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ABSTRACT. We generalize and sharpen D. Sullivan’s logarithm law for geodesics
by specifying conditions on a measure preserving system (X, p,g) and a family of
subsets {A, | n € N} of X under which #{1 < n < N | g"z € A,} is for u-

a.e. € X asymptotically (as N — o0) equal to 22;1 1(An). These conditions can

be verified for various special cases of systems (X, u,g,{An}), including actions of
nonquasiunipotent elements g of semisimple Lie groups G on homogeneous spaces
X = G/T, with {A,} being certain subsets of X approaching infinity as n — oo.

INTRODUCTION

1. Let I' be a discrete group of hyperbolic isometries of H¢*! such that V' = H4*+! /T
is not compact and has finite volume. For (p,&) € S(V) (the unit tangent bundle
of V), let v4(p,&) be the geodesic on V through p in the direction of . Dennis
Sullivan in [Su] proved the following

Theorem. For any p € V and almost all directions &

dist ,
t—o0 logt

= 1/d.

His proof uses mixing of the geodesic flow on S(V') together with certain intrinsic
properties of hyperbolic manifolds.

In this note, we sketch an alternative proof of Sullivan’s logarithm law. We are
able to bypass the geometric (”disjoint circle”) part of Sullivan’s proof by making
use of quantitative characterization (cf. [Mo, KSp, KM]) of mixing of the geodesic
flow. This way, much stronger results than those of Sullivan can be obtained.
Furthermore, our main results (Theorems 3.1 and 3.2) can be applied to a large
class of dynamical systems. In particular, one can establish

2. Theorem. Let g be an endomorphism of a d-dimensional torus T = RY /74
given by g(x1,...,xq) = (myx1,...,mgxy) mod 1, where m; are integers greater
than 1. Then for almost all x € T

log —
(2) lim sup (dlst(g m,O))
N 00 logn

=1/d;
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furthermore, there exist Cy, Cy > 0 such that for almost all z € T

#{1 <n < N | dist(¢g"z,0) < n_l/d}

.. >
lim inf log N =G
and L
1 <n<N|dist(g"z,0) <n~
hmsup#{ <n < N [dist(¢g"z,0) <n }SCQ.
N—o00 logN

3. Theorem. Let G be a connected semisimple Lie group without compact factors,
T an irreducible lattice in G, {g:} a one-parameter nonquasiunipotent subgroup of
G, p the normalized Haar measure on G/T'. Assume that the action of {g:} on
G/T has property (EM)!. Also let A: G/T — R, be a function such that

(i) 4t is uniformly continuous,

(ii) ats distribution function Fa(z) et p({z € G/T | A(z) < z}) is uniformly
continuous, and

(iii) there exists lim,_, o < log (

Then for almost all x € G/T

) = ¢

(3) lim sup A(gttx) =1/d.

t—o00 og

Moreover, if (iii) is strengthened to
(iii") there exist C1, Co, d > 0 such that for any z > 0

Cre™® <1—Fa(c) = p({z € G/T | A(z) > 2}) < Cae™®,

#{1 <n < N | A(gnz) > Llogn} -
log N -

Cs.

Cy

then for almost all x € G/T", liminfy_
#{l <n < N|Algaz) > glogn} _

log N -
Note that Theorem 1 can be derived from Theorem 3 by taking G = SOgq41.1(R)

and A coming from dist(p, pg) for fixed pg € V = K\G/T', K a maximal compact
subgroup of GG. More generally, one gets

and limsupy_, o

4. Corollary. For any locally symmetric space V' of noncompact type, there exists
d = d(V') such that for any p € V and almost all directions &, (1) is satisfied.

The constant d(V') can be explicitly calculated in any given special case.
Another class of applications of Theorem 3 is given by the function A on the
space SLq(R)/SLy4(Z) of unimodular lattices in R? defined by

ef
A(A) = log (=
(4= oo 1o ().

where ||-|| is any norm on R¢; this function can be shown to satisfy the assumptions
(i), (ii) and (iii’) of Theorem 3. Then the correspondence [Da, K] between Diophan-
tine approximation and flows on spaces of lattices provides a direct connection with

IThis condition, which was introduced in [KM], implies that correlation coefficients of smooth
functions on G/T" decay exponentially. It holds, for instance, if the semisimple part of {g¢ } projects
noncompactly onto each simple factor of G.
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metrical theory of Diophantine approximation. In particular, a modification of The-
orem 3 can be used to prove Khintchine’s Divergence Theorem (see [Cal), as well
as some of its refinements and higher dimensional generalizations.

