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ABSTRACT. Let {g:} be a nonquasiunipotent one-parameter subgroup of a connected
semisimple Lie group G without compact factors; we prove that the set of points in a
homogeneous space G/T" (I" an irreducible lattice in G) with bounded {g; }-trajectories
has full Hausdorff dimension. Using this we give necessary and sufficient conditions
for this property to hold for any Lie group GG and any lattice I' in G.

INTRODUCTION

Let G be a Lie group, I' a lattice in G, F' = {g; | t € R} a one-parameter
subgroup of G. Then the action of F' on the homogeneous space 2 = G/T" by left
translations defines a flow. Assume that g; is not quasiunipotent, that is, Ad g;
has an eigenvalue with modulus different from 1. The results of S.G. Dani [Dan2,
Dan3] suggested the following

Conjecture (A) [Mrg2|. For any nonempty open subset W of § the set
{z € W] the F-orbit of x is bounded}

is of Hausdorff dimension equal to the dimension of G.

This conjecture was proved by Dani in the two following cases:
(i) (see [Dan2]) G = SL,(R),I' = SL,(Z), and

(1) gr = diag(e™, ... et M, .. e

where A is such that the determinant of g; is 1;

(ii) (see [Dan3]) G is a connected semisimple Lie group of R-rank 1.

In the present paper we prove Conjecture (A) in the case

(iii) G is a connected semisimple Lie group without compact factors and I' is an
irreducible lattice in G (Theorem 1.1).

In fact, the statement of this theorem is stronger: we consider orbits which are
bounded and stay away from a given closed {g;}-invariant subset Z of Q2 of Haar
measure 0.

G. A. Margulis was supported in part by NSF Grant DMS-9204270.

Typeset by ApS-TEX



In the general case we give necessary and sufficient conditions for Conjecture (A)
to hold (Theorem 5.2 and Corollary 5.5), based on the reduction to the case (iii).
In particular, these conditions are satisfied when F' consists of semisimple elements.

The main idea of the proof is similar to that of Dani [Dan2]: he considers the
horospherical (relative to g_1) subgroup H — the abelian subgroup of matrices of
the form

(2) h:(i g).

Then he shows that the trajectory {g:hZ™} in the space SL,,(R)/SL,(Z) of lattices
in R™, with ¢g; as in (1) and h as in (2), is bounded if and only if the set of linear
forms, corresponding to the matrix L, is badly approximable in the sense of Schmidt
[S2]. The result of the latter implies that the set of points with bounded trajectories
has full Hausdorff dimension.

In fact, what is proved in [Dan2] (as well as in [Dan3]) is an apparently stronger
result that the above set is winning in Schmidt’s sense (cf. [S1]). In the general
case the horospherical subgroup H is a connected simply connected nilpotent Lie
group admitting a one-parametric semigroup of expanding automorphisms &; —
conjugations by g; for positive ¢. The main reason why the method of [Dan2]
cannot be used (at least directly) in this generality is that the restriction of ®; to
H does not have to be conformal with respect to a Riemannian metric on H. Still,
the fact that ®;, ¢ > 0, is expanding on H, is crucial for our approach. In §1 we
reduce the problem to studying one-sided trajectories F*z of points x € Q (here
Ft ={g: |t > 0}); this makes it possible to imbed a sequence of sets with easy to
estimate increasing dimensions into the set of points with bounded orbits.

Indeed, fix a large compact set K in €2 and some neighborhood V' of identity in
H. Our first purpose is to prove that, roughly speaking, for large enough 7" and for
any x € K, there exists t(x) € [T,217] such that the most part of the set gy, V=
lies in a smaller set K/ C K, the quantitative meaning of “the most” being uniform
in z € K (see Proposition 2.5). After that we divide H (up to a set of measure
0) into pieces which are right translations of V' by elements v of H (this can be
done for suitable V', see §3). For any = € K we choose all the translations v such
that Vy C @4, (V) and Vygym)r C K, and define a compact subset A;(x) of v
to be the union of (ID_t(I)(V’y) over all v as above. By iteration of this procedure, a
sequence of compact sets Vo D Aq(x) D Aa(x) D ... Aj(x) D ... (Aj11(z) being
the union of ®_,,) (Aj ('ygt(x):z:)’y) over all v as above) is constructed. The limit set
A (z) =2, Aj(z) then consists of elements h such that the F'*-orbit of hz lies
in a certain compact subset of 2. The detailed description of this construction is
given in §4; a result of C. McMullen and M. Urbanski allows one to derive a lower
estimate on the Hausdorfl dimension of A, from the information about relative
measure of the union of pieces Vyg;(,)y chosen at each stage for each y € K.

To prove Proposition 2.5 mentioned above, we consider three cases.

Case 1. {g:} consists of semisimple elements (see Section 2.2; in this case we will
say that the flow (€2, {g:}) is semisimple).
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Case 2. All the essential simple factors of G have R-rank 1 (a factor G’ of G is
said to be essential if the projection of the semisimple part {a;} of {g:} onto G’ is
not relatively compact). This is a special case of essentially semisimple flows, see
Section 2.3.

Case 3. The flow (2, F) has property (EM), by which we mean that the repre-

sentation of the product G¢ of all the essential factors of G on the space L3() oot

{f e L*(Q) | [, f = 0} is isolated from the trivial representation (see Section 2.4).
In view of Kazhdan’s results on property (T) (cf. Lemma 2.4.1), it covers the case
when G° contains at least one factor of R-rank greater than 1.

In Case 1 we use mixing properties of the action of F' on €. In Case 2 we
combine the results of Case 1 with facts about nondivergence of orbits of unipotent
flows. In Case 3 instead of mixing we employ stronger results on the decay of
matrix coefficients of smooth functions (Section 2.4; see also Appendix for similar
treatment of Holder functions). Note that in Cases 1 and 3 one can choose t(z) to
be equal to T for all x € K. Let us also note that it is probably enough to consider
Case 3 only, because the representation of any simple factor of G on L3(Q) seems
to be always isolated from the trivial representation. However, we were unable to
prove it or find a reference in the literature.

Several generalizations of the main result, as well as some open questions, are
considered in §5. An estimate on exponential decay of spherical averages of Holder
continuous functions on 2 (Corollary A.8) is deduced in Appendix from mixing-
related results obtained in §2.

In what follows, dim(A) will denote the Hausdorff dimension of a metric space
A. If F is a one-parameter (F = {g; | t € R}) or cyclic (F = {g° | i € Z}) subgroup
of a Lie group G, we will use the notation ' and F~ for the subsemigroups of F'
corresponding to nonnegative (resp. nonpositive) values of ¢ (resp. 7). A subgroup
F of G will be called nonquasiunipotent if it contains an element which is not
quasiunipotent.

§1. REDUCTION TO THE SUBGROUP H
1.1. Our principal goal is to prove the following

Theorem. Let G be a connected semisimple Lie group of dimension n without

compact factors, I' an irreducible lattice in G, F a (one-parameter or cyclic) non-

quasiunipotent subgroup of G, and Z C ) et G/T a closed set of (Haar) measure

0, which is invariant under either F™ or F~. Then for any nonempty open subset
W of Q o
dim({z € W | Fx is bounded and Fx N Z = @}) =n.

This theorem, with Z = &, clearly implies Conjecture (A) for the case (iii). The
proof of this theorem will occupy §§1—4; unless otherwise specified, GG, I" and 2 will
be as in Theorem 1.1.

1.2. Remark. Without loss of generality one can assume in the above theorem

that the center Z(G) of G is trivial. Indeed, let us denote the quotient group

G/Z(G) by G', the homomorphism G — G’ by p, and the induced map Q — Q' def
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G'/p(T') by p. Since I'Z(G) is discrete [Rag, Corollary 5.17], p(T') is also discrete,
hence Z(G)/(I' N Z(G)) is finite. This means that (€2,7) is a finite covering of (',
therefore for any closed null subset Z of € which is invariant under either '+ or
F~, p(Z) is a closed null subset of €' invariant under either p(F)™ or p(F)~. Let
W C € be an open set small enough for p to be injective on W, and denote

A={x € p(W)|p(F)z is bounded and p(F)zNp(Z) = &} .

Then for any y € p~!(A) the trajectory Fy is bounded and FyN Z = &; since p is
a local isometry, the set W N p~!(A) has dimension equal to the dimension of A.
In particular, the above statement shows that it is enough to prove Theorem 1.1
in the case when F' is a one-parameter subgroup. Indeed, if G is centerfree, any
its cyclic subgroup contains a subgroup of finite index which can be imbedded in
a one-parameter subgroup of G. On the other hand, the statement of Theorem
1.1 is stable with respect to passing to a cocompact subgroup of F' (see Lemma
5.1(a); part (b) of the same lemma shows stability with respect to passing to a
finite covering of €2, which was implicitly used in the first part of this remark).

1.3. Let g be a Lie algebra of G, g. its complexification, and for A € C, let E) be
a generalized eigenspace of Ad gy:

Ey={X cg.| (Adg, — M\I)?X =0 for some j}.
Let b, h°, h~ be the subalgebras of g with complexifications
be = span(E) | [A| > 1), b2 = span(E) | IAl=1), b =span(E) | [\ <1).

The fact that g; is not quasiunipotent implies that h # {0} and b~ # {0}; denote
by k the common dimension of h and h~. Let H, H°, H~ be the corresponding
subgroups of G. Note that H~ is a horospherical subgroup with respect to g;, while
H is horospherical with respect to g_1. (Recall that a subgroup

U(g) ={h € G| g'hg™" = easl— +oo}

of G is called horospherical with respect to g € G.)

Clearly the subalgebras b, h°, h~ are invariant under Ad g;, which implies that
the subgroups H, H°, H~ are normalized by F. Moreover, it is easy to show that
the inner automorphism ®; : G — G, g — ¢:99—+, t > 0, defines an expanding
automorphism of H:

YV compact K C H, YopenV C H,e€V, dtysuchthat t>ty= K C ®(V).

Similarly, the automorphism ®;, t > 0, is contracting on the subgroup H~ (that is,
®; 1, is expanding).

