MATH 56A: STOCHASTIC PROCESSES
WORKSHEET

2. ANSWERS TO WORKSHEET 2

g 0 2 0 0
0 5 0 0 5
P=13 0 .7 0 0
2 0 0 6 .2
01 0 0 O

(1) Calculate the rank of P — I5 by column reduction.

-2 0 2 0 0

0 -5 0 0 .5

pP-I1=( 3 0 -3 0 0
2 0 0o -4 2

0 1 0 0 -1

The first step is to clear the last column. This is a column operation given by adding
the first 4 columns to the last column:

-2 0 2 0 0
0 -5 0 0 O
3 0 =3 0 0
2 0 0 -4 0
0 1 0 0 O

-2 0 2 00
0O -5 0 00
3 0 =300
0 0 0 10
0 1 0 00

Now add the first column to the 3rd column:

-2 0 0
0 -5

O = O OO
OO o oo

0
3 0 0
0 0 0
0 1 0

This is good enough because each row has only one nonzero entry.
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(2) How many recurrent classes does this Markov chain have?

The rank of P — I is equal to 3 (the number of nonzero columns in the reduced
form). Therefore, the nullity is 5 — 3 = 2. (This is the number of zero columns in
the reduced form.) So, there are exactly 2 recurrent classes.

(3) Find the left null vectors of P— I5. Normalize to get the basic invariant distributions.

The left null vectors are:

(3,0,2,0,0), (0,2,0,0,1).
These are the solutions of the equations
(—2)z1 + 323 =0
(—=.5)za+ (x5 =0
x4 =0

which come from the matrix equation:

-2 0 000
0 —5 0 00
(x1, 29, 23,24,25) | 3 0 0 0 0| =(0,0,0,0,0).
0 0O 010
0 1 000

When you normalized these two vectors, you get the basic invariant probability dis-
tributions:
m =(2,0,2,0,0), m=(0,%,0,0,3)
(4) What are the supports of these vectors? These are the recurrent classes.
The supports are the coordinates which are nonzero. These are:

supp(m ) = {1,3} = Ry, supp(m) ={2,5} = R».

(5) Find all invariant distributions 7.
These are given by the formula:

3t 2(1—¢) 2t  1—t
=1 1—tm = =
™ 7T1+( )7T2 (57 3 75707 3 )
where 0 < ¢ <1.
(6) If the initial distribution is

what is the invariant distribution

aP® = lim oP" 7

n—oo
To answer this we need to determine ¢, the probability of ending up in recurrent
state R;. Since 2 and 3 are in Ry, R; respectively, we start in each of those recurrent
classes with probability 1/3. For the remaining 1/3rd of the time we start in the
transient state 4. We need to look at the 4th row of the original matrix P to see
what happens in that case:

(.2,0,0,.6,.2).



This show a loop at 4. When you escape that loop you go with equal probability
to 1 and 5 which are in the recurrent classes Ri, Rs. So, you end up in Ry, Ry later
with probability 1/6,1/6 resp. In total, the probability is 1/2,1/2 that you end up
in Rl, RQ. SO,

1
t =P(X, € R, for large n) = 5

311 1
Pr=r=(2220->).
“ g (10’3’5’0’6>

(7) Renumber the states and put the matrix P into canonical form.
The recurrent states should come first. To avoid confusion, I will use letters to indicate
the reordering:

So,

a=1,0=3,c=2,d=5,e=4.

Then the matrix P becomes:

8 210 01]0
P 0 0 3 710 010
0O B 0)J=]0 0.5 5|0
S S @Q 0 01 010
2 010 2].6
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