The paper is organized as follows. In §1 we show that upper estimates for the
limits in all the above theorems follow from the standard Borel-Cantelli lemma. On
the other hand, lower estimates essentially reduce to proving that for certain families
of subsets A,, of a probability space (X, p) with Y7, u(A,) = oo, almost all points
belong to infinitely many A,,. In §2 we state a partial (quasi-independent) converse
to Borel-Cantelli lemma, and then sharpen it in §3, specifying a condition on the
family { A, } under which #{n < N |z € A, } is for pra.e. x € X asymptotically (as
N — o0) equal to 22;1 1(Ay). In §4 we show that the latter condition, in its turn,
holds whenever the correlations (A, NA,) —u(Anm)pu(Ay,)| decay with certain rate
as |m — n| — oo. Finally, in §5 we indicate how one can use dynamical properties
of the actions considered in Theorems 1, 2 and 3 to verify the ”correlation decay”
condition introduced in §4.

§1. GENERAL SETTING AND UPPER ESTIMATES

1.1. Let (X, u) be a probability space. We will consider families H = {h,, | n € N}
of nonnegative integrable? functions on X. The function w : N — R, sending n to
| « hn dp will be called the weight function of the family H. We will say that the
family H is bounded by L > 0 if w(n) < L for any n € N.

A natural way to obtain bounded families of functions is to consider characteristic
functions of measurable subsets A4, of X from a family A = {A4,, | n € N}. The
weight function w(n) = pu(A,) of {14, | n € N} will be called the weight function
of A.

We will say that a family of functions or sets is summable if its weight function
is, Le. if > w(n) < oo, and nonsummable otherwise.

Main example. If ¢ is any nonnegative measurable function on X and f: N —
R, any function, one can consider the family of sets

Ao s E {{z € X | p(z) < f(n)} | n €N},

its weight function being F, o f, where F,, is the distribution function of the random
variable ¢.

1.2. Another main example. Let g be a p-preserving self-map of X. Then
given any family H = {h,, | n € N} of functions on X or a family A = {A,, | n € N}
of subsets of X, one can consider twisted families

MY L {g7"hy |neN} and AY & {g7"A,, | n €N},

By g-invariance of pu, the weight function of the twisted family is equal to that of
the original one.

2Throughout the sequel all the functions h,, will be assumed nonnegative and integrable.
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1.3. Given a family A = {4,, | n € N} with weight function w and a p-generic
point x € X, one may want to look at the asymptotics of #{1 <n < N |z € A,}
in comparison with the sum of measures of the sets A,,, 1 <n < N, as N — oo.
This is for example the subject of the classical Borel-Cantelli Lemma. In order to
state its useful quantitative version, define functions

def #{1<n<Nl|zxeA,} _ Zf:r:l 1a,(x) .
SN (A >y w(n)

More generally, for N € N and a family H = {h,, | n € N} of functions on X with
weight function w, define
def Zgzl hn

\IJH,N = N .
Zn:1 'LU(n)

In both cases we will make the ratio equal to 1 if the denominator is zero.

The next lemma is a straightforward quantitative extension of a part of Borel-
Cantelli Lemma that does not assume (quasi-)independence of functions h,, (cf. [KSt,
part (a) of the theorem]).

\I[A,N(z)

Lemma. Let (X, u) be a probability space, H = {h,, | n € N} a family of functions
on X. Then for any e >0

u({xeX

in particular, iminf o Uiy N @5 finite almost everywhere and is not greater than
1 on a set of positive measure.

l}\r[ninf\I/H’N(x) < 1"—8}) >

1+5;

A (less trivial) counterpart that gives lower estimate for limsupy_, . ¥ v ()
will be considered in §2. Let us now state a special case of Lemma 1.3.

