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Abstract. Let Y0 be a not very well approximable m × n matrix, and
let M be a connected analytic submanifold in the space of m× n matrices
containing Y0. Then almost all Y ∈ M are not very well approximable.
This and other similar statements are cast in terms of properties of certain
orbits on homogeneous spaces and deduced from quantitative nondivergence
estimates for ‘quasi-polynomial’ flows on the space of lattices.

Dedicated to S.G. Dani on the occasion of his 60th birthday

1. Introduction

This work is motivated by a result from a recent paper [D2] by S.G. Dani.
Let G be a connected Lie group and Γ a lattice in G. Suppose a is a semisimple
element of G, and let

U = {u ∈ G : a−nuan → e as n→∞}
be the expanding horospherical subgroup with respect to a. Now suppose
that U is not contained in any proper closed normal subgroup of G, take an
arbitrary sequence of natural numbers nk → ∞, and denote by A the set
{ank : k ∈ N}. Then it follows from results of N. Shah [Sh1] that for any
x ∈ G/Γ, the set {

u ∈ U : Aux is dense in G/Γ
}

(1.1)

has full (Haar) measure.
One of the themes in [D2] is a close investigation of sets of type (1.1).

Namely, the following is a special case of [D2, Corollary 2.3]:

Theorem 1.1. Let G, Γ, a, A and U be as above, and let {ut : t ∈ R} be a
one-parameter subgroup of U . Suppose that for some t0 ∈ R and x ∈ G/Γ,
Aut0x is dense in G/Γ. Then Autx is dense in G/Γ for almost all t ∈ R.

In other words, an interesting dichotomy takes place: either a one-parameter
subgroup of U is contained in the complement to the set (1.1), or it intersects
it in a set of full measure.

In this note we discuss other situations where analogous conclusions can be
derived. That is, we consider certain properties of points in a big ‘ambient’ set
(U in the above example) which happen to be generic (satisfied for almost all
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points in that set), and show that some ‘nice’ measures µ on this set satisfy a
similar dichotomy: that is, those properties hold either for µ-almost all points,
or for no points in the support of µ. In particular, such a phenomenon has
been observed in metric theory of simultaneous Diophantine approximation,
which will be the main context in the present paper. For positive integers
m,n, we denote by Mm,n the space of m × n matrices with real entries; this
will be the ambient space of our interest. We will interpret elements Y ∈Mm,n

as systems of m linear forms in n variables. Properties of Y of our interest will
be cast in terms of existence or non-existence of not too large integer vectors
q ∈ Zn such that dist(Y q,Zm) is small. Here are two examples.

Definition 1.2. The Diophantine exponent ω(Y ) of Y ∈ Mm,n is the supre-
mum of v > 0 for which

dist(Y q,Zm) < ‖q‖−v for infinitely many q ∈ Zn . (1.2)

Here ‖ · ‖ and ‘dist’ depend on the choice of norms, but the above definition
does not. It is easy to see that ω(Y ) = n/m for Lebesgue almost all Y ∈
Mm,n; those Y for which ω(Y ) is strictly bigger than n/m are called very well
approximable (VWA).

Definition 1.3. Let ϕ : R+ → R+ be a non-increasing continuous function.
Say that Y ∈Mm,n is ϕ-singular if for any c > 0 there is N0 such that for all
N ≥ N0 one can find q ∈ Zn r {0} with

dist(Y q,Zm) <
cϕ(N)

Nm/n
and ‖q‖ < cN . (1.3)

As the previous one, this definition is norm-independent. One says that
Y is singular if it is ϕ-singular with ϕ ≡ 1. Note that the property of be-
ing ϕ-singular depends only on the equivalence class of ϕ (its tail up to a
multiplicative constant) and holds for Lebesgue almost no Y as long as ϕ is
bounded, as shown by Khintchine. Also, in view of Khintchine’s Transference
Principle, see [C, Chapter V], Y is singular or very well approximable if and
only if so is its transpose.

