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1.7 Letf,g:[0, 1] - R be Lipschitz functions. Show that the functions defined on {0, 1]
by f(x) + g{x) and f(x)g(x) are also Lipschitz.

1.8 Let f ‘R— R be differentiable with | f'(x){ < ¢ for all x. Show that fis a Lipschitz
function.

1.9 Let {11, A3, ..., be a decreasing sequence of Borel subsets of R and et A = Ny Ay
If i is a measure on R" with i(4,) < oo, show that p(Ay) - pu(A) as k— o0,

1.10 Let f:[0,1]>® be a continuous function. For 4 a subset of R? define
,u'(A)_=£.9{x:(x, f(x))eA}, where & is Lebesgue measure. Show that 4 1s a mass
distribution on R? supported by the graph of f.

1.11 Let D be a Borel subset of R and let #t be a measure on D with u(D) < oo. Tet
Ji:D— R be a sequence of functions such that filx) = fix) for all x in D. Prove
Egoroff's theorem: that given ¢ > 0 there exists a Borel subset A of D with g{D\A) < ¢
such that f,(x) converges to f(x) uniformly for x in A.

112 Prove that if y is a measure on D and 7:D — R satisfies f(x)=20for all x in b and
Ipfdir =0 then f(x) =0 for p-almost all x,

1.13 I X is a random variable show that E((X — E(X))?) = E(X?) — E(X)? (these numbers
equalling the variance of X).

1.14 Verify that if X has the uniform distribution {see (1.23)) then E(X)=1{a+ b} and
var(X) = (b —a)*/12. ’

115 Let 4, A,,... be a sequence of independent events in some probability space such
that P(4,)=p for all k, where O<p< 1. Let N « be the random variable defined by
taking N (w) to equal the number of { with 1 < i < k for which we A;. Use the strong
law of large numbers to show that, with probability 1, N./k— p as k - 0. Deduce
that the proportion of occurrences of an event in a sequence of independent trials
converges to the probability of the event.

1.16 A fair '.:li'c is thrown 6000 times. Use the central limit theorem to estimate the
Probaplllty that at least 1050 sixes are thrown. (A numerical method will be needed
if the integral obtained is to be evaluated).

Chapter 2 Hausdorff measure and
dimension

Of the wide variety of ‘fractal dimensions’ in use, the definition of Hausdorff,
based on a construction of Carathéodory, is the oldest and probably the most
important, Hausdorff dimension has the advantage of being defined for any set,
and is mathematically convenient, as it is based on measures, which are relatively
easy to manipulate. A major disadvantage is that in many cases it is hard to
calculate or to estimate by computational methods. However, for an
understanding of the mathematics of fractals, familiarity with Hausdorff measure

and dimension is essential.

2.1 Hahsdorﬂ meastire

Recall that if I/ is any non-empty subset of n~-dimensional Euclidean space, R",
the diameter of U is defined as |U|=sup{|x —y|:x,yeU}, ie. the greatest
distance apart of any pair of points in U. If {U,} is a countable (or finite)
collection of sets of diameter at most & that cover F, ie. F |2 U, with
0 <|U;| <8 for each I, we say that {U,} is a d-cover of F.

Suppose that F is a subset of R" and s is a non-negative number. For any

6 > 0 we define

i=1

HE) = inf{ $ UL {U,} is a 5cover of F} 2.1)

Thus we look at all covers of F by sets of diameter at most § and seek to
minimize the sum of the sth powers of the diameters (figure 2.1). As & decreases,
the class of permissible covers of F in (2.1) is reduced. Therefore, the infimum
H#°3(F) increases, and so approaches a limit as § —0. We write

H(F) = lim H#5(F). (2.2)
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This limit exists for any subset F of R*, though the limiting value can be (and
usually is) O or oo. We call #*(FY the s-dimensional Hausdorff measure of F.

With a certain amount of effort, #* may be shown to be a measure; sec
section 1.3. In particular, 2#°%(25} = 0, if E is contained in F then s#(E) < #°5(F),
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Figure 2.1 A set £ and two possible 3-covers for F. The infimum of X|¥|° over all such J-covers
{U,} gives 2#7;(F)

and if {F,} is any countable collection of disjoint Borel sets, then

ol 5 5}

9?”( U Ff) = Y H(F). (2.3)
i=1 i=1

Hausdorff measures generalize the familiar ideas of length, area, volume, etc.

It may be shown that, for subsets of R", n-dimensional Hausdorff measure is,

to within a constant multiple, just n-dimensional Lebesgue measure, ie. the

usual n-dimensional volume. More precisely, if F is a Borel subset of [¥", then

HMF) =, vol"(F) (2.4)

where the constant ¢, = z*"/2"(1n)! is the volume of an n-dimensional ball of
diameter 1. Similarly, for ‘nice’ lower-dimensional subsets of R*, we have that
H#°(F) is the number of points in F; #(F) gives the length of a smooth curve
F; #3F)=1n x area(F) if F is a smooth surface; #°(F)=%$n x vol(F); and
H™(F)=c,, x vol™(F} if F is a smooth m-dimensional submanifold of R" (ie.
an m-dimensional surface in the classical sense).

The scaling properties of length, area and volume are well known. On
magnification by a factor A, the length of a curve is multiplied by 4, the area
of a plane region is muitiplied by A* and the volume of a 3-dimensional object
is multiplied by A*. As might be anticipated, s-dimensional Hausdorff measure
scales with a factor A° (figure 2.2). Such scaling properties are fundamental to
the theory of fractals.
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Figure 2.2 Scaling sets by a factor 4 increases length by a factor A, area by a factor A%, and
s-dimensional Hausdorff measure by a factor 2°

Scaling property 2.1
If F=R" and 4> 0 then

H(AFY = A H5(F) (2.9)
where AF = {Ax:xeF}, i.e. the set F scaled by a factor A.

Proof. Tf {U;} is a 6-cover of F then {AU,} is a id-cover of AF. Hence

HLAF) S Z|AUP = PZ|UP
< BAYE)
since this holds for any é-cover {U;}. Letting § — 0 gives that #5(AF) < A°*#(F).
Replacing 4 by 1/4 and F by AF gives the opposite inecquality required. O

A similar argument gives the following basic estimate of the effect of more
general transformations on the Hausdorff measures of sets.

Proposition 2.2
Let F< R" and [:F —R™ be a mapping such that

lfx)= fl<elx—yl* (x,yeF) {2.6)
Jor constants ¢ > 0 and a > 0. Then for each s
H[(F)) < cHF). 2.7)