1.4. Corollary. Let (X, p) be a probability space, {h,, | n € N} a summable family
of functions on X with weight function w. Then for any e >0

u({xGX Zhn(x)g(l—i—s)z:w(n)}) > lj—s’

in particular, Y .- hy(z) < oo for p-a.e. z € X.

In the case of a summable family {A, } of subsets of X, one gets

— 1+¢

u({xeX‘#{neN\xeAn}g(1+8)iw(n)}> > c

and
(1.1) #{neN|zeA,} <oco forpu-ae xze€X,

the last assertion being the conclusion of the easy part of the classical Borel-Cantelli
Lemma.
Let us now show how this corollary gives upper estimates for the limits in each

of the three theorems from the introduction.
4



1.5. Example. Take X = S(V) as in Theorem 1, p the Liouville measure on
S(V). Fix pg € V and € > 0, and let gp((p, g)) — e—dist(p,po) ond

(1.2) f(n) =n-(+e)/d,
Then (cf. [Su, §9]) the distribution function F, of ¢ satisfies
(1.3) Ci2% < F,(z) < Coyz? for some C1, Co >0and all0 < 2 < 1,

therefore the family A, y is summable, and if one lets g be the time-one map of
the geodesic flow on S(V'), an application of Corollary 1.4 to the twisted family
(Ay r)¢ yields

(1.4) #{n e N|p(g"z) <n 9/} < oo for prae. v € X.
From (1.4) one easily deduces that for p-a.e. (p,&) € S(V)

dist (’Vn <p7 5)7 pO)
logn

<(l+4¢€)/d for large enough n,

and since ¢ is arbitrary, limsup of the left hand side is not greater than 1/d. To
derive the upper estimate for the limit in Theorem 1 from the above statement, it
suffices to observe that for any two points py, po of V

e the functions dist(-, p1) and dist(-, p2) are asymptotically equivalent, and
e for any geodesic v starting from p; there is a geodesic starting from p, which
stays at a bounded distance from ~.

1.6. Example. Take X =T and g as in Theorem 2, i the Lebesgue measure on
T. Let p(x) = dist(z,0), and take f as in (1.2). The distribution function F' of ¢
clearly satisfies (1.3), hence the family A, ; is summable, and Corollary 1.4 applied
to (Ay r)9 gives (1.4). Thus for almost all x € T and all € > 0

log (itgm)
logn

< (14¢€)/d for large enough n,

and the inequality in Theorem 2 follows.

1.7. Example. Take G, I', p and A as in Theorem 3, X = G/I', g = g1, and let
¢(z) = e=2®) . From the assumption (iii) it follows that the distribution function
F, " almost” satisfies (1.3); more precisely, for any § > 0 there exist C';, C > 0 such
that C;z4(1-9) < F,(z) < C52%4+9) for all 0 < z < 1. The latter condition can be
replaced by (1.3) under the assumption (iii’). In either case the family A, ¢, with
f as in (1.2), is summable, and the rest of the argument goes as in the preceding
example.

The goal of the subsequent exposition will be to state conditions on the map g
and the families H (resp. .A) under which nonsummability of H (resp. .A) implies
that > o7, hy(g"x) (resp. #{n € N | g"z € A,}) is infinite for a.e. z € X. Or,
better yet, as N — oo, one may want to describe the asymptotic behavior of
Uy n(z) (resp. W ae n(z)) for almost all z € X. This will prove, among other
things, lower estimates for the limits in (1), (2) and (3).
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§2. KOCHEN-STONE FAMILIES AND LOWER ESTIMATES

2.1. One can easily find many examples of families H of functions on a probability

space (X, u) for which U3y y — 0as N — oo. It is also well known that a lower
p-a.e.

estimate for limsupy_, ., ¥, n follows from certain conditions on second moments
of the functions h,. Specifically, we make the following definition, For a family
H = {h, | n € N} of functions on a probability space (X, ) and C > 1, say that
H is C-Kochen-Stone® (will be abbreviated as C-KS) if

(C-KS) lim inf / (U N)2du < C.
X

N —o0

This in particular implies h,, € L?(X) for all n € N. We will say that a family of
sets is C-KS if the family of its characteristic functions is.