Proving that almost all Y with respect to some natural measures other
than Lebesgue do not have the above (and some other similar) properties
has been an active direction of research. Its motivation comes from a conjec-
ture of Mahler [M] (1932, settled by Sprindžuk in 1964, see [Sp1, Sp2]) that(
x x2 . . . xn

)
∈ Mn,1

∼= Rn is not VWA for Lebesgue almost every x ∈ R.
In other words, in Sprindžuk’s terminology, the curve

{
(
x x2 . . . xn

)
: x ∈ R} (1.4)

is extremal. Later [KM1, Theorem A] the same conclusion was established for
submanifolds of Rn of the form {f(x) : x ∈ U}, where U ⊂ Rd is open and
connected, f = (f1, . . . , fn) : U → Rn is real analytic, and

1, f1, . . . , fn are linearly independent over R . (1.5)

This settled a conjecture made by Sprindžuk in 1980 [Sp3]. A version of this
result with ‘VWA’ replaced by ‘singular’ can be found in [KW2] and in a
stronger form in [KW3].
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On the other hand, it is easy to construct examples of non-extremal analytic
submanifolds of Rn, see §3.2 for more detail. More precisely, a necessary and
sufficient condition for the extremality of an affine subspace L ⊂ Rn is given
in [K1]. This condition is explicitly written in terms of coefficients of parame-
terizing maps for L, and, incidentally, it is shown that L is not extremal if and
only if all its points are VWA. Furthermore, the same dichotomy holds for any
connected analytic submanifold M of Rn: either almost every1 point of M is
not VWA, or all points ofM are. In [K1] this has been done by finding an ex-
plicit necessary and sufficient condition involving the smallest affine subspace
L containingM and via so-called ‘inheritance theorems’ generalizing the work
in [KM1]. See also [K2, Zh] for extensions of these results with VWA replaced
by ‘having Diophantine exponent bigger than v’ for an arbitrary v.

Note that the proofs in [KM1] and subsequent papers are based on homo-
geneous dynamics, that is, on quantitative nondivergence estimates for flows
on the spaces of lattices, and on a possibility to phrase Diophantine exponents
and other characteristics in terms of the behavior of certain orbits.

In the present paper we give a simple argument showing how for arbitrary
m,n the dichotomy described above can be directly (without writing explicit
necessary and sufficient conditions) derived from quantitative nondivergence.
Here is a special case of our main result:

Theorem 1.4. Let M⊂Mm,n be a connected analytic submanifold.

(a) Let v ≥ n/m and suppose that ω(Y0) ≤ v for some Y0 ∈ M; then
ω(Y ) ≤ v for almost every Y ∈M.

(b) Let ϕ : N → R+ be as in Definition 1.3, and suppose that ∃Y0 ∈ M
which is not ϕ-singular; then Y is not ϕ-singular for almost every
Y ∈M.

In other words, the aforementioned Diophantine properties2 hold either for
almost all or for no Y ∈ M. In particular, M is extremal if and only if it
contains at least one not very well approximable point.

Clearly (by Fubini’s Theorem) the properties discussed in the above theorem
hold for almost every translate of an arbitrary M. It is also clear that if M
belongs to a proper rational affine subspace, that is, if Y q ∈ Zm for some
q ∈ Zn r {0} and all Y ∈ M, then all points of M have infinite Diophantine
exponents and are ϕ-singular for arbitrary positive ϕ. However there exist less
trivial examples of those exceptional subspaces; these will be discussed in §3.2.

As was the case in the papers [K1, K2, Zh], Theorem 1.4 is deduced from
statements involving orbits on the space of lattices. Namely, let us put

k = m+ n, G = SLk(R), Γ = SLk(Z) and Ω = G/Γ . (1.6)

The space Ω can be viewed as the space of unimodular lattices in Rk by means
of the correspondence gΓ 7→ gZk. Denote by A the set of t = (t1, . . . , tk) ∈ Rk

1This will always mean ‘with respect to the smooth measure class on M’.
2Recall that Y is called Diophantine if ω(Y ) <∞. We remark that in [CY] a weaker result

has been obtained by elementary methods (not using estimates on homogeneous spaces) in
the case m = 1: if a connected analytic submanifoldM of Rn contains a Diophantine vector,
then almost all vectors in M are Diophantine.
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such that

t1, . . . , tk > 0 and
m∑
i=1

ti =
n∑
j=1

tm+j .