Since the group G can be assumed to be centerfree, it makes sense to consider a
Jordan decomposition g; = a;uy = uas, a; and u; being semisimple and unipotent
parts of g; respectively. Say that the flow (2, F') is semisimple if {u;} is trivial; say
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also that (Q, F) is essentially semisimple if {u;} is trivial modulo the centralizer
Z(H) of H in G (that is, if {u;} commutes with H). Let us note that these are in
fact properties of the subgroup F, not of its action on €.

In the flow (€2, F) is semisimple, the restriction of ®; to the subgroup o
H~HY is (locally) nonezpanding (cf. [Bow, EP]):

(1.1) Jc¢ > 1 such that Vr <1Vt >0 @t(é(r)) C B(er)

(here and hereafter B(r) stands for the open ball of radius r in H centered at e).

If {u;} is not trivial, (1.1) need not be true. However, ®, is still contracting
on H~, while the restriction of Adg; to h° lies in the product of a compact and
a unipotent subgroup of GL(H°). This means that ®; defines (locally) at most
polynomially ezpanding automorphism of H:

(1.2) Je> 1, s € Nsuch that V¢ > 1Vr <t &,(B(r)) C B(ct™r)

1.4. Animportant property of Hausdorff dimension that we will use is the following

Lemma (Marstrand Slicing Theorem, [Mrs or F, Theorem 5.8]). Let A and
B be metric spaces, and let C' be a subset of the direct product A x B. Assume that
either

(a) A has positive a-dimensional Hausdorff measure H,, and

(1.3) dim(C' N (z x B)) > 3

for Ha-almost every x € A, or

(b) A is a Borel set in a manifold, dim(A) > «, and the condition (1.8) is
satisfied for all x € A.

Then

(1.4) dim(C) > a+ (.

Proof. The standard version, as in [Mrs or F|, assumes (a); to derive (1.4) from
(b), note that by [Dav] (see also [F, Theorem 5.6]), A contains a subset of positive
o/-dimensional Hausdorff measure for any o/ < dim(A4). O

1.5. We will repeatedly use the fact that locally (in the neighborhood of identity)
G is bi-Lipschitz equivalent to the direct product of the subgroups H, H® and H~.
In particular, it makes it possible to reduce Theorem 1.1 to the following statement:

Theorem. For any x € Q2 Z and for any neighborhood V' of identity in H

dim({h € V | F*ha is bounded and FthaNZ = @}) = k.

Reduction of Theorem 1.1 to Theorem 1.5. Given a nonempty open W C €2, choose

a point x € W not contained in Z. After that take U C G of the form V-V V70,

where V=, V and V? are neighborhoods of identity in H—, H and H° respectively,
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such that the multiplication map V= x V x VY — U, (h=,h, hg) — h~hh®, is bi-
Lipschitz, the quotient map m, : G — €2, g — gz, is injective on U, and Uz is inside
W N Z. Then it is enough to show that

(1.5) dim({g € U | Fgz is bounded and Fgz N Z = &}) =n.

Let C be the set {h € U | F*hz is bounded and F+*hzNZ = &}. From Theorem
1.5 it follows that for any h® € VO dim(C' N VAY) = k. In view of Lemma 1.4, this
implies that the set C N VV? has dimension equal to n — k.

Claim. For all h € C there exists a neighborhood V= (h) of identity in H~ such
that V= (h)h C C.

Proof. For h € C, let (h) be the distance between disjoint closed sets Z and F'+hz.
Since the map ®, is contracting on H~ for ¢ > 0, one can find an open neighborhood
V= (h) of identity in H~ such that V= (h)h C U and diam(®,(V~(h)) < e(h)/2 for
any ¢t > 0. Then g,V ~(h)hx = ®(V~(h))g.hx is disjoint from Z for any ¢ > 0,
and clearly diam(F*V ~(h)hz) < e(h) + diam(Fhz). Therefore the trajectory of
any point from V= (h)hz is bounded and stays away from Z. [

Applying Theorem 1.5 (with F~ in place of F™ and H~ in place of H) to each
of the sets V= (h), h € CNVVY one gets that

VheCnVV® dim({h~ € V™ | Fh~hx is bounded and Fh~ha N Z = &}) =k,

and another application of Lemma 1.4 yields the equality (1.5). O

1.6. Since Hausdorff dimension of the union of a countable family of sets is equal
to the supremum of dimensions of these sets, Theorem 1.5 is equivalent to the
following statement, which is in fact what we will be proving in the course of the
paper:

Theorem. For any x € Q, x ¢ Z, there exist a sequence of neighborhoods Vs of
tdentity in H and a sequence of compact subsets Cs of Q@ Z, s € N, such that

(1.6) diam(Vy) — 0 as s — oo,
and
(1.7) dim({h € Vi | Ftha C Cs}) — k as s — .

§2. MIXING AND ITS CONSEQUENCES

2.1. Preliminaries

2.1.1. Let u, ji, m, m®, m~ be Haar measures on G, Q, H, H°, H~ respectively,

normalized so that i(2) = 1 = p(any fundamental domain of T'-action on G),

and p is locally almost the product of m™, m® and m. The latter, in view of [Bou,
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Ch. VII, §9, Proposition 13], means that u can be expressed via m, m® and m™ in
the following way: for any ¢ € L'(G)
(2.1.1)

| ety = [ oA dm () dm (1) dn(h).

where Ay is the modular function of the group H = H~ HO.
Observe that the measures u and m® are preserved by the automorphism @,
while for m and m™ one has ®;(m~) = e X'm~, and

(2.1.2) i (m) = eX'm,
where  is a positive number (equal to Trad Y|y, if Y € g is such that g; = exp(Y)).

2.1.2. It is well-known (cf. [Mol]) that the action of F' on Q is mizing. We will
use the following generalized version:

Theorem. Let ®, ¥ C L?(Q) be two compact (in the topology of L*(?)) families
of functions. Then for any € > 0 there exists T' > 0 such that

E>T=VpedvVyey ‘(gtw,iﬁ)—/wdﬂ/wﬂ‘ée
Q Q

(here (-,-) means the inner product in L*({2)).

Proof. Since F is not quasiunipotent, Ad F' is not relatively compact, so by [Mol]
the statement is true for one-element sets ® = {p} and ¥ = {4}, ¢, ¢ € L?(Q).
The general case then follows from the unitarity of the regular representation of G

on L3(Q). O

2.1.3. Our purpose now is to derive an analogue of the mixing property for func-
tions ¢ supported on certain proper submanifolds of {2. Denote by v the volume
form on H corresponding to the Haar measure m. Since g = Lie(G) is a direct sum
of h = Lie(H) and § = Lie(H), the projection g — b is well-defined and induces
the map p, : T,Q — T, (Hz) for any x € ). Thus the form v induces a k-form wy
on  given by (wy), = vodnr, ! op, (here 7, as before stands for the quotient map
G—Q, g— gr).

Let M be a smooth k-dimensional manifold, and let # be a C° immersion
M — Q such that 7(M) is transversal to the orbit Hr(y) for all y € M. Then one
can pull the form w,; back to get a k-form w, on M. Further, let f be a function on
M and v a function on 2. Then one can integrate the product f(y)Qp(W(y)) with
respect to w, and, furthermore, look at the asymptotics of [,, f(y)¥ (g7 (y)) wr
(which is by (2.1.2) equal to e X' [, f(1)¥(g:7(y)) wg,on ) as t — oo. We will
return to this level of generality in Appendix (Section A.7), while for the proof of
Theorem 1.6 it suffices to consider a special case M = H and m = 7., where x € ().

If f € L?(H) and = € Q, the integral [,, f(h)¢(g:mz(h)) wr, can be written as
[ F(h)Y(gehx) dm(h). Using (2.1.2), one gets

(2.1.3) / f(R)Y(gihx) dm(h) = e X / f(gthg—¢)(hgix) dm(h),
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the last integral being equal to [;; f(h)Y(gima(h)) wg,or, -

We will describe asymptotics of integrals of type (2.1.3) for large enough classes
of functions f and 1; moreover, our estimates will be uniform in x lying in a fixed
compact subset of ). However, additional assumptions on the subgroup F' will be
necessary.

2.2. Semisimple flows

2.2.1. The proof of the next proposition is based on Theorem 2.1.2 and the non-
expanding property (1.1) of ®;|5. Similar methods were developed in [Bow, EM,
EP, Mrc, Mrgl].

Proposition. Assume that F consists of semisimple elements. Let f € L?(H)
with compact support and a uniformly continuous 1 € L*(Q2) be given. Then for
any compact subset L of ) and any € > 0 there exists T > 0 such that

(2.2.1) ‘/H FR)(geha) dm(h / fdm/ wdu‘

forallx € L andt >T.

Proof. Since supp(f) and L are compact, and IT" is discrete, f can be written as a
sum of functions f;, 1 < j < N, with 7, injective on supp(f;) for all x € L and
for each j. Hence one can without loss of generality assume that the maps 7, are
injective on supp(f) for all x € L.

If f = 0 a.e., there is nothing to prove. Otherwise, denote by a the positive

number &(2 [} | f] dm)_l. Since 1 is uniformly continuous, there exists r, 0 < r <
1, such that

(2.2.2a) VheB(r)Vz e !@D(ﬁx) — @D(a:)’ <a.
We will choose this r small enough to ensure that
(2.2.2b) Yz e L m, isinjective on B(r) - supp(f).

Pick two nonnegative functions f~ € L2(H ™), f° € L?(H°) such that

(2.2.3) fTdm™ =1= odm°,
H- HO
and
(2.2.4) supp(f~) - supp(f°) € B(r/c) (with ¢ > 1 from (1.1)).

