Chapter 3 Alternative definitions of
dimension

Hausdorfl dimension, discussed in the last chapter, is the principal definition
of dimension that we shall work with. However, other definitions are in
widespread use, and it is appropriate to examine some of these and their
inter-relationship. Not all definitions are generally applicable— some only
describe particular classes of set, such as curves.

Fundamental to most definitions of dimension is the idea of ‘measurement
at scale &". For each 4, we measure a set in a way that ignores irregularities of
size less than d, and we see how these measurements behave as & —0. For
example, if F is a plane curve, then our measurement, M,(F), might be the
number of steps required by a pair of dividers set at length & to traverse F. A
dimension of F is then determined by the power law (if any) obeyed by MF)
as d 0. If

MyF)~cé~* (3.1)

for constants ¢ and s, we might say that F has ‘dimension’ 5, with ¢ regarded
as the ‘s-dimensional length’ of F. Taking logarithms

log M4(F)~logc - slogé (3.2)
in the sense that the difference of the two sides tends to 0 with d, and
s = lim 08 MsF) (3.3)
s~0 —logd

These formulae are appealing for computational or experimental purposes, since
s can be estimated as the gradient of a log-log graph plotted over a suitable
range of J; see figure 3.1. (Of course, for real phenomena, we can only work
with a finite range of ; theory and experiment diverge before an atomic scale
is reached; see Chapter 18.)

There may be no exact power law for M,(F), and the closest we can get to
(3.3) are the lower and upper limits.

For the value of s given by (3.1) to behave like a dimension, the method of
measurement needs to scale with the set, so that doubling the size of F and at
the same time doubling the scale at which measurement takes place does not
affect the answer; that is, we require M,(5F) = M,(F) for all 5. If we modify our
example and redefine M4F) to be the sum of the divider step lengths then M 4(F)
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Figura 3.1 Empirical estimation of a dimension of a set £, on the power-law assumption A, (F} ~ ¢~ *

is homogeneous of degree 1, i.e. MJ3F) ="M (F) for § > 0, and this must be
taken into account when definining the dimension. In general, if My(F) is
homogeneous of degree d, that is M,(6F)= 6°M,(F), then a power law of the
form M,(F) ~ c¢6*"* corresponds to a dimension s.

There are no hard and fast rules for deciding whether a quantity may
reasonably be regarded as a dimension. There are many definitions that do not
fit exactly into the above, rather simplified, scenario. The factors that determine
the acceptability of a definition of a dimension are recognized largely by
cxperience and intuition. In generai one looks for some sort of scaling behaviour,
a naturalness of the definition in the particular context and properties typical
of dimensions such as those discussed below.

A word of warning: as we shall see, appareatly similar definitions of dimension
can have widely differing properties. It should not be assumed that different
definitions give the same value of dimension, even for ‘mice’ sets. Such
assumptions have led to major misconceptions and confusion in the past. It is
necessary to derive the properties of any ‘dimension’ from its definition. The
properties of Hausdorff dimension (on which we shall largely concentrate in the
later chapters of this book) do not necessarily all hold for other definitions.

What are the desirabte properties of a ‘dimension’? Those derived in the last
chapter for Hausdorff dimensien are fairly typicai.

Monotonicity. If E ¢ F then dimy E < dimy F.

Stability. dimy(E o F) = max(dimy E, dimy F).

Countable stability. dimg(| )72, F)=sup, .. dimyF,.

Geometric invariance. dimy f(F)=dimy F if f is a transformation of R”* such
as a translation, rotation, similarity or affinity.

Lipschitz invariance. dimy f(F) = dimy Fif fis a bi-Lipschitz transformation.

Countable sets. dimy F =0 if F is finite or countable.

Open sets. 1f F is an open gubset of B” then dimy F = n.

Smooth manifolds: dimgz F = m if F is a smooth m-dimensional manifoid.