For t ∈ A write

gt
def
= diag(et1 , . . . , etm , e−tm+1 , . . . , e−tk) ∈ G . (1.7)

We will consider subsets of G of the form

gT
def
= {gt : t ∈ T } , where T ⊂ A is unbounded ,

and will study their action on Ω. Also for Y ∈Mm,n define

uY
def
=

(
Im Y
0 In

)
,

where I` stands for the ` × ` identity matrix. Then it is clear that the group
{uY : Y ∈Mm,n} is the expanding horospherical subgroup of G corresponding
to gt where t belongs to the ‘central ray’ in A, that is, to

R def
=
{(

t
m
, . . . , t

m
, t
n
, . . . , t

n

)
: t > 0

}
. (1.8)

Our goal is to show a dichotomy similar to (and in fact, generalizing) the
one from Theorem 1.4 for certain properties of gT -orbits on Ω. Fix a norm
‖ · ‖ on Rk and define a function δ : Ω→ R+ by

δ(Λ)
def
= inf

v∈Λr{0}
‖v‖ for Λ ∈ Ω .

Ω is a noncompact space, and the function δ defined above can be used to
describe its geometry at infinity. Namely, Mahler’s Compactness Criterion
(see [Ra] or [BM]) says that a subset of Ω is relatively compact if and only
if δ is bounded away from zero on this subset. Further, it follows from the
reduction theory for SLk(Z) that the ratio of 1+log

(
1/δ(·)

)
and 1+dist(·,Zk)

is bounded between two positive constants for any right invariant Riemannian
metric ‘dist’ on Ω. In other words, a lattice Λ ∈ Ω for which δ(Λ) is small
is approximately − log δ(Λ) away from the base point Zk. This justifies the
following

Definition 1.5. For an unbounded subset T of A and Λ ∈ Ω, define the
growth exponent γT (Λ) of Λ with respect to T by

γT (Λ)
def
= lim sup

t→∞, t∈T

− log
(
δ(gtΛ)

)
‖t‖

.

In other words (in view of the remark preceding the above definition),
γT (Λ) > β is equivalent to the existence of β′ > β such that dist(gtΛ,Zk) ≥
β′‖t‖ for an unbounded set of t ∈ T . Even though the definition involve
various norms, it clearly does not depend on the choices of norms. Also the
growth exponent does not change if T is replaced with another set of bounded
Hausdorff distance form T , so in what follows we can and will choose T to be
countable and with distance between its different elements uniformly bounded
from below. Note that it can be derived from the Borel-Cantelli lemma that
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for any unbounded T , the growth exponent3 of Λ with respect to T is equal
to zero for Haar-almost all Λ ∈ Ω.

Here is another property related to asymptotic behavior of trajectories:

Definition 1.6. Given T ⊂ A and a bounded function ψ : T → R+, say that
the trajectory gT Λ diverges faster than ψ if

lim sup
t→∞, t∈T

δ(gtΛ)

ψ(t)
= 0 .

In other words, if for every c > 0 one has δ(gtΛ) < cψ(t) for all t ∈ T with
large enough (depending on c) norm.

Again this definition is insensitive to choices of norms, and also depends only
on the behavior of ψ at infinity up to a multiplicative constant. An example:
if ψ ≡ 1, the above condition, in view of Mahler’s Compactness Criterion,
says that the trajectory gT Λ diverges (that is, eventually leaves any compact
subset of Ω) as t → ∞ in T . Clearly, because of mixing of the G-action on
Ω, for any ψ and T as above, gT Λ diverges faster than ϕ for Haar-almost no
Λ ∈ Ω.

