5. HOMEWORK 7 (CHAP 5)
p. 125 #5.2,5,7,15

5.2. If X, is a Poisson process with A = 1 then find E(X; | X5), E(X> | X3).

By the definition of a Poisson process, E(X; — X;) = E(X;) = A = 1. Also, Xy — X is
independent of X;. So,
E(XQ ‘ Xl) — E(XQ — X1 ’Xl) + E(Xl ’Xl) — Xl + 1
If the total X7 + (X5 — X3) is given then, by symmetry,
1

E(Xl ’XQ) - §X2

5.5. Suppose that X, is the number of individuals in the nth generation in a branching
process. If the mean number of offspring is p then show that

M, =u"X,
is a martingale wrt Xg, Xy, ---

By definition of  we have
E(Xnt1 | Xn) = pX,
So,
E( Mo | F) = 17" E (X1 | Xa) = X = M,
and we see that M, is a martingale.

5.7. Take the random walk on Z where the probability of going right at each step is p < 1/2
and the probability of going left is 1 — p. Take S,, =a+ X; +--- + X, where 0 < a < N.
(a) Show that

is a martingale.

First note that

So,

So, M, is a martingale.
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(b) Suppose that 7" is the first time that S,, reaches 0 or N. Compute P(Sy = 0).

By the OST we have

w151

But this expected value is also given by

E(My) = P(Sy = 0) + {—] (1—P(Sr =0))

So,

1— [1—17}]\[ B (L=p)¥ =pN

5.15.  Suppose that M, is a martingale. Suppose there exists Y > 0 so that E(Y) < oo and
|M,,| <Y for all n. Then show that M,, are uniformly integrable.

Since E(Y') < oo, the size of the tail of Y goes to zero. lLe., for any € > 0,
E(YIY>K) <€

for K sufficiently large. But |M,| > K implies Y > |M,,| > K. So, the indicator function of
|M,,| > K is less than or equal to the indicator function for Y > K. So,

| M| a5 < Yysk

and
E(| M|, >kx) SEYIysg) <€
Since the same K works for all n we have uniform integrability.
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