability 1/2.

Notethat ! ¢t << ! t. For example,
1 j— 1
lt=10°= —— lt=10%= ——— =10 ¢
1,000 000 ( 1,000

The cover of our book shavs a graph of a typical motion of this Markov
chain. But, since! ¢ is goingto 0O, it would be more accurateto use
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l t+=1096. Then, ! t= 10" t. So,a more accurate picture would
be:

¥) 10 1¢t) 316! t= .0316

[ Woor & N(0,.001)

~

Woo ) +.0316

|
10°! t = .001= .0316

SinceX, = = ! t hasmeanO and variance! ¢, the CLT says that
Xnat®@N (O, N! t)
As! t$ 0 (with ¢t = N! t bxed), X; corvergesto
Wi = X; & N(0,1)
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8.1.3. LevyOgheorem. | stated the following theorem without proof
becausd ran out of time. But the proof is easy.

Theorem 8.4. Supmsethat X; is Brownian motion with drift x4 and
variance ¢2. Then

a) X! utis a continuous martingale.
b) (X;! ut)?! to? is a continuous martingale.
Proof. (a) Let M; = X;! ut. Then:
E(M;|Fs) = E(X! ut|Fs) = X! ut+ E(X! Xs)
= X¢! opt+ (! s)p= Xs! pus= Mg

(b) My = X! ut is Brownian motion with zero drift. Therefore,
E(M;! M) = 0and E((M;! Ms)?) = o%(t! s) fort > s. So,

E(MZ! o*t|Fs) = M2! o’t+ E(M?! MZ|Fs)
But,
MZV MZ= (M| Ms)*+ 2My(My ' M)
with expectedvalue
E(MZ ! MZ|Fs) = E(Mi! Ms)*|Fs) + 2Ms E(M; ! Ms|Fs)

0

= o*(t! s)
So,
E(MZ! o*t|Fs) = M2! o’t+ o*(t! s)= M2! o°s
making M?! o?t into a martingale. O

So,you can seethat this is easy Levy proved the di"cult corverse
of this theorem. One of the most elegarn proofs of this theorem by
Kunita and Watanabe is outlined in section9.5 of the 2006notes.

Theorem 8.5 (Levy). A continuous L? martingale M, is standad
Brownian motion if and only if M, = 0 and M?! t is a martingale.