In this paper we show:

Theorem 1.7. Suppose we are given Λ ∈ Ω, an unbounded T ⊂ A, and a
connected analytic submanifold M of Mm,n. Then:

(a) Let β ≥ 0 and Y0 ∈ M be such that γT (uY0Λ) ≤ β; then γT (uY Λ) ≤ β
for almost all Y ∈M;

(b) Let ψ : T → R+ be bounded, and suppose that ∃Y0 ∈ M such that the
trajectory gT uY0Λ does not diverge faster than ψ; then gT uY Λ does not
diverge faster than ψ for almost every Y ∈M.

A connection between the corresponding parts of Theorems 1.4 and 1.7 is
well known. Namely, it is observed by Dani [D1] that Y is singular if and only
if the trajectory gRuY Zk diverges, where R is as in (1.8), so that gR is a one-
parameter semigroup. Also it follows from [KM2, Theorem 8.5] that Y is VWA
iff the growth exponent of uY Zk with respect to R is positive, and moreover,
the latter growth exponent determines ω(Y ). The aforementioned Diophantine
implications of Theorem 1.7 correspond to the case T = R. However, choosing
other unbounded subsets of A also gives rise to interesting results, for example
related to so-called multiplicative approximation (T = A) or approximation
with weights (T is a ray in A different from R). We will comment on this in
§3.4.

The structure of this paper is as follows. In the next section we prove The-
orem 1.7 using quantitative nondivergence estimates. Then in §3 we will go
through the correspondence between Diophantine approximation and dynam-
ics, and derive Theorem 1.4 from Theorem 1.7. We also present other Dio-
phantine applications, including a solution to a matrix analogue of Mahler’s
Conjecture (Corollary 3.1) suggested to the author by G.A. Margulis. In the

3See also [KM2] for finer growth properties of almost all orbits on homogeneous spaces
of Lie groups.
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last section we bring up some conjectures and open questions, and also remark
that the methods employed in this paper are applicable to objects somewhat
more general than analytic submanifolds of Mm,n.

Acknowledgements: This work has spurred out of a joint project with
Barak Weiss, in which we attempted to answer some of the still open questions
asked in the last section of the paper. Barak’s thoughtful remarks and insights
are gratefully acknowledged. Thanks are also due to Gregory Margulis, Elon
Lindenstrauss, Nimish Shah and the reviewer for useful comments. The author
was supported by NSF Grant DMS-0801064.

2. Quantitative nondivergence and Theorem 1.7

Notation: if B = B(x, r) is a ball in Rd and c > 0, cB will denote the ball
B(x, cr). Lebesgue measure on Rd will be denoted by λ. Given C, α > 0 and
U ⊂ Rd, say that a function f : U → R is (C, α)-good on U if for any ball
B ⊂ U and any ε > 0 one has

λ
(
{x ∈ B : |f(x)| < ε}

)
≤ C

(
ε

supx∈B |f(x)|

)α
λ(B) .

This property captures ‘quasi-polynomial’ behavior of a function f . See [KM1,
KLW] for a discussion and many examples. The following proposition, which
is essentially implied by [K1, Corollary 3.3], will be useful:

Proposition 2.1. Let U be a connected open subset of Rd, and let F be a
finite-dimensional space of analytic real-valued functions on U . Then for any
x ∈ U there exist C, α > 0 and a neighborhood W 3 x contained in U such
that every f ∈ F is (C, α)-good on W .

Proof. Without loss of generality we can assume that F contains constant
functions. Let 1, f1, . . . , fN be the basis of F , and consider the map f =
(f1, . . . , fN) : U → RN . Then for any open subset U ′ of U , f(U ′) is not con-
tained in any proper affine subspace of RN (otherwise, in view of the analyticity
of all the functions, the same would be true for f(U), hence the functions would
not be linearly independent). Therefore, again due to analyticity, f is nonde-
generate at every point of U (see [KM1] for a definition), and the conclusion
follows from [KM1, Proposition 3.4]. �

Recall that given m,n ∈ N we fixed k = m + n and defined Ω as in (1.6).
In order to state the main measure estimate we need to introduce some more
notation. Let

W def
= the set of proper nonzero rational subspaces of Rk .