Then for any ¢ € R by (2.1.1)
f(h)Y(gthx) dm(h f~dm™ fPdm® | f(R)Y(gihz)dm(h)
N RLC = g [ e ] 0
= [0 £ hyianha) A (1) du(hnh).
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Now observe that

|0 (gshx) = (geh™ hoha)| = [W(giha) — ¢ ((®:(h™Rh°))gshx)| < a

(2.2.6) _ _ 0 0
whenever h™ €supp(f~) and h” € supp(f")

(this follows from (2.2.4), nonexpanding property (1.1) and (2.2.2a)). Hence
(2.2.7)

‘ / F By (gehax) dmi(h / ()1 h°>f<h>w<gth-h°h:c>Ag(h0>—1du(h—hom‘

)R F(h) ((gehar) — 4 (geh™ hOha)) Ag (R°) ™ dﬂ(h—hoh)'
< a/ | £ (R) fO(RO) F(R) AR (RY) Y| du(h™ hPh) = a/H |f| dm :g

Let ¢ be a function on H~HYH defined by ¢(h~h%h) = f~(h™) fO(R°) f(h) Az (hY) !
and denote by ¢, the function ¢ o ;1. Then, by (2.2.2b) and (2.2.4), ¢, is well
defined for all x € L, and

(2.2.8) /Q%dﬂ:/ecpdu:/Hfdm

(the last equality follows from (2.1.1) and (2.2.3)). Moreover,
(2.2.9)

/Gf_(h_)fo(ho)f(h)w(gth‘hohx)ﬁg(ho)_l du(h™h°h) = (0, 9—1¥) = (gpa, ) -

Since the family {¢, | z € L} is compact in L?(Q2), by Theorem 2.1.2 there exists
T > 0 such that for ¢t > T and for all z € L

‘gtsox, /fdm/wdu'sg

and the claim follows from (2.2.7), (2.2.9) and the above inequality. O

2.2.2. The assumption of the uniform continuity of the function 1) was essential
in the above proof. However, it is not hard to see that Proposition 2.2.1 also holds
for functions ¢ which can be approximated by uniformly continuous functions in
a suitable way. To better describe it, we make the following definition: for any
property P of measurable functions on a measure space X, say that a function ¢
almost has property P if there exist two sequences of functions {¢;} and {¢’} hav-
ing property P, such that one of them is nondecreasing (¢;+1 > ¢; a.e.), the other
one nonincreasing (90; 41 < 90;- a.e.), and both converge to ¢ almost everywhere.
The main example: characteristic functions of sets with null boundary in a metric
space with Borel measure almost have many nice properties, such as continuity or
infinite differentiability.
From Proposition 2.2.1 we now deduce the following
9



Corollary. Let F and f be as in Proposition 2.2.1, and let ¢ € L?>()) be almost
uniformly continuous. Then for any compact L C Q) and any € > 0, there exists
T =T(L,e) > 0 such that (2.2.1) holds for allz € L andt > T.

Proof. Without loss of generality one can assume that the function f is a.e. non-
negative. Indeed, if f = f; — fo is a difference of a.e. nonnegative functions, take
T such that

t>T=VzrelL ‘/Hfz(h) (gehx) dm(h /fzdm/@bd,u‘g

| ™

forv=1,2.
Let {¢;} be a nondecreasing sequence of uniformly continuous functions con-
verging to 1. For € > 0, find j such that

[ sam | [ vy dn- /wdu‘é

Then, using Proposition 2.2.1, find 77 > 0 such that

‘/f )i (geha) dm(h /fdm/wjd,ulg

for any t > T" and for all z € L.
Since f >0 and ) > 1); by construction, [, f(h)(gihx)dm(h) is not less than
[y F(h)Y;(geha) dm(h). Thus from the above inequalities it follows that

/f (geha) dm(h) > /fdm/wdu—e

for any ¢ > T’ and for all x € L. Repeating all the above argument with non-
increasing sequence of uniformly continuous functions approximating 1, one gets
T" > 0 such that

/Hf(h) (gehar) dm(h /fdm/z/)duﬂ

for any ¢ > T" and for all x € L, and it suffices to take T'= max(T', 7). O

wlm

DO ™

2.3. Essentially semisimple flows

2.3.1. Recall that if the unipotent part {u:} of {g:} is nontrivial, the restriction
;|7 does not have to be locally nonexpanding, so the above proof of Proposition
2.2.1 cannot be carried out. However, it turns out that if the subgroup {u;} is small
enough, one can prove a weaker (but still good enough for our purposes) version of
the estimates from the preceding section. Here “small enough” means “lies in the
centralizer Z(H) of H in G, that is, the flow (2, F') is essentially semisimple as
defined in Section 1.3.

The following lemma gives a large class of nontrivial examples of essentially
semisimple flows:
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Lemma. Let G be a direct product of G' and G” such that
(a) the projection of {at} onto G’ is relatively compact, and
(b) the projection of {u;} onto G" is trivial.

Then the flow (2, F') is essentially semisimple.

Proof. Indeed, (a) implies that H C G”, while {u;} C G’ by (b). O

2.3.2. To apply the above lemma, decompose the group G (assumed to be cen-
terfree) into a direct product of simple groups. Then say that a factor G; of G is
essential with respect to F if the projection of the semisimple part {a;} of F' onto
G; is not relatively compact. Denote by G¢ the product of all the essential factors,
and by G' the product of all other factors.

Corollary. Assume that all the essential factors of G are of R-rank 1. Then the
flow is essentially semisimple.

Proof. Indeed, the projection of u; onto G is a product of unipotent elements of
groups of rank 1, and each of these elements centralizes a non-compact torus in the
corresponding factor. Since the centralizer of a maximal torus for groups of rank
1 coincides with the torus itself, the projection of u; on each factor of G® must be
semisimple, hence trivial. On the other hand, the projection of {a;} onto G' is by
definition relatively compact, and the claim follows from Lemma 2.3.1. [

2.3.3. Observe now that if {u;} commutes with H, the integral (2.1.3) can be
written in the form

/H ()0 (g (1)) wr, = /H F(h)(acusha) dm(h)
- /H F(h)(ashugz) dm(h) = /H ) (a0 () s

This suggests that in order to estimate the asymptotics of the above integral, one
may wish to apply Proposition 2.2.1 to the semisimple part {a;} of {g:}. However,
to get a uniform estimate, one has to be sure that the points u;x lie in a fixed com-
pact set. This is made possible by the following theorem, describing nondivergence
of orbits of unipotent flows (€, {u;}):

Theorem [Dan4, DM]|. Let L be a compact subset of 2 and let o > 0 be given.
Then there exists a compact subset QQ = Q(L,o) of Q such that for any unipotent
one-parameter subgroup {u;} of G, any x € L and any T > 0

({te[0,T) | wzeqQ}) > (1-0)T,

where | denotes the Lebesgue measure on R.

2.3.4. Proposition. Assume that the flow (S0, F') is essentially semisimple. Then
for any compactly supported f € L?(H), almost uniformly continuous b € L*(2), a
compact set L C Q) and positive € and o, there exists Ty > 0 such that for all x € L
and T > T
[({t € [T,2T) | (2.2.1) holds}) > (1 —0)T .
11



Proof. Given o > 0 and a compact set L C €, take Q = Q(L,0/2) from Theorem
2.3.3. After that for any € > 0 put Tj to be equal to T'(Q, €) from Corollary 2.2.2.
Then it follows from the latter corollary that (2.2.1) is satisfied whenever w;z € Q.
Therefore for any «x € L and T' > Tj, one has

[({t € [T,2T] | (2.2.1) holds}) > I({t € [T, 2T | wz € Q})
>1({t€0,2T) |wz € Q}) —T >2T(1—0/2) - T,

which finishes the proof. [

2.4. Flows with property (EM)

2.4.1. We will show in this section that certain properties of representations of
semisimple groups allow one to derive an analogue of Proposition 2.2.1, valid, in
particular, for flows which are not essentially semisimple.

Denote by po the regular representation of G on the subspace LZ(Q) of L?(Q)
orthogonal to constant functions, and say that the flow (2, F') has property (EM)
(an abbreviation for exponential mixing, see Theorem 2.4.5 below for justification)
if

the restriction of pg to G° is isolated
(in the Fell topology) from the trivial representation.

Note that this condition, in particular, means that G is not trivial (there exists
at least one essential factor), hence F' is not quasiunipotent .

Lemma. Assume that there ewists an essential factor G’ of G not locally isomor-
phic to SO(m, 1) or SU(m,1), m € N. Then the flow (2, F') has property (EM).

Proof. Write G¢ = G’ x G” (G” being the product of all the essential factors of G
except G'), and consider a direct integral decomposition

(2.4.1) mm:/@®¢wm
X

where p/. and p!/ are irreducible representations of G’ and G” respectively. From
the irreducibility of the lattice I' it follows that py-almost all the representations
P, are nontrivial. Since G’ has Kazhdan’s property (T) (see e.g. [Cow, §2.3]), all
those representations are separated from the trivial representation of G’, which,
together with the decomposition (2.4.1), implies (EM). O

Note that, in view of Corollary 2.3.2, this lemma implies that the flow (2, F')
has property (EM) whenever it is not essentially semisimple.

2.4.2. Remark. It is well known (although we failed to identify the exact ref-
erence) that pg itself is isolated from the trivial representation. This means that
(EM) is satisfied whenever G = G*® (all the simple factors of G are essential with
respect to F'). In fact, it seems likely that the condition (EM) is always satisfied,
though we are not aware of the proof, if it exists.

12



2.4.3. It turns out that for the flows with property (EM) one can formulate a
refinement of the mixing property. Indeed, the condition (EM) allows one to make
use of the results on the decay of matrix coefficients of semisimple Lie groups. The
following exponential estimate is a modification of Theorem 3.1 from [KS].

Fix a maximal compact subgroup K of a connected semisimple Lie group G,
and denote by ¢ its Lie algebra. Take an orthonormal basis {Y;} of £ and set
T=1-> sz. Then Y belongs to the center of the universal enveloping algebra
of ¥ and acts on smooth vectors of any representation space of G.

Let a be a maximal split Cartan subalgebra of the Lie algebra g of G. Fix an
order on the roots, and let ¢ be a positive Weyl chamber; denote by ¢ half the sum
of the positive roots on c.

Theorem. Let G be a connected semisimple Lie group with finite center, and let
IT be a family of unitary representations of G such that the restriction of 11 to any
simple factor of G is isolated from the trivial representation. Then there exist a
universal constant B > 0, a positive integer | (dependent only on G) and a positive
integer p such that for any p € 11, any C*-vectors v, w in a representation space
of p, allY €ecandt >0

(24.2) [(p(exp(tY))v, w)| < Be™H P00 (w) 7! (w) |

Proof. Decomposing any p € II into a direct integral of irreducible representations
and using Cauchy-Schwartz inequality, one can without loss of generality assume
that II consists of irreducible representations. A. Katok and R. Spatzier, using
R. Howe’s estimates [H| for matrix coefficients of K-finite vectors, proved in [KS]
that (2.4.2) holds whenever an irreducible representation p of G with discrete ker-
nel is strongly LP. Then from M. Cowling’s results [Cow] they deduced that p
depends only on G if the latter contains no factors locally isomorphic to SO(m, 1)
or SU(m,1), m € N. However, using the argument from [Cow, §3.1], one can show
that all irreducible representations of G outside a fixed neighborhood of the trivial
representation are strongly LP for some p. U

2.4.4. Let us fix a Riemannian metric dist(-,-) on G bi-invariant with respect to

K.