The following lemma is a quantitative sharpening of parts (b) and (c¢) of the
theorem in [KSt] (cf. also [Su, §1] for related ideas).

Lemma. Let (X,u) be a probability space, C > 1, H = {h, | n € N} a C-KS
family of functions on X. Then
(a) for any e <1

(2.1) i ({x €eX

moreover, limsup_, ., Y n 15 not less than 1 on a set of positive measure;
(b) if H is nonsummable, then Y .~ h, = 0o on a set of measure at least 1/C.

2

19
li v >1-— >__ -
i sup H,N () 6}) e

2.2. Corollary. Assume in addition that limsupy_,., Y N is constant on a set
of measure 1. Then

(a) imsupy_,oo Y. n(x) > 1 for p-a.e. x € X;

(b) if H is nonsummable, then

(2.2) Z hn(z) = 00 for p-a.e. x € X.
n=1

The corresponding statements for families of sets are immediate. Note that
by Lemma 2.1, 1-KS nonsummable families satisfy (2.2) without any additional
assumptions.

In [Sul, using geometric argument D. Sullivan essentially verified the condition
(C-KS) for certain families of subsets of S(V). From that he easily derived the
lower estimate for the limit in (1). Indeed, take X, u, g and ¢ as in Example
1.5, and let f(n) = n~'/9. Then the family A = A, ; is nonsummable, and from
ergodicity of g-action on X it follows that limsupy_, ., V.49 vy must be constant
almost everywhere. Thus if one believes that AY is C-KS for some C, Corollary 2.2
applies and one has

#{n e N|p(g"z) < n~Y} = oo for p-ae. v € X .

3We would like to mention that this condition seems to have been introduced independently
by several authors, see [Sp, p. 317] for a historical overview
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Therefore for p-a.e. (p,v) € S(V)

dist (yn (p, ), po)
logn

>1/d for infinitely many n,

which forces lim sup of the left hand side to be not less than 1/d.

We will see later that the fact that the family .49 as above is Kochen-Stone follows
from dynamics of g-action on S(V'). In fact, we will show that this family, as well as
the corresponding families from Examples 1.6 and 1.7, satisfy stronger conditions,
using which one can describe asymptotics of #{1 <n < N | gp(g”x) < n~Y} as
N — oo for almost all x.

§3. STRONGLY KOCHEN-STONE FAMILIES AND ASYMPTOTICS FOR Wy v

3.1. Let (X, u) be a probability space, H a nonsummable family of functions on X
with weight function w. For C' > 1, we will say that H is strongly C-Kochen-Stone
if liminf in (C-KS) can be replaced by limsup and the error can be estimated in

terms of growth of 27]1\;1 w(n). More precisely, if for some ¢, Q > 0 one has

Q .
(Zgzl w(”))q

We will now state a quantitative sharpening of Lemma 2.1.

[ sdn<c
X

Theorem. Let (X, u) be a probability space, H = {h, | n € N} a bounded non-
summable strongly 1-KS family of functions on X. Then

(3.1) Uyny — lasN — 0.

p-a.e.

This is a quasi-independent analogue of Theorem 6.6 from [Du]; our proof essen-
tially follows the lines of Durrett’s argument.

Proof. For N € N, we will suppress H in W3 nx and let Sy(x) = Zﬁle hyn(x) and
cN = 25:1 w(n). Without loss of generality one can assume that ¢ < 2. Let L
be an upper bound for w(n), n € N. Then one can define an increasing sequence
{Ni}, k €N, by

Nj, = min{N | ey > LE*>/7}.

Since H is strongly 1-KS and [ ¥y du = 1, one has

Var(¥y) < (on )7

therefore by Chebyshev’s inequality, for any ¢ > 0 and k € N

Var (¥, Q Q
al"(2N)<

— < :
p({r € X [[¥n,(2) =1 > e}) < - = e2(en, )9~ e2L9k2

Thus the family {z € X | |Un, (z) — 1| > €} is summable, so by (1.1), #{k € N |
|Wn, (x) — 1] > €} is finite for p-a.e. x € X. Since € is arbitrarily small, it follows

that ¥y, — 1lask — oo.
p-a.e.