From here until the end of this section we let ‖ · ‖ stand for the Euclidean
norm on Rk, which we extend from Rk to its exterior algebra. For V ∈ W and
g ∈ G, let

`V (g)
def
= ‖g(v1 ∧ · · · ∧ vj)‖ ,

where {v1, . . . ,vj} is a generating set for Zk ∩ V ; note that `V (g) does not
depend on the choice of {vi}.

Let us record the following elementary observation:
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Lemma 2.2. There exists a constant E depending only on k with the following
property: for any V ∈ W and g ∈ G there exists a one-dimensional rational
subspace V ′ ⊂ V such that `V ′(g) ≤ E`V (g)1/dim(V ). Consequently, one has

δ(gZk) ≤ E · inf
V ∈W

`V (g)1/ dim(V ) .

Proof. Indeed, `V (g) by definition is the covolume of the lattice gZk ∩ V in
V , and Minkowski’s Lemma, see [S], implies that such a lattice has a nonzero
vector of length at most const · `V (g)1/ dim(V ) where the constant depends only
on the dimension of V ; thus one can choose V ′ to be the line passing through
this vector. �

Here is the main measure estimate on which our argument is based:

Theorem 2.3 ([K2], Theorem 2.2). Given d, k ∈ N and positive constants
C,D, α, there exists C1 = C1(d, k, C, α) > 0 with the following property. Sup-

pose B̃ ⊂ Rd is a ball, 0 < ρ ≤ 1, and h is a continuous map B̃ → G such
that for each V ∈ W,

(i) the function `V ◦h is (C, α)-good on B̃,

and

(ii) `V ◦h(x) ≥ ρdim(V ) for some x ∈ B = 3−(k−1)B̃.

Then for any 0 < ε ≤ ρ,

λ
({

x ∈ B : δ
(
h(x)Zk

)
< ε
})
≤ C1

(
ε

ρ

)α
λ(B) . (2.1)

This theorem is similar to its earlier versions, see [KM1, KLW]; however one
crucial difference is the term ρdim(V ) in (ii), as opposed to just ρ independent
on the dimension of V . It is this improvement that will enable us to prove
sharp results.

Now recall that in the theorems stated in the introduction we are given a
connected analytic submanifold M of Mm,n. We are going to parameterize it
by an analytic map F : U →Mm,n, where U is a connected open subset of Rd,
d = dim(M). Theorem 2.3 will be applied to h : U → G given by

h(x) = gtuF (x)g , (2.2)

where t ∈ A and g ∈ G are fixed, and our goal will be to check conditions (i)
and (ii) of Theorem 2.3 and then use (2.1).

The next corollary (from Proposition 2.1) will help us handle condition (i):

Corollary 2.4. Let U be a connected open subset of Rd, and let F : U →
Mm,n be an analytic map. Then for any x0 ∈ U there exist C, α > 0 and a
neighborhood W 3 x0 contained in U such that for any V ∈ W, t ∈ A and
g ∈ G, functions x 7→ `V

(
gtuF (x)g

)
are (C, α)-good on W .

Proof. For any v1, . . . ,vj ∈ Rk, t ∈ A and g ∈ G, the coordinates of

gtuF (x)g(v1 ∧ · · · ∧ vj)

in some fixed basis of the j-th exterior power of Rk are linear combinations of
products of matrix elements of F , where the number of factors in the products
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is uniformly bounded from above. Therefore all those coordinate functions
are analytic and span a finite-dimensional space, and the claim follows from
Proposition 2.1 and [KLW, Lemma 4.1]. �

We are now ready for the

Proof of Theorem 1.7. Recall that we are given Λ ∈ Ω (which we will write in
the form gZk, where g ∈ G is fixed), an unbounded T ⊂ A, and a connected
analytic submanifoldM of Mm,n which we will parameterize by F : U →Mm,n

where U ⊂ Rd is open and connected.
For part (a) we are given β ≥ 0 such that the set

A1
def
= {x ∈ U : γT (uF (x)Λ) ≤ β} (2.3)

is nonempty. Define

A2
def
= {x ∈ U : λ(B r A1) = 0 for some neighborhood B of x} . (2.4)

We claim that

A2 = A1 ∩ U . (2.5)

Since A2 is obviously open and U is connected, this implies that A2 = U , and
therefore A1 has full measure, which is what we were supposed to show.