Corollary. Let G, II, p, v and w be as in Theorem 2.4.3. Then there exist con-
stants E > 0, | € N (dependent only on G) and oo > 0 (dependent only on G and
IT) such that for any g € G

[(p(g)v,w)| < Bem W= (0) || (w)].

Proof. If ky exp(tY)ko, with ¥(Y) = 1, is the Cartan decomposition of g, one can
apply Theorem 2.4.3 to the subgroup exp(tY). O

2.4.5. We now return to the original problem and apply the above corollary to
simple factors of G*°.
13



Theorem. Let the condition (EM) be satisfied. Then there exist constants v > 0,
E >0, 1 €N such that for any two functions ¢, ¢ € Cg5,,,(Q) NL2(QY) and for any
t>0

(2.4.3) [(geo, ) < Ee™ [l 1], ,

where || - ||, means the norm in the Sobolev space W7 ().

In other words, if the flow has property (EM), the rate of mixing for smooth
functions is at least exponential.

Proof. Let G; be the simple factors of G, and let {g;;} and {g; ;} denote the
one-parameter subgroups of G which are natural projections of {g;} onto G; and
[1..; Gj respectively. From the definition of G° it follows that dist(e, gs,;) is for
any t > 0 bounded from below by 3t for some 3 > 0 whenever G; C G°. Hence by
Corollary 2.4.4 and property (EM), for any irreducible component p of pg one can
choose j such that G; C G° and for any two C*°-vectors v and w of p|g,

(2.4.4) [ (p(ge)v,w)| < Ee= T ()1 T" (w)]],

where I > 0, € N and a > 0 do not depend on p.

Now restrict p to the group G x {g; ;} and then decompose this restriction into a
direct integral of irreducible representations. Each of them will be a tensor product
of plg, and a one-dimensional representation of {g; ;}. Therefore the estimate

(2.4.3) for matrix coefficients (g:¢, 1) can be obtained by integration of inequalities
of type (2.4.4). O

Note that for Theorem 2.4.3 (resp. Theorem 2.4.5) to hold, it clearly suffices for
v and w (resp. ¢ and 1) to be C! for large enough I. Moreover, similar estimates
can be proved for Holder vectors — see Appendix.

2.4.6. Corollary. With the assumptions of Theorem 2.4.5, for any two functions
@, ¥ € C,,p () and for any t >0

\w,w ~ [ ein [ wdu‘ < Ee "ol 6]l

Proof. Apply (2.4.3) to the functions ¢ — [ @dp and ¢ — [, ¥dp. O

2.4.7. To make use of the above facts, let us list the simple properties of the
Sobolev norm || - ||, we will need.

Lemma. (a) Let X,Y be Riemannian manifolds, ¢ € Cg5,. (X)), ¥ € Cg,.(Y);
consider ¢ - as a function on X x Y. Then |¢ - |, < c(X,Y)|ell,ll|l,, where
c¢(X,Y) is a constant independent on the functions ¢ and .

(b) Let X be a Riemannian manifold of dimension N, x a point in X. Then
for any v, 0 < r < 1, there exists a monnegative function f € C25 (X)) such

comp

that supp(f) is inside the ball of radius r centered at x, [ f =1, and ||f||, <
c(X,z)r=UHN/2) where ¢(X, x) is a constant independent on r.

14



2.4.8. Proposition. Let the condition (EM) be satisfied. Then for any f €
Coomp(H), for any ¢ € CZ5,,,,(2) and for any compact subset L of Q there exists a

comp

constant C = C(f,, L) such that for all x € L and for any t > 0

(2.4.5) ’/H f(R)Y(gehz) dm(h / fdm/ wdu‘ < Ot

where A = 7/ (2l+1+25%) (v and | from Theorem 2.4.5), and q = »/(2l+1+25%)
(> from (1.2)).

Proof. The proof will basically go along the same lines as that of Proposition 2.2.1.
It clearly suffices to prove (2.4.5) for large enough t and for f such that the maps 7,
are injective on supp(f) for all x € L; then it can be extended to hold for arbitrary
f e o, (H) and t > 0 by appropriate variation of the constant C(f,, L).

If either f = 0 or ¥ = 0, there is nothing to prove. Otherwise, pick ¢ > 1, denote

by a the positive number t7e=* - ([, |f] dm)_l, and by r the positive number
a-d(p)~t, where d(v) et maxgcq |V (x)|. Then (2.2.2a) is satisfied, and making
t large enough one can satisfy (2.2.2b) as well.

Using Lemma 2.4.7, choose nonnegative functions f~ € Cg,.(H™), f° €
Ce (HO) satisfying (2.2.3) such that

comp

(2.4.6) supp(f~) - supp(f°) € B(r/ct”) (c and s from (1.2)),

and at the same time!

(2.4.7) | 7]l, < const - (r/ct%)(QH(n_k)/Q) ,

where f € COmp(ljl) is defined by f(h~h%) = f~(h™)fO(h®)A;(h°)~!. Then the
formula (2.1.1) implies (2.2.5), while (2.2.6) follows from (2.2.2a), (2.4.6) and at
most polynomial expanding property (1.2). Hence

(2.4.8)

] / F(hygehar) dm(h / ()1 h°>f<h>w<gth—h°hxmg<h0>—1du(h—h°h>]

)OO £ () ((guhr) — (geh~ WOha)) A () du(hhoh)’
/ 57RO £ A (h0) | diaeOB) = a [ | fldm = p1e
H

Define the functions ¢ and ¢, as in the proof of Proposition 2.2.1; then (2.2.8)
and (2.2.9) are satisfied, and by Corollary 2.4.6

\<gt%,w> [ gam [ wdﬂl < Be~ ol 1],

IThe values of constants in the proof are different and independent on ¢, f and .
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Observe now that

loall, = 11F - f1I,
(by Lemma 2.4.7) < const - || f|, || f]l,

(by (24.7)) < const - (£%/r)" "7 ||f],

n—k
2

20+
(by definition of r) < const - (t”_qevtd(w)/ | fl dm) IIf1,
H

2+ 23"
(by definition of ¢ and A) < const - t2e(7~N? (d(w) /H |/l dm> Il f1l,

Thus

20+ 25k
‘@%w - /H fdm /Q ¢du' < const - (7N (dw) /H |f|dm) TR

which, together with (2.4.8) and (2.2.9), finishes the proof. [

2.4.9. Corollary. Let the condition (EM) be satisfied. Let f be almost in CSS,,. (H),

comp

¥ almost in C22. (), and let L be a compact subset of Q. Then given any & > 0

comp

there exists T > 0 such that (2.2.1) holds for any x € L and t > T.

Proof. If f € C35,,,(H) and ¢ € CZ5,, (), for any € > 0 the estimate (2.4.5) gives
the value of T such that (2.2.1) is satisfied for all x € L and ¢t > T. After that one
can argue as in the proof of Corollary 2.2.2. [J

2.5. An application

We now unify the results of three preceding sections in the form which will be
used in the proof of Theorem 1.6. Let V be a subset? of H, K a subset of Q, z € Q
and t € R. Define the set

Viz,K,t)={h € gVg_s | hgrz € K} = &, (V N, (9_+K)).

In other words, h € V(z, K,t) if and only if h = ®4(h), where b’ € V and ¢g;h'z €
K. If f is the characteristic function of V' and v the characteristic function of K,
the measure of this set is equal to

25) m(V@K.0) = [ fahg-)ihga)dm(t) =< [ fm)laiha) dm(r).

2All the sets considered are Borel subsets of the corresponding measure spaces.
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Proposition. Let V' be a bounded subset of H with m(0V) = 0, K a bounded
subset of Q with @(0K) = 0, L a compact subset of Q. Then for any € > 0 and
o > 0 there exists Ty = T1(V, K, L,e,0) > 0 such that

T>Ty=VeelL [({te[T,2T]||leXm(V(z,K,t)) —m(V)i(K)| <e}) > (1-0)T.

Proof. Let f be the characteristic function of V', ¢ the characteristic function of
K. Clearly f is almost in Cg5,,,(H), and ¢ is almost in Cg5,,,(2), in particular,
almost uniformly continuous. Thus the proposition follows from Proposition 2.3.4
in the essentially semisimple case or from Corollary 2.4.9 in the (EM) case, once

the substitution (2.5) is made. O

Note that if the flow is either semisimple or with property (EM), Corollaries
2.2.2 and 2.4.9 imply the validity of the above proposition for ¢ = 0 as well.

§3. TESSELATIONS IN NILPOTENT LIE GROUPS

3.1. Let X be a (locally compact separable) topological space, m a Borel measure
on X, G a group of measure-preserving homeomorphisms of X. Say that an open
subset V' of X is a tesselation domain (cf. [Mag]) for G-action on X relative to a
(countable) subset A of G if

(a) m(0V) =0,

(b) v1 (V) N~2(V) = @ for different ;1,72 € A, and

(©) X =Uyear(V)-
For brevity, we will refer to the pair (V,A) as to the tesselation of X. The
following fact follows easily from the definition:

Lemma. If (V,Ay) is a tesselation of X, U C V, and (U,Ay) is a tesselation
of V' (with the topology and the measure coming from X ), then (U /Ay - Ay) is a
tesselation of X.

3.2. Example. The interior of a fundamental domain for a discrete group A acting
on X properly discontinuously is a tesselation domain relative to A. In particular,
the set Iy = {(z1,...,2x) | |z;| < 1/2} C R¥ is a tesselation domain relative to
ZF C G, where G is any subgroup of isometries of R¥ containing translations. Or,
more generally, for any R > 0 the set %I » C R¥ is a tesselation domain relative to
7.
3.3. Let now H denote a connected simply connected nilpotent Lie group of dimen-
sion k, acting on itself by right translations. The purpose of the next proposition
is to give an explicit construction of tesselation domains for this action. Note that
any nilpotent Lie group considered below will be understood to be equipped with
(left = right) Haar measure and right invariant Riemannian metric “dist”.

