
162 BROWNIAN MOTION

8.2. strong Markov property and reflection principle. Theseare
conceptsthat you can useto compute probabilities for Brownian mo-
tion.

8.2.1. strongMarkovproperty. a) Brownian motion satisÞesthe Markov
property : For t > s, ÒX t dependsonly on X sÓthe book tries to write
this mathematically. In classwe decided that the statement is ÒFs is
given by X sÓ

In fact (a fortiori), X t − X s is independent of Fs.
b) The strong Markov property says the samething with s replaced

by a stopping time T: If T is a stopping time and t > T then ÒX t

dependsonly on FT Ó
In fact, we have the following theorem:

Theorem 8.6. Suppose that X t is Brownian motion. If t > T, T a
stoppingtime, then X t − X T is independentof FT .

An exampleof a stopping ti me is the Þrst time that X t reaches1.

8.2.2. reßection principle. SupposeX t is Brownian motion with zero
drift (µ = 0). Then we want to calculate the probability that, starting
at X 0 = 0, it will reach X s = 1 at sometime 0 < s < t.

P(X s = 1 for some0 < s < t |X 0 = 0) =?

Let T = Þrst time that X T = 1. Then X s reaches1 for s < t if T < t.
So, this is the sameas

P(T < t)

The strong Markov property implies that X t − X T is independent of
FT . We alsoknow that X t − X T is normal:

X t − X T ∼ N (0, ! 2(t − T))

(assumingthat t > T). Sincethe mean is zero, it is positive half the
time and negative half the time (and the probability of being exactly
zero is 0):

P(X t − X T > 0) =
1
2

P(X t − X T ≤ 0) =
1
2
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reflection
1

Half the time X will reach 1 and go up, half the time it will reach 1
and go down. So,

P(T < t) = 2P(T < t and X t > X T = 1)

But X t is continuous. So, the intermediate value theorem (IMT) tells
us that the secondcondition implies the Þrst: If X t > 1 and X 0 = 0
then 0 < ∃s < 1 so that X s = 1. So,

P(T < t |X 0 = 0) = 2P(X t > 1 |X 0 = 0)

This is given by an integral

= 2
∫ !

1
f t (x) dx

wheref t is the density function for X t − X 0.

8.2.3. density function for normal distribution. Since

X t − X 0 ∼ N (0, ! 2t)

the density function is

f t (x) =
1√

2" ! 2t
e" x2/ 2! 2t

In other words,

f t (x)ds = P(x < X t ≤ x + dx |X 0 = 0)

Combine this with the refection principle gives:

P(T < t) = 2
∫ !

1

1√
2" ! 2t

e" x2/ 2! 2t dt
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To computethis (or look it up in a table) weshouldconvert to standard
normal. But Þrst, I redid the reßectionprinciple with 0,1 replacewith
a,b:

reflection

P(X s = b for some0 < s < t |X 0 = a)

= 2P(X t > b|X 0 = a) by the reßectionprinciple

= 2
∫ !

b
f t (x − a) dx

sinceX t − X 0 = X t − a ∼ N (0, ! 2t) this integral is

= 2
∫ !

b

1√
2" ! 2t

e" (x" a)2/ 2! 2t dx

8.2.4. conversion to standard normal. To convert to standard normal
(N (0, 1)) we should subtract the mean and divide by the standard
deviation:

y =
x − a

!
√

t
, dy =

dx

!
√

t
This converts the integral into:

P(X s = b for some0 < s < t |X 0 = a) = 2
∫ !

b! a
σ

"
t

1√
2"

e" y2/ 2

︸ ︷︷ ︸
" 1(y)

dy

I will usethe abbreviation:

#t (x) =
1√
2" t

e" x2/ 2t

This is the density function for X t − X 0 if X t is standard Brownian
motion.