It is clear from (2.4) that A2 ⊂ A1. To prove equality in (2.5), take x0 ∈ A1,

and choose a ball B 3 x0 such that B̃
def
= 3k−1B is contained in W as in Corol-

lary 2.4. This way, condition (i) of Theorem 2.3 for h as in (2.2) (uniformly
in t ∈ T ) is taken care of. Then choose x′ ∈ B ∩ A1; (2.3) implies that for
any β′ > β and all large enough t ∈ T , one has δ

(
gtuF (x0)gZk

)
≥ e−β

′‖t‖.

Applying Lemma 2.2, we can conclude that `V ◦ h(x0) ≥ (e−β
′‖t‖/E)dim(V ) for

any V ∈ W and all large enough t ∈ T . Thus condition (ii) of Theorem 2.3
is satisfied with ρ = e−β

′‖t‖/E. Taking ε = e−β
′′‖t‖ where β′′ > β′ is arbitrary,

we apply (2.1) and conclude that for large enough t ∈ T ,

λ
({

x ∈ B : δ
(
gtuF (x)Λ

)
< e−β

′′‖t‖}) ≤ C1E
αe−α(β′′−β′)‖t‖λ(B) . (2.6)

The sum of the right hand sides of the above inequality over all t ∈ T is
finite (recall that T is assumed to be ‘uniformly discrete’), hence almost all
x ∈ B belong to at most finitely many sets as in the left hand side of (2.6).
Since β′′ can be arranged to be as close to β as one wishes, it follows that
γT (uF (x)Λ) ≤ β for almost all x ∈ B, that is x0 ∈ A2.

Part (b) is proved along the same lines: define

A1
def
= {x ∈ U : gT (uF (x)Λ does not diverge faster than ψ}

and then A2 by (2.4); as before, the claim would follow from (2.5). Again, take

x′ ∈ A1 and B 3 x′ such that B̃
def
= 3k−1B ⊂ W as in Corollary 2.4, so that

h is as in (2.2) satisfies condition (i) of Theorem 2.3 for any t. Then choose
x0 ∈ B ∩ A1. The latter implies that there exists c > 0 and an unbounded
subset T ′ of T such that

δ(gtuF (x0)Λ) ≥ cψ(t) ∀ t ∈ T ′ .
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From Lemma 2.2 it then follows that

`V ◦ h(x0) ≥
(
cψ(t)/E

)dim(V )

for any V ∈ W and any t ∈ T ′. Applying (2.1), we conclude that for any
0 < ε < 1 and t ∈ T ′,

λ
({

x ∈ B : δ
(
gtuF (x)Λ

)
< εcψ(t)

})
≤ C1E

αεαλ(B) . (2.7)

But by definition of ‘divergence faster than ψ’ and since T ′ is unbounded, for
any positive ε there exists t ∈ T ′ such that B r A1 is contained in the set in
the left hand side of (2.7). Hence BrA1 has measure zero, which proves that
x′ ∈ A2. �

3. Diophantine applications

3.1. Proof of Theorem 1.4. In order to connect Theorem 1.4 with Theorem
1.7, we take T = R as in (1.8), and denote

gt
def
= diag(et/m, . . . , et/m, e−t/n, . . . , e−t/n) .

According to [KM2, Theorem 8.5], (1.2) holds if and only if the inequality

δ(gtuY Zk) < e−
mv−n

n(mv+1)
t

is satisfied for an unbounded set of t ∈ R+. Consequently, one has

γR(uY Zk) =
m
n
ω(Y )− 1

mω(Y ) + 1
,

and therefore Theorem 1.4(a) follows immediately from Theorem 1.7(a).
The connection between parts (b) of these theorems is analogous. Given ϕ

as in Definition 1.3, define N = N(t) by

e
m+n
mn

t = N1+n/mϕ(N)−1 (3.1)

(this is well defined in view of the continuity and monotonicity of ϕ), and then
let

ψ(t) = e−t/nN . (3.2)

Then, for any c > 0,

et/m
cϕ(N)