Let b be the Lie algebra of H. Pick a basis { X1, ..., X} of h such that R-spans
b of {X1,...,X;}, 7 =1,...,k, are ideals in h satisfying [, h;] C bh;_1, that is,
a strong Malcev basis of b (cf. [CG]). Here ho = {0}, and (at least) h; lies in the
center of . Note also that for any j, 0 < j <k, {p(X;+1),...,p(Xk)} is a strong
Malcev basis for /h;, where p is the quotient map b — b/b;.

Let () = Hy C Hy C --- C Hgx—1 C Hy = H be the central series of H
corresponding to the ideals b;, so that H; = exp(h;), 7 =0,...,k.

17



Proposition. For any r > 0 there exists a neighborhood V of identity in H,
diam(V') < r, which is a tesselation domain for the right action of H on itself.

Proof. As in the above example, let I} = {Z?Zl z;X; | |z;] < 1/2} be the unit
cube in the Lie algebra h of H. We will put V = exp(%[ k), where R is large enough
to ensure that diam(V’) < r, and then use induction on the dimension k of H to
prove that V is a tesselation domain for the right action of H on itself.

The basis of the induction is treated in Example 3.2. Suppose that the statement
is true for groups of dimension less than k. Let H be the quotient group H/Hjq,
6 its Lie algebra (isomorphic to the span of Xs,..., X as a linear space), p the
quotient map h — b, 7 the quotient map H — H. Then the set [ = p(%]k) is
the cube of sidelength % in 6 Clearly p o exp = exp o m, hence by the induction
assumption w(V) is a tesselation domain for the right action of H on itself; denote
by A C H the corresponding set of translations.

Let A C H be any section for A. Then it is clear that V = 71 (m(V)) is a
tesselation domain of H relative to A. But the group H; = exp(h;) acts on 1% by
left (= right, since it is in the center of G) translations, and one can easily show

that V' is a tesselation domain for this action relative to, say, A1 = exp(%ZXl).
By Lemma 3.1, (V,A; - A) is a tesselation of H. [

3.4. Let now (V,A) be any tesselation of H, ® an expanding automorphism of H,
and let ¢ be the contraction bound of ®~! on V, that is,

dist(CD_l(g), CD_l(h))
c= sup . )
g,h€V, g#h dlSt<ga h)

Define a function
fo(r) =m({h € H | dist(h,dV) < 7});

since m(OV) =0, f,(r) — 0 as  — 0. The next inequality helps one to estimate
the number of translates V~,~ € A, which lie entirely inside the expansion of V' by
the map ®.

Proposition.

Bl #{ye|vycar)y s m20) (1 - fv(c'diam(v’)) .

Proof. One has
#yeA|VyCco(V)}=#{yeA| D (Vy)CV}
=#{Ve NV NV £} —#{ye A2 (Vy) NIV # 2}.

Since (V,A) is a tesselation of H, the minuend is not less than m(®(V))/m(V),
while the substrahend is not greater than
m ({h € H | dist(h,0V) < diam(®~(V))}) - fv(c-diam(V)) - m(®(V))
m(®~1(V)) B m(V)?
and (3.1) follows. O

Y
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3.5. Corollary. Let {®;, t > 0} be a one-parameter semigroup of erpanding
automorphisms of H. Then for any tesselation (V,A) of H and any € > 0, there
exists To = To(V, A, ) > 0 such that

t>Ty = H#{yeA|VyC o (V)} > (V)

(1—¢).

Proof. Indeed, since the contraction bounds ¢; of ®; tend to 0 as t — oo, one has
fv (ct -diam(V)) — 0 as t — oo. Thus one can find T5 such that f, (ct ~diam(V)) <
em(V) fort > T,. O

3.6. We return now to the setting of §1, i.e. take H to be the horospherical subgroup
of {g:}, and ®; to be the restriction of the inner automorphism g — g:gg_; to H.
Let (V,A) be any tesselation of H, K a subset of Q, z € Q, t € R. Say that a
translation v € A is (z, K, t)-marked (or just marked, if the prefix is clear from
the context) if V+ lies entirely inside V(x, K,t), in other words, Vy C ®4(V) and
Vygir = ¢:®;7 1 (Vy)z ¢ K. We will also call marked the translate V- or Vv for a
marked v, and denote the nimber of (z, K, t)-marked translates by N(z, K,t).

The above results now allow one to deduce the following fact about tesselations
from the measure-theoretical estimate of Proposition 2.5:

Proposition. Let K be a subset of Q with i(0K) =0, L a compact subset of €.
Then for any r > 0 there exists a tesselation (V,A) of H such that
(a) diam(V) < r,
(b) for any e > 0 and o > 0 there ezists Ty > 0 such that
(3.2)
T>Ty=VzeL [({te[l,2T]|N(z K,t) > eX'((K)—¢)}) > (1—0)T,

and
(c) assuming 0 < 1 and T > Ty,

(3.3) Ve e L 3t(z) € [T,(1+0)T] such that N(z,K,t(z)) > X (a(K)—¢).

Proof. If i(K) = 0, there is nothing to prove. Otherwise, pick a compact subset
K’ of K with g(0K’) = 0, which satisfies i(K’) > u(K)—e/3 and lies at a positive
distance from the complement of K. Using Proposition 3.3, find a tesselation
domain V' C H such that VV 'K’ C K and diam(V) < r. Then (a) is satisfied;
moreover, for any t € R and = € ()

N(z,K,t) > N(z,VV 1K’ t)
=H#{yEAN|VyC (V) & Vygixz Cc VVIK'}
>H#{ye AN | VycC ®(V) & yvgiz Cc VTIK'}
>H{yeA|VyC (V) & Vygz N K' # o}

(

=#{yeA|VyCo(V)} —#{v €A [ Vg N K' = 2}.
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Now take Ty = max (T1 (V, K' L,em(V)/3, 0') from Proposition 2.5, To(V, A, 5/3)
from Corollary 3.5). Then the minuend is for all x € L and ¢ > T not less than
eX'(1 —e/3) by Corollary 3.5. On the other hand, for any = € L and T > Ty, the
substrahend is by Proposition 2.5 not greater than

m(@t(V)\V(x,K’,t)) ot (1 1
m(V) = (1 m(V)

extm(V(x,K’,t)))
<eXt (1 — ﬁ(m(V)ﬁ(K') — 8m(V)/3)) < ext(l — n(K) + 25/3)

for a set of values of ¢ € [T, 2T] with measure not less than (1 — 0)7T, and part (b)
follows; the statement (3.3) in (c) is clearly a direct consequence of (b). O

As before, one can remark that the above statements are true for ¢ = 0 if the
flow is either semisimple or with property (EM); in particular, one can then take
t(x) =T for all z € L.

3.7. In order to deduce a dimension estimate from the above proposition, it will
be convenient to use the density (relative measure) §(x, K,t) of all the marked
translates instead of the number N(z, K, t):

(3.4) 6(z, K, t) = m Uy is (@0 marked V) _ m(Uv is (z,K,t)-marked (I)t_l(V’Y)> '
. 8= m(@t(V)) - m(V) ;

this notation allows one to rewrite (3.3) as follows:

(3.5)
t>T = VzelL 3t(z)€[T,(1+0)T] suchthat 6&(z, K, t(z)) > @(K)—c.

§4. THE MAIN CONSTRUCTION

4.1. We start with the formal description of a construction (cf. [F, Mc, U, PW])
which has served as a basic source for producing fractal sets since the times of
Cantor and Hausdorff. In what follows, Ny will stand for the set of nonnegative
integers. Let X be a Riemannian manifold, m a Borel measure on X, Ay a compact
subset of X. Say that a countable collection A of compact subsets of A is tree-like
relative to m if A is the union of finite nonempty subcollections A;, j € Ny, such
that Ap = {Ao} and the following two conditions are satisfied:

(TL1) VjeN VA BeA; either A=B or m(ANDB)=0;

(TL2) VieN VBeA; JAcA;_; suchthat BCA.

Say also that A is strongly tree-like if it is tree-like and in addition

(STL) d;(A) L sup diam(A) -0 as j — oo.
A€A;
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Let A be a tree-like collection of sets. For each j € Ny, let A; = UAeAj A.

These are nonempty compact sets, and from (TL2) it follows that A; C A;_; for
any j € N. Therefore one can define the (nonempty) limit set of A to be

A = ﬂ A .
J€Ng

Further, for any subset B of Ay and j € N, define the jth stage density 6;(B, A)
of B in A by

0, ifm(B)=0
5j(B,A) = m(AjﬂB) . )
—m(B) , if m(B) > 0;

the condition (TL1) implies that §,(B,.A) < 1 for any B C Ay and j € N. Then
for any j € Ny define the jth stage density A;(A) of A by

AJ(A) = Biélflj 5j+1(B,.A) .

The following estimate, based on an application of Frostman’s Lemma, is essen-
tially proved in [Mc| and [U]:

Lemma. Assume that there exist constants D > 0 and k > 0 such that
(4.1) m(B(z,r)) < Dr*

for any x € Ay (B(z,r) being a ball of radius r centered at x). Then for any
strongly tree-like (relative to m) collection A of subsets of Ag

J—1 1
i—o0 log(x—77)
dim(A ) > k — limsup 0 EA’(A)
j—oo 10g(dj(A))

4.2. We are now ready to give a

Proof of Theorem 1.6. Recall that a point z € 2 \ Z is given. Pick a compact
set K C Q\ Z with g(0K) = 0 containing some neighborhood of z, and choose a
sequence 1y — 0, 7y <dist(x, 2\ K). Then, using Proposition 3.6 with » = r4 and
L = K, find a corresponding tesselation domain V', which will play the role of Vj
in Theorem 1.6. By the choice of the sequence {r;}, the set Vz is contained in K
and (1.6) holds.

Choose ¢ and o such that 0 < ¢ < p(K) and 0 < o < 1. Using part (b) of
Proposition 3.6, find Ty > 0 such that (3.2) holds. Choose T' = Ts > Ty such that
Ts — o0 as s — 00, and denote (1+0)T by T'. Then by (3.5), for any y € K there
exists t(y) € [T,T'] such that

(4.2) 5y, K, t(y)) > W(K) —¢.
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Now for all y € K define strongly tree-like (relative to the Haar measure m on
H) collections A(y) inductively as follows. We first let Ay(y) = {V} for all y € K,
then define

(4.3) Ai(y) = {D_y(,) (V) | v is (y, K, t(y))-marked} .