MATH 56A SPRING 2008 STOCHASTIC PROCESSES 165

8.2.5. Chapmann-Kolmogorov equation. This is an ÒobviousÓequation
which I proved using the theoremthat the density function of a sum of
two random variablesis the convolution of the density functions. First
somenotation:

pt (x, y) = probability density of going from x to y in time t

Multiply dy to get an actual probability:

pt (x, y)dy = P(y < X s+ t ≤ y + dy |X s = x)

So,

pt (x, y) = f t (y − x).

Theorem 8.7 (Chapmann-Kolmogorov).

ps+ t (x, y) =
∫ !

"!
ps(x, z)pt (z, y) dz

Proof. Sinceps+ t (x, y) = f s+ t (y − x) we can rewrite this as:

f s+ t (y − x) =
∫ !

"!
f s(z− x)f t (y − z)dz

But (z − x) + (y − z) = y − x. So, the RHS is the convolution of f s

and f t . But,

X s+ t − X 0 = (X s − X 0) + (X s+ t − X s)

So,
(

density of
X s+ t − X 0

)
=

(
density of
X s − X 0

)
∗

(
density of
X s+ t − X s

)

I.e.,

f s+ t = f s ∗ f t

So,LHS=RHS. !

The reasonthat this is supposedto be obvious is that, in order to
go from x to y in time s + t you have to Þrst go to somez at time
s and then get from z to y in the remaining time t. Since z could
be anything you integrate over all z. This integral is the continuous
versionof matrix multiplication.
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8.2.6. return probability. We usedChapmann-Kolmogorov to compute
return probability. For this I assumedthat X t = Wt is standard Brow-
nian. So,µ = 0, ! = 1, X 0 = 0. We want the return probability:

P(X s = 0 for some1 < s < t |X 0 = 0)

Later we will replace1 with an arbitrary number.
For this problem we usethe reßection principle twice: Half the time

X 1 will be positive:

P(X 1 > 0) =
1
2

And, given that X 1 = b > 0 and X s = 0 then half the time X t < 0.
So,by the reßectionprinciple:

P(X s = 0 for some1 < s < t |X 0 = 0) = 4P(X 1 > 0 and X t < 0)

By Chapmann-Kolmogorov (with x, y, z = X 0, X t , X 1 resp.) this is

= 4
∫ !

0
P(b< X 1 ≤ b+ db︸ ︷︷ ︸

" 1(b)db

and X t − X 1 < −b︸ ︷︷ ︸
(#)

)

But thesetwo conditions are independent. So,we multiply the proba-
bilities:

P(b< X 1 ≤ b+ db) = #1(b)db

(∗) = P(X t − X 1 < −b) =
∫ " b

"!
#t" 1(x)dx =

∫ !

b
#t" 1(x)dx

Converting to normal with y = x$
t" 1

, this is

(∗) =
∫ !

b"
t! 1

#1(y)dy
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So, the answer is

ans = 4
∫ !

b=0

∫ !

y= b"
t! 1

#1(b)#1(y) dydb

#1(b)#1(y) =
1√
2"

e" b2/ 2 1√
2"

e" y2/ 2 =
1

2"
e" b2+y2

2

Convert to polar coordinates: b2 + y2 = r 2, dbdy= rdrd$. Then

ans = 4
∫ #/ 2

tan ! 1 1"
t! 1

∫ !

0

1
2"

e" r 2/ 2r drd$

The limits of integration are given by the picture

The integral is easyto calculate
∫ !

0

4
2"

e" r 2/ 2r dr =
2
"

So,

ans =
∫ #/ 2

tan ! 1 1"
t! 1

2
"

d$ =
2
"

[
"
2
− tan" 1 1√

t − 1

]
= 1− 2

"
tan" 1 1√

t − 1

The expressionis 1- (something) wherethe ÒsomethingÓis the proba-
bilit y that the event doesnot occur. So,

2
"

tan" 1 1√
t − 1

= P(X s '= 0 for all 1 < s < t)


