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8. BROWNIAN MOTION

We will spend 5 days on this chapter and cover the following topics:

8.1. introduction

8.2. strong Markov property and the reflection principle
8.3. fractal dimension of the zero set

8.4. the heat equation

8.5. recurrence and transience

8.1. introduction. Brownian motion (named after Robert Brown) is
also called a Wiener process (named after Norbert Wiener). It refers
to the fact that particles bounce around under a microscope. They
seem to be coming back to the same place but they actually come to a
point just above or just below where they were before. You don’t see
the third dimension. (Random walk is recurrent in Z? and transient in
73.)

I started with general 1-dimensional Brownian motion. This means
we are looking just at the x-coordinate of a particle moving in 3-
dimensional space. You need to imagine that the particle is moving
at random inside of a medium which is drifting.

X; = position of a particle on a line at time ¢. This is the z-
coordinate of a particle in R®. The concept is verbally described as
follows.

(1) memoryless If s > t then X, depends only on X; and not on
how the particle got to the point X;. More succinctly, X, — X,
is independent of F; (all X, for u <t).

(2) time & space homogeneous The increment in position depends
only on the increment in time. l.e., the probability distribution
of Xiiar — X depends only on At. (It is independent of ¢, X;.)

(3) X; is continuous.

8.1.1. mathematical definition.

Definition 8.1. A random variable X : [0,00) — R (t — Xj) is
Brownian motion with drift u and variance o2 (the book calls this the
variance parameter) if

(1) For all s; < t; < 59 < tg < -+- <5, < t, [This means
(s1,t1], (2, 2], -+, (S, tn] are disjoint, i.e., nonoverlapping.]

th_XS17Xt2_X : 7Xt _Xsn

52’.. "

are independent random variables.
(2) X, is continuous (it doesn’t jump)
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 — X, is normally distributed with mean (¢ —s)u and variance
3) Xi—Xsi lly distributed with t d vari
|t — s|o?. This is (t — s)o? assuming ¢ > s. So:

X, — X, ~ N(u(t —s), 0%t — s|)

~ means “distributed as”.

We can convert this to the standard normal distribution by subtract-
ing the mean and dividing by the standard deviation:
Xy — X —p(t—s)

o/|t — s

~ N(0,1)

Definition 8.2. Standard Brownian motion, denoted W;, is Brownian
motion with three additional conditions:

a) Wo =20 (Wy is “centered”)

b) u=0 (no drift)

c) o =1.

For example, if X, is Brownian motion with drift ; and variance o

then v x .
Wy = 2t - 207 1
o

is standard Brownian. Solving this for X; we get:

XtZXo-i-HJt%—

The book assumes that Xy = 0 and g = 0. This focuses on the
stochastic part of X; which is cW;. (X is Fo-measurable and ut is not
random.)

Theorem 8.3. Condition (3) in the definition of Brownian motion is
equivalent to the condition that Xy, — X, Xy, — Xs,, - -+ are i.i.d. with
finite mean and variance for nonoverlapping intervals (s1, t1], (Sa, ta], - - -
of the same length:

t1—81:t2—82:"'

I pointed out that this condition follows from the assumptions of
being “memoryless” and “time & space homogeneous.” In other words,
this theorem says that the verbal and mathematical descriptions of
Brownian motion agree.

Proof. Choose At small: At = 22, Then
X — X5 = (Xsrar — Xo) + (Xspoar — Xogar) + -+ (Xe — Xioar)

The RHS is a sum of N i.i.d. random variables and we can take N — oo
without changing the LHS. Therefore, by the central limit theorem,
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X; — X, is normally distributed. We just need to compute its mean
and standard deviation. But:

E(Xt - Xs) - N E(X5+At - Xs)

At

E(X; — Xs) = (t— S)E(Xﬁztt_ Xs) = (t —s)p

where p is defined by

E(Xs-‘,-At - Xs)
At
This does not depend of s,t or At since

E(X; — Xs) _ E(Xsiar — Xs)
t—s At
the LHS does not depend on At and the RHS does not depend on s or
t.
A similar trick works for the variance:
Var(X; — X;) = N Var(Xsar — X5)
Var(Xgiar — Xs)
At

fr =

Var(X; — X;) = (t — ) = (t — s)o?

where o2 is defined by
o2 = Var(Xsiar — Xo)
' At

This works because, again, there is no ¢ in this expression.
Putting these together we get

X, — X, ~ N((t — 8), (t — 5)0?)

assuming ¢t > s. 0

8.1.2. as a limit of random walks. Standard Brownian motion is a limit
(as At — 0) of random walks where:

Time moves in integer multiples of At and

Space is an integer multiple of v/ At

The Markov chain is: In each increment At of time, you move ++/ At
with probability 1/2.

Note that At << +/At. For example,

1 1
At=10"= ———— = VAt =10"% = —— = 10°At
1,000, 000 1,000

The cover of our book shows a graph of a typical motion of this Markov
chain. But, since At is going to 0, it would be more accurate to use
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At = 107%. Then, VAt = 103At. So, a more accurate picture would
be:

o ~ V103V At = 31.6At = .0316

VAL - WOOI ~ N(O, 001)

WOOI ~ i0316

|
10°At = 001 = 03162

Since X, = +v/At has mean 0 and variance At, the CLT says that
Xnae~N(0, NAt)
As At — 0 (with t = NAt fixed), X; converges to
W, = X, ~ N(0,1)
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8.1.3. Lévy’s theorem. 1 stated the following theorem without proof
because I ran out of time. But the proof is easy.

Theorem 8.4. Suppose that X; is Brownian motion with drift p and

variance o®. Then

a) X; — ut is a continuous martingale.

b) (X; — ut)? —to? is a continuous martingale.
Proof. (a) Let M; = X; — ut. Then:

E(M,; | F) = E(X; — ut| Fy) = X, — pt + E(X; — X,)
=Xy —put+ (t —s)u=Xs — pus = M;
(b) M, = X; — put is Brownian motion with zero drift. Therefore,
E(M; — M) =0 and E((M; — M,)?) = o*(t — s) for t > s. So,
E(M} — o*t| F) = M7 — ot + E(M7 — M? | F,)
But,
M — M7 = (M, — M,)? + 2My(M, — M)

with expected value

E(M? — M2 | F,) = E(M; — M,)*| F,) + 2M,E(M; — M, | F,)

-

0

=0t —s)
So,
E(M? — 0*t| F,) = M? — o’t + o*(t — s) = M2 — 0%s
making M? — ot into a martingale. O

So, you can see that this is easy. Lévy proved the difficult converse
of this theorem. One of the most elegant proofs of this theorem by
Kunita and Watanabe is outlined in section 9.5 of the 2006 notes.

Theorem 8.5 (Lévy). A continuous L? martingale M, is standard
Brownian motion if and only if My =0 and M? —t is a martingale.