More generally, if A;(y) is defined for all y € K and i < j, we let

(44)  Aja(y) ={P_yy(Ay) [ v is (y, K, t(y))-marked, A € A;(vgey)y)}

(the sets A;(7g¢(y)y) are defined, since vg,(,)y € K by virtue of v being a marked
translation).

The properties (TL1) and (TL2) follow readily from the construction and V
being a tesselation domain. Also, since #(y) is for all y € K not less than T, from
(4.4) it follows that for all j € Ny and y € K, the constant d;(A(y)) is not greater
than diam(V) - (c;)?, where c¢; < 1 is the contraction bound of ®-! on V, and
therefore (STL) is satisfied. Moreover, (4.3) and the definition (3.4) of é(z, K, t)
imply that the density &;(V,A(y)) is for all y € K exactly equal to 6(y, k,t(y)).
Hence using (4.4), (4.2) and the relative ®;-invariance (2.1.2) of m, one can show
by induction that the jth density A; (A(y)) is for all y € K and j € Ny bounded
from below by i(K) — €. Finally, the measure m clearly satisfies (4.1) with some
positive D and k = dim(H), and an application of Lemma 4.1 yields that for all
ye K

jlog (7my=) log (zz7=2)
4.5) dim(As > k — limsup S =k ——Hmr)es

We now claim that for any h in the limit set A (x) of A(z), the trajectory
FThz is contained in some compact subset of . Indeed, for all y € K define a
sequence t;(y), j € Ny, as follows: let to(y) = 0 for all y € K, and then, if ¢;(y) is
defined for all y € K and ¢ < 7, let

(4.6) tiv1(y) = t(y) +t5(gep)y) -

From (4.4) and (4.6) it immediately follows that g, (,)A;(y)y C K for all y € K

and j € N. Recall now that V was chosen so that Ag(x)r = Vo C K, therefore
9t,(z)Aj(r)r C K for all j € Ng, which means that

(4.7) Vie€NgVheA(r) g@hr CK.

Now define the set

(0
U g:K, if Z is F'-invariant
=T
c=c,=¢ "
T
| 9K, if Z is F~-invariant.
\ t=0
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Clearly C' is compact and has empty intersection with Z. From (4.6) it easily
follows that the difference t; —¢;_; is for any j € N bounded from above by 17,
therefore

(4.8) VheA(r) FrhxcC.

As s goes to oo, T' = T also tends to infinity, thus the contraction bound c;
decreases to 0. Hence the right hand side of (4.5) tends to k as s — oo, which,
together with (4.8), finishes the proof of (1.7). O

4.3. One can notice that the invariance of the set Z to be avoided was used only
once — when deducing a statement about continuous orbits F*hz (cf. (4.8)) from
the corresponding statement about the sequence {g;, (,)hz} (cf. (4.7); see also the
proof of Lemma 5.1(a) below, which is a generalization of the same argument). In
other words, the construction presented above leads to the proof of the following

Theorem. Let G, T, Q and F = {g;} be as in Theorem 1.1, and let K be a subset
of Q with @(K) > 0 and p(0K) = 0. Then given any nonempty open subset W of
Q, >0 and o > 0, there exists Ty > 0 such that for any T > Tj

there exists a sequence 0 =tg <ty <--- <t; <... such that
dim ({:I:GW }) >n—e¢.

VjEN() TStj—tj,1§(1+U)T and gtijK

Moreover, if the flow is either semisimple or with property (EM), one can take
o=0andt; = jT. In other words, for any nonempty open W C £ and any € > 0,
there exists T > 0 such that for any t > T

dim({reW |VjeNy gpre K})>n—c¢.

§5. GENERALIZATIONS AND CONCLUDING REMARKS

5.1. To make the results below easier to state, let us introduce the following no-
tation. For a locally compact metric space X, let X™* denote the topological space
X U {oc}, with the topology defined so that the complements to all the compact
sets constitute the basis of the neighborhoods of {co}. In other words, for A C X,
the closure (in X™*) of A contains oo iff A is not bounded. Thus if X is compact,
oo is an isolated point of X*; otherwise X* is a one-point compactification of X.

Let now F' be any set of maps X — X. Say that a subset Z of X* is F'-escapable
if for any nonempty open subset W of X

dim({z € W | Fx N Z = @}) = dim(W),
with the closure taken in the topology of X*.

The main result of the paper, Theorem 1.1, can now be stated as follows:
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Let G be a connected semisimple Lie group without compact factors, I' an irreducible
lattice in G, F a (one-parameter or cyclic) nonquasiunipotent subgroup of G. Then
for any closed null subset Z of G/T which is invariant under either F+ or F~,
Z U {oo} is F-escapable.

Clearly any subset of an F-escapable set is F-escapable, and for any subset
F’ of F, any F-escapable set is F’-escapable. The partial converse for the latter
statement, as well as another easy but useful (see e.g. Remark 1.2) stability property
of escapable sets, are stated in the following

Lemma. (a) Let F and F' be sets of continuous transformations of X, and let
F" be a compact (in the compact-open topology) set of homeomorphisms X — X;
assume that I C F"F'. Then any F’-escapable subset of X* which is invariant

under (F")~1 (we set f(o0) = oo for any map X EA X ) is F-escapable.

(b) Let X 5 X be a locally bi-Lipschitz covering of metric spaces, and F a set

of maps X — X which factor through @ (so that elements of ,F def poFop™! are

transformations of X). Then Z C X* is ,F-escapable if and only if ¢~ (Z) (here
p(00) = o0) is F-escapable.

Proof. For part (a), let Z C X* be (F")™l-invariant; we will show that the set
{x € Q| FxNZ = @} contains {x € Q | F'x N Z = @}. Take z from the latter
set, then for any f € F”, f(F'x)NZ C f(F'x)N f(Z) = f(F'xN Z) = @, and
by compactness of F"”, the closure of F”'F’'x for x as above has empty intersection
with Z.

For (b), let Z € X* be such that ¢~(Z) is F-escapable. Take a nonempty
open set W C X small enough for ¢ ~1(W) to consist of finitely many open sets
bi-Lipschitz homeomorphic to W; let W be one of these sets. Then © gives a one-to-
one correspondence between {z € W | FtNy ™ (Z) = @} and {x € W | ,FxNZ =
@}, while the dimension of the former set is equal to dim(W) = dim(W) by the
assumption; hence Z is ,F-escapable. The proof of the converse statement goes
along the same lines; see also Remark 1.2. [

5.2. Our goal now is to extend the class of groups G for which the statement similar
to that of Theorem 1.1 is true. First let us consider the special case Z = @, the
subject of Conjecture (A) from [Mrg2].

Let G be a connected Lie group, I' a lattice in G, F' a subgroup of GG. Say that the

flow (G/T', F') has property (Q) if for any connected normal subgroup N C G with

the quotient map p: G — G’ ©a /N such that G’ is semisimple without compact

factors and p(I") is an irreducible lattice in G’, at least one of the following three
conditions is satisfied:

(Q1) p(I') is cocompact in G';

(Q2) Adp(F) is relatively compact;

(Q3) p(F) is not quasiunipotent.

Note that if the flow is semisimple, then for any such p the subgroup p(F') satisfies
either (Q2) or (Q3); therefore any semisimple flow has property (Q).
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Theorem. Let G be a connected Lie group, T' a lattice in G, Q = G/T, F a
(one-parameter or cyclic) subgroup of G. The following are equivalent:

(a) {oo} is F-escapable;

(b) (2, F') has property (Q).

Proof. First let us show that (a) implies (b). Let p be such that neither of the
conditions (Q1), (Q2) and (Q3) holds, in other words, €’ et G’ /p(T") is not compact,

ol p(F') is quasiunipotent, and Ad F’ is not relatively compact. Then F’ can
be expressed as F.F,, where F. and F, are commuting (one-parameter or cyclic)
subgroups such that Ad F, is relatively compact and F,, is a nontrivial unipotent
subgroup. Dividing by the center of G’ and applying the argument similar to that
of Remark 1.2 and the proof of Lemma 5.1(b), one can show that for any = € /|
the orbit F’x is bounded if and only if F,x is bounded. Hence one can assume that
F' is unipotent. The results on closures of unipotent orbits [Rat2, see also DM,

Theorem 3] imply that the set A’ et {z € Q' | F'z is bounded} lies in a countable
union of proper submanifolds of €2’. Denote by p the induced map of homogeneous
spaces Q — Q. Then the set {x € Q | Fz is bounded} is contained in p=1(A’),
and by Wegmann’s Product Theorem [Weg], the latter set has dimension at most
dim(G) — 1.

Now assume that (b) is satisfied. First consider the case when G is connected
semisimple without compact factors and (see Remark 1.2) with trivial center. Let
G1, ..., Gy be connected normal subgroups of G such that G = Hézl Gi, GiNG; =
{e} if i # 5, T'; = G; N T is an irreducible lattice in G; for each i, and Hi:l I'; has
finite index in T'.

Take any i € {1,...,l}. Denote by p; the projection G — G;, and by ; the
homogeneous space G;/p;(I'). By assumption (b), at least one of the conditions
(Q1), (Q2) or (Q3) (with p; in place of p and G; in place of G’) is satisfied. Denote
by A; the set {x € Q; | p;(F)z is bounded}. If either (Q1) or (Q2) holds, then
every orbit is bounded, so clearly for any nonempty open W, C €2;, the dimension
of W; N A4; is equal to dim(G;). By virtue of Theorem 1.1, this equality still holds
if (Q3) is satisfied. This implies, in view of Wegmann’s Theorem or Lemma 1.4,
that for any nonempty open W C Hizl Q;, the dimension of the set {xr € W | Fx
is bounded} is equal to the dimension of G. Then (a) follows from Lemma 5.1(b)
and the fact that Q is a finite covering of Hézl 0, =G/ Hézl pi(T).