Finally we take any other sequence {m,} with m; — oo as j — oo, and for any

J, define k(j) def max{k | Ny < m;}; clearly k(j) — oo as j — oo. Then p-almost

everywhere one has

. 2/
Sm; < SNigy41 _ Nk SNy < L(k() +1)"" + L

Wm‘ - - _— . .
T Cm CNk(s) CNki)  CNkgy+ Lk(j)%/1 N
2/q 1
B (1 * k(])) + k(j)2/4 YNy — 1 as ] — o0, Similarly,
SN, k(7)2/4
\Ijm]— > Nk(]) > (.]) \Iij(j) N 1 as j - 00,

N (kG + 1)1
which completes the proof of (3.1). O

3.2. For two families H = {h,, | n € N} and H' = {h], | n € N} with weight
functions w and w’ respectively and for ¢ < 1, say that H’ is c-majorated by H
(denoted by H' C H) if

R <h, and c-w(n)<w'(n) forallneN.

As before, we will say that families of sets have the above property if the families
of their characteristic functions do. From the above definition it follows that if
H' C 'H, H is bounded (resp. summable) if and only if H’ is too.

Theorem. Let (X, u) be a probability space, H = {h, | n € N} a bounded non-
summable family of functions on X.
(a) If for ¢ < 1 there exists a strongly 1-KS family H' c-majorated by H, then

l}\rfn inf Uy ny > ¢ p-almost everywhere; in particular, (2.2) holds.
— 00

(b) If for ¢ < 1 there exists a strongly 1-KS family H' such that H is c-majorated
by H', then limsup ¥y n(z) < 1/c p-almost everywhere.

N—oo

(c) If for any ¢ < 1 there exist two strongly 1-KS families H' and H" such that
H' CH CH", then (3.1) holds.

Proof. Assuming H’' C H, one has u-almost everywhere

! D DASY IS DAY IR DY
Uy N=-% > = > = = VUp N — 1
c c Zn:l w(n) Zn:l w’<n) Zn:l w/(n) by Theorem 3.1
as N — oo, hence (a). The proof of (b) is completely similar, and (c) is clearly a
direct consequence of (a) and (b). O

§4. CORRELATION DECAY IMPLIES KOCHEN-STONE

4.1. Let (X, p) be a probability space, H a family of functions on X with weight
function w. For M > 1 and a function a : Zy — R,, we will say that H has
property (M-a-CD)* if for any m,n € N

(A, hy) < Mw(m)w(n) + a(jm — n|)y/w(m)w(n) .

Similarly, we will say that a family of sets has property (M-a-CD) if the family of
their characteristic functions does.

4This is an abbreviation for “correlation decay”. The reader should however bear in mind that
this property, especially if M > 1, has little to do with actual decay of correlation coefficients.
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Example. Take X = [0,1], u the Lebesgue measure, g the map =z — 2z mod 1
and | : N — Z, any function. Consider the family A = {[0,27'("] | n € N}.
Then the twisted family A9 has property (1-a-CD) with a(k) = 27%/2, Indeed
take m > n € N and denote i = I(m) and j = I(n). Then w(m) = 27" and
w(n) =277, and one can easily see that for i < j, u(97™[0,27]Ng™"[0,277]) =
(g~ (m=™[0,2711 N [0,277]) is equal to

2 K . O.S m-n<jg—1 < 9—ig—i + 27(m7n)/21 /9—i9—j :
grigmminmend) m_p>joq o

while for ¢ > j

m (g—(m—”) (0,27 N[0, 2‘]‘]) = g7igm min(m=n.j) < 9=ig=Jj 4 9=(m=n)\/9-ig—j

4.2. Theorem. Let (X, pu) be a probability space, H a family of functions on X
with weight function w, M > 1 and o : Zy — Ry with Y ;- g a(k) < co. Assume
that H has property (M-a-CD). Then

(a) ‘H is C-Kochen-Stone for C = M+2Zk ok ))
Zn 1w<n)

(b) if H is nonsummable, it is strongly M -Kochen-Stone.

