Math 311a, Spring 2006, Homework # 3

Diophantine approximation

ForY € M,, ,(R) (the set of mxn matrices with real entries) define the Diophantine
exponent w(Y) of Y by

w(Y) o sup {v

where ‘dist’ is induced by some norm on R™. (A reminder: w(Y) > n/m for all Y,
and = n/m for Lebesgue-a.e. Y.)

for co many q € Z"

dist(Yq,Z™) < HqH_”}

1. Prove that w(Y') in the above definition does not depend on the choices of norms
on R™ and R".

2. Prove that
—log (dist(Y'q, Z™))

w(Y) = limsup

q—00,qEeEL™ log ”qH
. —log (min{dist(Y'q,Z™) | q € Z", ||al| < T7})
= lim sup
T—oo logT

3. Prove that w(Y) = w(AY +B) = w(YC+B) for amy A € GL,,,(Q), C € GL,(Q),
B e M, ,(Q). [Hint: first work with matrices with integer coefficients.]

4. Let a,b € R be given. Prove that for any x € R one has

oo arn)zw((5))

Note that here (z ax +b) € M; 2(R) is a row matrix and (a) € Myi1(R) is a

b

column matrix.

Now for € R and n € N define w,(x) d:efw((x z? ... z")), where
(z 2 ™) € M, (R) is understood to be a row matrix.

5. Prove that

wnp(z) = limsup ol ] log | P(z)]
" P—oco, PEZ,[X] log H(P)

—log (min {|P(z)| | P € Z,[X], H(P) < T})

= limsu ,
T log T

where Z,[X] stands for the set of polynomials of degree < n with integer coeffi-
cients, and H(P) is the height of P, that is, the maximum of absolute values of its
coefficients.
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6. Prove that for any n € N and z € R, w,(z) = wn(ggfIS), where a,b,c,d € Q
with ad — bc # 0.

7. Use the previous problem and Lebesgue’s Density Theorem to conclude that for
any n, wy(+) is constant on a set of full Lebesgue measure.

The last three problems constitute a sketch of proof of the ‘n = 2’ case of Mahler’s
Conjecture, following a 1958 paper of Friedrich Kasch.

8. Let P(X) = aX?+bX +c¢ € Z3[X] be a polynomial with distinct roots «, 3 € C,

and let Disc(P) 1 52 _ 4ac denote the discriminant of P. Prove that for any

complex number z one has

2|P

min (|2 — af, [z — 8]) < &
|Disc(P)|

9. Let s be a real number with 0 < s < 1. Prove that there exists a positive
constant ¢, depending only on s, such that for any positive integer 7' the inequality

> [Disc(P)| 7% < 2!~

holds, where the summation is taken over all P € Zy[X] of height T" with non-zero
discriminant.

10. Combine Problem 7, the ‘s = 1/2’ case of Problem 8, and the Borel-Cantelli
Lemma to conclude that wo(x) = 2 for Lebesgue-a.e. x € R.