Consider now the general case. Denote by R(G) the radical of G. Then G/R(G) =
Go X G’, where GG is compact and G is connected semisimple without compact fac-
tors. Let 7 : G — G be the canonical projection, then (cf. [Rag, Chapter 9] or
[Danl, Lemma 5.1]) T def 7(T) is a lattice in G. Denote by ) the homogeneous
space G/T, and let A be the set {z € Q | 7(F)z is bounded}. Since G is a quo-
tient group of G, property (Q) for the flow (€2, F') implies the same property for
(Q, w(F )) Therefore, by the first part of the proof, for any nonempty open W
the dimension of A NW is equal to dim(G).

Denote by 7 the induced map of homogeneous spaces {2 — Q. Since (cf. the
second part of the same lemma from [Danl]) Kerm N I' is a uniform lattice in
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Ker 7, the preimage 7~ !(z) of any point z € ) is compact. Therefore the F-orbit
of any point from 7#~1(A) is bounded, while Wegmann’s Theorem implies that the
intersection of 7#7!(A) with any nonempty open subset of 2 has full dimension. [

5.3. The same argument as in the proof of (b)=-(a) leads to the following

Theorem. Let G, I', Q and F be as in Theorem 5.2, and let Z C §2 be invariant
under either ™ or F~. Assume that for any connected normal subgroup N C G

with the quotient map p : G — G’ def G/N such that G' is semisimple without
compact factors and p(T') is an irreducible lattice in G',

(a) p(F') is not quasiunipotent, and

(b) the closure of p(Z) (here p is the induced map of homogeneous spaces 2 —
G'/p(')) has Haar measure 0.

Then Z U{oo} is F-escapable.

We conjecture that this theorem is still true if the cumbersome condition (b) is
replaced by “the closure of Z has measure 0” as in Theorem 1.1.

5.4. Our next objective is to treat the case of disconnected groups. Let GO be
the connected component of identity in a Lie group G. If I' C G is a lattice,
the subgroup GT is of finite index in G, thus = G/T consists of finitely many
connected components €1, . .., €, the component €25 of [e] being naturally identified
with 0 &' G°/(G°NT) = GOT'/T. In this situation, the case F' = {¢* | i € Z}, with
g not contained in G°, requires separate treatment. First let us consider subgroups
F which are contained in G° (in particular, one-parameter subgroups of G).

Theorem. Let F be a class of subsets of G° which is invariant under all inner
automorphisms of G, and for any F € F, let G(F) be another class of subsets of
GO such that the correspondence G is also invariant under inner automorphisms of
G. Then the following are equivalent:

(a) for any F € F and for any closed null Z C Q which is invariant under at
least one of the sets in G(F), Z U {0} is F-escapable;

(b) for any F € F and for any closed null Z% C Q° which is invariant under
at least one of the sets in G(F), Z° U {oo} is F-escapable.

Proof. Since QU is one of the connected components of €, (a) trivially implies (b).
For the converse, choose an element g; in each coset of G/G°T" (g1 = e), then left
multiplication by g; gives a bijective map Q° — ;. Given an open nonempty set
W C  and a closed null Z C €, for any 7, 1 < j <, define W; = W N, and
Z; =7ZNQ,;.

Take any F' € F; since F' C GY, it leaves each of the components {2; invariant.
Therefore, the set {x € W | Fx N (Z U {oo}) = @} is the union of [ sets
(5.1)

{w € W; | Fan(Z;U{c0}) = @} = gi{x € g; ' W; | g; ' Fgjan(g; Z;0{cc}) = 2} .

Let F' € G(F) be such that Z is F’'-invariant. Take j, 1 < j <[, such that W;

is nonempty. Clearly the closed null set Z; is F’-invariant, hence the closed null

subset gj_le of Q0 is invariant under gj_lF 'gj. Since F and G are invariant under
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inner automorphisms of G, gj_lF g; € F and gj_lF 'g; € G(F). Thus, by assumption
(b), at least one (with j as above) of the sets (5.1) has full Hausdorff dimension. [J

5.5. Corollary. Let G, Q, G° and Q° be as in Section 5.4, and let F' be a (one-
parameter or cyclic) subgroup of G°. Then the following are equivalent:

(a) {0} C Q* is F-escapable;

(b) (Q°, F) has property (Q).

Proof. Consider the class F of subgroups F' C G such that the flow (Q°, F) has
property (Q), with the correspondence G(F) = {G°} for any F' € F. Clearly both
F and G are invariant under inner automorphisms of GG, therefore one can combine
Theorems 5.2 and 5.4 to get the desired statement. [

5.6. Before considering subgroups of the form {g° | i € Z} with g not contained
in G°, we will prove an auxillary result which seems to be of independent interest,
indicating yet another direction for the generalization of Theorem 1.1.

Theorem. Let G, T and €2 be as in §1, and let g and v be two elements of G such
that g is not quasiunipotent and v normalizes I'. Define the map f : Q — Q by
f(hT) = ghnT', h € G, and denote by F the cyclic subgroup generated by f. Then
for any closed null subset Z of ) which is invariant under either f or f=1, ZU{oo}
15 F'-escapable.

Proof. Denote by I the normalizer of I' in G. Then it is known [Rag, Corollary

5.17] that I' is a lattice in G containing I', therefore Q is a finite covering of the

homogeneous space ' a /I, and the covering map ¢ sends the transformation

f of © to the left multiplication by g in Q'. In other words, ,F can be identified
with the cyclic subgroup generated by g. For any closed null subset Z of 2 which
is invariant under either f or f=!, ¢(Z) will be closed, null and invariant under
either g or g™, hence , F-escapable by Theorem 1.1. Lemma 5.1(b) now implies
that the set ¢~ (¢(Z)) (which contains Z) is F-escapable. [

5.7. Theorem. Let G be a semisimple Lie group such that G° is without compact

factors, T' a lattice in G such that I'° LGNt is irreducible, and let F' be a (one-
parameter or cyclic) nonquasiunipotent subgroup of G. Then for any closed null
subset Z of Q0 which is invariant under either F+ or F~, Z U {oo} is F-escapable.

Proof. The case F' C G follows from Theorems 1.1 and 5.4 (in the latter, F stands
for the class of (one-parameter or cyclic) nonquasiunipotent subgroups of G°, with
G(F) = {F*t ,F~} for F € F). Now pick any (nonquasiunipotent) g € G; since
GT is of finite index in G, one can find » € N such that ¢g" € Nhea h~1G°Th, then
g" leaves invariant every connected component 2; of ). Arguing as in the proof of
Theorem 5.4 and using Lemma 5.1(a), one can reduce the problem to studying the
action of g" on 0.

Write g” in the form Ay, where h € G° and v € I'. For any s € N and any
g" € G°, multiplication by ¢"* sends ¢°T'° to ¢"*¢°y°T" = ﬁysgov_sf‘o, where h
is an element of G° dependent on s. Since G is a connected semisimple group
assumed to be centerfree (see Remark 1.2), the group of its inner automorphisms
has finite index in Aut G°. Thus for some s € N, v = az, where a € GY and z
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lies in the centralizer of GV in G. For this s, multiplication by g™ sends ¢°T'° to
ﬁagoa_lFO.

Observe now that a=! = 4~z lies in the normalizer of I'* in G°, and ha = ¢"*z~!
is a nonquasiunipotent element of G°. Therefore Theorem 5.6 implies that for any
closed null subset Z of Q° which is invariant under the action of either g or g1,
Z U {oo} is {g™* | i € Z}-escapable, and another application of Lemma 5.1(a)

finishes the proof. [

The above proof shows that the statement of the main result (the analogue of
Theorem 5.2 and Corollary 5.5) for the general case of a Lie group G and any
nonquasiunipotent cyclic subgroup F' of G would be more complicated. However,
one can modify the proof of Theorem 5.2 to show that {oo} is F-escapable for any
(one-parameter or cyclic) F' which consists of semisimple elements.

5.8. Let G be semisimple without compact factors, and I" irreducible and nonuni-
form (that is, the homogeneous space {2 noncompact). Then from Theorem 1.1
and the ergodicity of F-action on (2 it follows that for a dense subset €2, of (2 the
closure of the orbit Fx has Haar measure 0 for any = € 2. Applying Theorem 1.1
with Z = ngl F—xj, where x1,...,2; are from 2., one can estimate the dimension
of the set of points whose orbits are bounded and stay away from any given finite
subset of this dense set.

Theorem. Let G, Q, F and Z be as in Theorem 1.1; assume that §2 is not compact.
Then there exist a set Q satisfying dim(WNQ ) = n for any nonempty open subset
W of Q, such that for anyl points x1,...,x; € Qp, l € N, the set ZU{x1,...,x,00}
18 F'-escapable.

Conjecture (B) in [Mrg2| states that the above (with Z = @) should be true
without any restrictions on G, €2 and the choice of the points x;; this is going
to be the topic of a forthcoming paper. Let us note that related problems were
considered in [Dan5] for endomorphisms of tori and in [U] for Anosov flows on
compact Riemannian manifolds.

5.9. A special case of the flows studied above is the geodesic flow on the unit
tangent bundle SM of a Riemannian manifold M of constant negative curvature
and finite Riemannian volume. Since the ambient group in this case has R-rank 1,
the fact that the set of points in SM with bounded geodesics has full Hausdorff
dimension follows from the result of Dani [Dan3] (see also [AL] for a strengthening
of this result). In [Dan3] it was asked whether an analogous statement would be true
for manifolds of variable negative curvature. A certain progress in this direction
has been recently obtained by D. Dolgopiat [Do].

It is worthwhile to note that in [Do] the case of infinite volume is also considered,
the goal being to prove that the set of points in SM with bounded geodesics has
the same Hausdorff dimension as the set of points with geodesics returning to some
compact subset of SM infinitely often. In the case when M is a rank-1 locally
symmetric space this is done in [BJ] and [Do]. It would be certainly interesting to
know whether a similar assertion holds for flows on homogeneous spaces of higher
rank semisimple Lie groups.
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APPENDIX

A.1. The first estimates on the decay of matrix coefficients of KC-finite vectors (K a
maximal compact subgroup of a semisimple Lie group G) appeared in the work of
Harish-Chandra, and then were refined by several people. Katok and Spatzier [KS]
used Howe’s estimates [H] for the IC-finite case, as well as Cowling’s results [Cow]
on strongly LP representations, to prove their exponential estimate (cf. Theorem
2.4.3 above) for C*>-vectors. Here we will use their treatment of C'*°-case to show
exponential decay of matrix coefficients of Holder vectors. This was done earlier
for certain special cases by C.C. Moore [Mo2] and M. Ratner [Rat1].