All definitions of dimension are monotonic, most are stable, but, as we shail
sce, some common definitions fail to exhibit countable stability and may have
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f:ount.able sets of positive dimension. All the usual dimensions are Lipschitz
Invariant, and, therefore, geometrically invariant. The ‘open sets” and ‘smooth
manifqlds’ propertics ensure that the dimension is an extension of the classical
fieﬁnltlon. Note that different definitions of dimension can provide different
information about which sets are Lipschitz equivalent,

3.1 Box-counting dimensions

Box-counting or box dimension is one of the most widely used dimensions. Its
popl_;l.arity is largely due to its relative ease of mathematical calculation and
empirical estimation. The definition goes back at least to the 1930s and it has
bf:en v_ariously termed Kolmogorov entropy, entropy dimension, capacity
dlme'nsmn (a term best avoided in view of potential theoretic associations)
metric dimension, logarithmic density and information dimension. We shali
always refer to box or box counting dimension to avoid confusion.

Let F be any non-empty bounded subset of R” and let N4(F) be the smallest
number of sets of diameter at most & which can cover F. The lower and upper
box-counting dimensions of F respectively are defined as

. . log Ny(F)

dimg F = lim —="2"/
dimg L (3.4)

_ —— log Ns(F)

dimg F = [im —=2" %/
B rj1_1'13 “Togs (3.5)

If these are equal we refer to the common value as the box-counting dimension
or box dimension of F
. o
dimg F = lim log Ny(F)

tim s (3.6)

There are several equivalent definitions of box dimension that are sometimes
more convenient to use. Consider the collection of cubes in the d-coordinate
mesh of B*, i.e. cubes of the form

[m 6. (m, + 1)0] x -+ x [m,8,(m, + Dé]

where r.nl,..z.,m,, are integers. (Recall that a ‘cube’ is an interval in R! and a
square in R=) I.Jet N(F) be the number of 5-mesh cubes that intersect F. They
obviously provide a collection of N'(F) sets of diameter d,/n that cover F, so

Ny n(F)Y < Ny(F).
If 6,/n <1 then
log N, (F) < log N(F)

—log(dy/n)  —log./n—1logé
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so taking limits as 6 =0
dimy F = tim 28 NoF) (3.7)
— 3-0 —logd
and
dima I < fim 128 NalF), (3.8)
s-0 — log )

On the other hand, any set of diameter at most é is contained in 3" mesh cubes
of side & (by choosing a cube containing some point of the set together with
its neighbouring cubes). Thus

NY(F) < 3NLF)

and taking logarithms leads to the opposite inequalities to (3.7} and (3.8). Hence
to find the box dimensions (3.4)—(3.6), we can equally well take N;(F) to be the
number of mesh cubes of side & that intersect F.

This version of the definitions is widely used empirically. To find the box
dimension of a plane set F we may draw a mesh of squares or boxes of side &
and count the number N;(F) that overlap the set for various small é (hence the
name ‘box counting’). The dimension is the logarithmic rate at which N, (F)
increases as d — 0, and may be estimated by the gradient of the graph of log N4(F)
against —logd.

This definition gives an interpretation of the meaning of box dimension. The
number of mesh cubes of side 8 that intersect a set is an indication of how
spread out or irregular the set is when examined at scale . The dimension
reflects how rapidly the irregularities develop as 6 —0.

Another frequently used definition of box dimension is obtained by taking
N;(F)in (3.4)—(3.6) to be the smallest number of arbitrary cubes of side d required
to cover F, The equivalence of this definition follows as in the mesh cube case,
noting that any cube of side & has diameter J,/n, and that any set of diameter
of at most § is contained in a cube of side &.

Similarly, we get exactly the same values if in (3.4)(3.6) we take N4(F) as the
smallest number of closed balls of radius ¢ that cover F.

A less obviously equivalent formulation of box dimension involves the largest
number of disjoint balls of radius § with centres in F. Let this number be N(F),
and let By,..., By.r) be disjoint balls centred in F and of radius 8. If x belongs
to F then x must be within distance & of one of the B;, otherwise the ball of
centre x and radius § can be added to form a larger collection of disjoint balls.
Thus the”N;(F) balls concentric with the B; but of radius 26 (diameter 45} cover
F, giving

N yo(F) < Ny(F). (39)

On the other hand, suppose that Bl,...,BN;(F, are disjoint balls of radii § with

centres in F. Let U,..., U, be any collection of sets of diameter at most &
which cover F. Since the U; must cover the centres of the B;, each B; must