4.3. Corollary. For a probability space (X, 1) and a bounded nonsummable family
H of functions on X, assume that H has property (1-a-CD) for some a: Z4 — R4
with Y7o a(k) < oco. Then (3.1) holds.

Proof. Combine Theorems 4.2 and 3.1. [

4.4. Corollary. For a random sequence x of zeroes and ones, let Z,(x) be the
number of successive zeroes after the nth position, and let | : N — Z, be any
function such that Y oo 27" = oo, Then

. #{n e{l,...,N}| Z,(x) > 1l(n)}

=1
N o_i(n

for almost all sequences x.

Proof. Take X = [0,1], g: 2 — 2z mod 1 and A = {[0,27!™)] | n € N}. It was
shown in Example 2.1 that A9 has property (1-a-CD) for a(k) = 27%/2 so one can
apply Corollary 4.3 to get the desired result. [

4.5. Proof of Theorem 4.2. With the notation introduced in the proof of Theorem
3.1, one has for any N € N

N
/X<SN —/ (Zh> dp=" (hmshy)
v v
(by (1-a-CD)) < > wimw(n)+ Y allm—n)y/wmw(n).



The first summand in the right hand side is clearly equal to (cy)?, while the second
one is not greater than

N—1 N—1 N—k N—k 1/2
22 Z\/w w(m + k) < 2Za(k)<z Zwm+k> ,
k=0

(by Schwarz) =0 m—1 me1

which, in its turn, is not greater than 2cy >, (k). Therefore

2y — L 2 23 =0 a(k)

which proves both (a) and (b). O

§5. APPLICATIONS TO DYNAMICAL SYSTEMS
AND DIOPHANTINE APPROXIMATION

5.1. Let X, pu, g and ¢ be as in any of the Examples 1.5, 1.6 or 1.7. In the
sequel to this paper we will show that there exist ¢, 0 < ¢ < 1, and a summa-
ble function a(k) such that if f : N — R, is any function and A = A, ; is
the corresponding family of sets, one can find two families H' and H” of func-
tions on X such that H € A C H”, and both (H')? and (H")?9 have property
(1-a-CD). Furthermore, in Examples 1.5 and 1.7 one can choose ¢ as close to 1
as one wishes. If > >° (f(n))d = 00, this, in view of Theorems 4.2 and 3.2, will
describe asymptotics of #{1 <n < N | ¢(¢g"z) < f(n)}. The choice f(n) =n"1/4
gives lower estimates for the limits in (1), (2) and (3), with
#{1 < n < N | dist(yn(p,v),p) > Zlogn}  in Theorem 1
#{1 <n < N | dist(¢"x,0) <n~Y?}  in Theorem 2
#{1 <n < N|A(g"z) > Zlogn} in Theorem 3 assuming (iii’)

being almost surely bounded between const; - log N and consts - log N.

In the setting of Theorem 2 (Example 1.6), this can be done via approximation
of the sets from A by products of m;-adic intervals and using the argument outlined
in Example 4.1. On the other hand, in the setting of Theorem 3 / Example 1.7
(and hence Theorem 1 / Example 1.5), one can use the assumptions (i) and (ii) on
A to approximate the sets from A by smooth functions, and then apply estimates
from [KM, §2.4] on exponential decay of their correlation coefficients.

5.2. One can also use the special case G = SL4(R), I' = SL4(R), A(A) =
maxXyeA- {0} l0g (”%”) of the setting of Theorem 3 to get certain number-theoretic
applications of Theorem 3.2, for example, prove

Khintchine’s Diverence Theorem (see [Kh, C]). Let ¢ : N — R, be a nonin-
creasing function such that Y .. ,¥(n)* = co. Then the set of inequalities

lain —m;| <¢(n), 1<i<k
has infinitely many solutions n € N and m; € Z for a.e. (a1,..., o) € RF.

This can be done by reducing this theorem to a problem involving flows in
the space of unimodular lattices in R**! via the correspondence first discovered
by S.G. Dani ([Da], cf. also [K]). Note that the full strength of W. Schmidt’s [Sc]
generalization of this theorem is so far beyond our reach; however a substantial part
of Schmidt’s result can be derived by our methods. Other related facts (some of
them new) from metrical theory of Diophantine approximation can also be obtained.
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