Let GG be a Lie group with left Haar measure pu, p a unitary representation of G
on a Hilbert space H. Say that a vector v € H is Holder with exponent o > 0 if

geG—{e} diSt(ev g)a

we will refer to the number C' as to the a-Holder coefficient of v, and say that the
vector v is (C, a)-Hélder, or a-Hélder, if the coefficient C' is irrelevant.

A.2. Remark. For r > 0, denote by B(r) the open ball in G of radius r centered
in e. The representation p can be extended to the Banach algebra L'(G): for
¢ € LYG) and v € H, p(p)v et Jo e(9)p(g)vdu. Clearly the norm of p(p) is
not greater than the L'-norm of ¢: for any v € H, ||p(¢)v| < [loll,, llv|l. It is
also clear that if v is (C, a)-Holder and ¢ is a.e. nonnegative with [[¢]| , =1 and
supp(p) C B(r), then [|p(p)v —of < Cr.

A.3. Let £ be the Lie algebra of a maximal compact subgroup K of G, and, as in
Section 2.4, denote by T the element 1—3_ Y7, where {Y}} is an orthonormal basis
of . We will need the following simple

Lemma. (cf. Lemma 2.4.7(b)) There exists a constant Ay dependent only on G
such that if 0 < r < 1 andl € N, one can find a nonnegative function p € C2_ (G)

comp
with supp(p) C B(r), [4edu =1, and | T p)|,, < Air—2h
A.4. Theorem. Let G, a, ¢, ¥ and Il be as in Theorem 2.4.3, and let v;, 1 = 1,2,

be (C;, «;)-Hélder vectors in the representation space of p € I1. Then for anyY € ¢
and for any t > 0

_ 1€
[ (p(exp(tY))v1,v2) | < (A3Bllosllloz]] + Calloal] + Callon | + CaCa)e 50D,

-1

where & = (1 + j—ll + 2—2) , B, p andl are from Theorem 2.4.3, and Ay is from
Lemma A.S.

Proof. Take a; > 0, ap > 0, r; = e_t;_r)lﬂ(y), ro = e_?_z?ﬁ(y). Using Lemma A.3,
find nonnegative C*-functions o1, @2 on G with [ ¢;dp =1, supp(p;) C B(r;)
and

(A1) I (a)ll,, < Avry™
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(1 =1,2). Clearly p(p1)v1 and p(p2)ve are C*°-vectors, and (see Remark A.2)
(A.2) lp(pi)vi — vil| < Cori

(i=1,2).
We now apply Theorem 2.4.3 to the vectors p(¢1)v1 and p(p2)ve:

| (p(exp(tY)) p(1)vr, plw2)vz) | < Be™ 2T (p(01)01) 1T (p(02)02) |
= Be~ %" p(T (1)) v [[[|p (T (02)) 2]
(see Remark A.2) < Be™ % )| T (1), [T (02)]l,, loall o]
(by (A1) < A3Be™ 2 )22y [ |vs |

(by definition of r; and r9) < A%Be*%ﬂ(y)(lﬁlal*%a?)||1)1||||v2|| .

From (A.2) and the unitarity of p it follows that

| (p(exp(tY)) (p(p1)v1 — v1), pla)va) | < Crrst|va|| = Cy[|vg||e” 25 P ere
| (p(exp(tY))v1, p(2)v2 — v2) | < Corg? vy = Callvy [|le™ 257 Iezez
| (p(exp(tY)) (p(p1)vr — v1), p(p2)v2 — v2) | < CLCor{ rs? = C) Cpe™ 2 VY)(@antazaz)

Therefore
(A.3)

|(p(exp(tY))vr,v2)| < [(p(exp(tY)) p(w1)v1, p(w2)va)| + | (p(exp(tY))v1, p(pa2)va — v2)]
+(p(exp(tY)) (p(p1)vr — v1), p(w2)v2)| + | (p(exp(tY)) (p(p1)v1 — v1), p(w2)v2 — v2)]
< AfBe” 3 MU g, g | + ooy [le 2Pz

+ ClHUQHB_ﬁﬁ(Y)alal + Clc2e—ﬁ19(Y)(a1a1—|—a2a2) '

Now choose a1 and ag such that

2l 20\ "
a1a1:a202:1—2la1—2la2:§: 1_|___|__ .
a1 (5]

Then from (A.3) one gets

2t¢

_ e
[(p(exp(tY))vr,v2)| < (A2B|lvy|||[vall + Cillvall + Callvr||)e™ 27D + Cy Coe™ 2 P
_t&
< (A2BlJor |[[[va]l + Ci[lval| + Colfor || + C1Co)e™ 27,

which is exactly the desired statement. [J
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A.5. Let now G, T and Q be as in Theorem 1.1, and let {g; | ¢ € R} be a one-
parameter subgroup of G such that the condition (EM) is satisfied.

Theorem. There exists a constant Ay > 0, dependent only on G, such that if
¥ € LA(Q), i = 1,2, are (Ci, a;)-Hélder, then for any t >0
(g1, 92)| < (A2E[[@nlllshal + Cillpe|| + Callgn]| + C1C2)e™ ",

where v, E and | are from Theorem 2.4.5, and n = (1 + ail + a%)_l.

The proof is based on the same kind of argument that was used in the proofs
of Theorems 2.4.5 and A.4. (Instead of functions ¢, w2 on G one should consider
C*° functions supported in suitable neighborhoods of identity in the group G°.)

A.6. Say that a function on a metric space X with distance “dist” is a-Holder, if

[f(z) = f(y)]

sup — Y <
z,yeX, x#y dlSt(l‘7y)O‘

Clearly if T is a closed subgroup of a Lie group G, then any Holder square-integrable
function on G/T" is a Holder vector of a regular representation of G on L?(G/T).
The following Hélder analogue of Proposition 2.4.8 can be proved:

Proposition. Let the condition (EM) be satisfied. Then for any ay-Hélder com-
pactly supported function f € L*(H), for any as-Hélder function ¢ € L*(Q) and
for any compact subset L of ), there exists a constant C = C(f,, L) such that for
all x € L and for anyt >0

e / F(gchg—o)b(hgu) dm(h) — /fdm/wdn\ < Ce <

where

l — k43l 3(n-—k) A
sz(b%—+n t3, 3 )4Jn2)> :

aq (0%) Q10 Qs
with v and | from Theorem 2.4.5.

An indication for the proof is given in the next section, where a more general
theorem is considered. Note that one of the reasons why the Holder setting for this
situation seems to be natural is that the constant d(¢)) which appears in the proof
of Proposition 2.4.8 is nothing but the Holder coefficient of ¢ corresponding to the
exponent 1.

A.7. Finally, we note that similar methods can be applied to the situation of
Section 2.1.3, where we considered integrals of type [, f(y)zb(gtﬂ(y)) wo(y) (M
being a k-dimensional manifold and 7 an immersion M — () with image transversal
to the H-orbit foliation at any point). More generally, one can prove the following
generalization of the above proposition:
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Theorem. Let M be a smooth k-dimensional Riemannian manifold, and let {m, |
q € Q} be a compact family of C* immersions M — Q such that w,(M) is transver-
sal to the orbit I:Iﬂ(y) for every g € Q and y € M. Denote by w, the pullback of
the form wy to M via my. Further, let {f, | ¢ € Q} be a family of functions on M
with common compact support My such that f, are uniformly o-Hélder for some

ay > 0, that is
sp  Hal®) = foW)l
G€Q, wyeM, iy dist(z,y)*
Assume that the condition (EM) is satisfied. Then for any as-Hélder function

Y € L2(Q) there exists a constant C = C({my},{f4}, %) such that for all ¢ € Q and
t>0

< 0.

(A4) | /M Fal) (gema(y)) waly) — /M fya / wdp| < Ce¢t,

where ¢ 1s as in Proposition A.6.

Sketch of proof. Using a smooth partition of unity on My, one can assume that all
the immersions 7, are injective when restricted to Mj. Similarly to what was done
in the proof of Proposition 2.4.8, for large enough ¢ choose r = e~% and «;-Holder
nonnegative functions f° on H® and f~ on H~ satisfying

fTdm™ =1= fOdm® and supp(f)-supp(f°) c B(r?),
H- HO

and such that the Holder coefficient of f~-f? is bounded from above by const-r—2("—k+a1),
Then, using f~, f° and f,, build an a;-Hdlder function on 2, and apply the aver-
aging trick (with radii r; = e=*7" and ro = e~ 27") from the proof of Theorem A.4

to the latter function and v to get an upper estimate for the left hand side of (A.4),
which can be then minimized by choosing appropriate values of the parameters a,

a1 and as. The critical values satisfy the following system of equations:

( =aga=7(l-la; —lay)— (n—k)a = yasas — (n—k)a = yaya; —2(n—k+aq)a,

which yields the value of { as in the Proposition A.6. [J

A.8. Corollary. Let, as before, K stand for a mazximal compact subgroup of
G, and let v be a normalized Haar measure on KC. Let {g:} be a one-parameter
subgroup of a mazximal split torus of G such that the flow (Q,{g:}) has property
(EM). Then for any a-Hélder function v in L*(Q) the spherical averages of v
converge exponentially to fQ Wwdp. More precisely, for any compact subset L of €}
there is a constant C = C(¢, L) such that for allt >0

(A5) | tahay vty = [ ] < ceor,

where

«a a?
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is the value of ( from Proposition A.6 corresponding to a; = 1 and as = .

Sketch of proof. Consider a smooth finite partition of unity {f;} on (KX N H)\K
subordinate to a covering {U,} such that the bundle K — (K N H?)\K is trivial
over each of U;. For each j choose a smooth section ¢; : U; — K, then for any
x € Q, the set ¢(U;)z will be transversal to the orbit Hz. Thus one can apply
Theorem A.7 to f;, the immersions {7, o ¢; | € L} and to the function obtained
from 1) by averaging over the translations by elements of XN H?. O

Note that under the assumption that the flow (€, F') is semisimple, one can
prove in the above corollary (resp. Theorem A.7) that the left hand side of (A.5)
(resp. (A.4)) tends to zero as t — oo.
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