Nm/n
= e−t/ncN = cψ(t) ;

thus the solvability of (1.3) is equivalent to δ(gtuY Zk) < cψ(t). Hence Y is
ϕ-singular if and only if γR(uY Zk) diverges faster than ψ (here we identify R
with R+ and view ψ as a function on R), which readily proves Theorem 1.4(b).
Note that given ψ one can define N by (3.1) and then ψ by (3.2), thus there
is at most one function ϕ for which both (3.1) and (3.2) hold. For example,
ϕ ≡ const would give rise to N(t) = et/n and thus ψ(t) ≡ const; and the faster
is the decay of ϕ, the faster would be the decay of ψ.
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3.2. Examples. Here we take m = 1, that is, consider Rn as the space of
row vectors (linear forms). Let an s-dimensional affine subspace L of Rn be
parametrized by

x 7→ (x,xA′ + a0) , (3.3)

where A′ ∈Ms,n−s and a0 ∈ Rn−s (here both x and a0 are row vectors). Denote

by x̃ the row vector (1,x) ∈ Rn+1, and put A =

(
a0

A′

)
∈Ms+1,n−s. It is easy to

show, see [K2, Lemma 5.4], that all points of L have Diophantine exponents at
least as big as ω(A); in other words, a good rational approximation to A gives
rise to a good approximation to all points of L. Choosing subspaces L for which
ω(A) is arbitrary large one can produce examples of ‘irrational’ subspaces
consisting of arbitrarily well approximable vectors. Similarly one can construct
nontrivial examples of subspaces consisting of ϕ-singular vectors. For the sake
of completeness let us work out those examples here, following the argument of
[K2, Lemma 5.4]. Equation (3.3) can be rewritten as x 7→ (x, x̃A). Suppose A
is ϕ-singular (it is known from the work of Khintchine that nontrivial examples
of such matrices exist for any ϕ). Then for any c > 0 there is N0 such that for
all N ≥ N0 one can find p = (p0, p1, . . . , ps) ∈ Zs+1 and q ∈ Zn−s r {0} such
that

‖Aq + p‖ < cϕ(N)

Nm/n
and ‖q‖ < cN . (3.4)

Now take any x ∈ Rs, denote (p1, . . . , ps) by p′ and write∣∣∣∣ p0 + (x, x̃A)

(
p′

q

)∣∣∣∣ = |p0 + xp′ + x̃Aq| = |x̃(Aq + p)| ≤ ‖x̃‖ ‖Aq + p‖ .

Therefore one has

∣∣∣∣ p0 + (x, x̃A)

(
p′

q

)∣∣∣∣ ≤ C1cϕ(N)

Nm/n , where C1 depends only on

x. Also, it follows from (3.4) that ‖p‖ is bounded from above by C2|q‖, where

C2 depends only on A; hence

∥∥∥∥(p′

q

)∥∥∥∥ < C2cN . Since c can be chosen to be

arbitrary small, it follows that (x, x̃A) is ϕ-singular for all x.

3.3. A matrix analogue of Mahler’s Conjecture. We now describe an
application of Theorem 1.4 suggested to the author by G.A. Margulis. Given
m,n ∈ N, consider the m2-dimensional submanifold of Mm,mn given by

{
(
X X2 . . . Xn

)
: X ∈Mm,m},

which is a matrix analogue of (1.4). Then one can ask4 whether the above
manifold is extremal. The answer turns out to be affirmative and follows from
the dichotomy established in Theorem 1.4. In fact a more general statement
can be proved:

Corollary 3.1. Given n ∈ N and v ≥ n, let f = (f1, . . . , fn) be an analytic
map from a neighborhood of x0 ∈ R to M1,n, and suppose that ω

(
f(x0)

)
≤ v.

Take m ∈ N, and let U be a neighborhood of x0Im ∈Mm,m such that the map

F : X 7→
(
f1(X) . . . fn(X)

)
∈Mm,mn (3.5)

4This question was asked during the author’s talk at Moscow State University.
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is defined for X ∈ U . Then ω
(
F (X)

)
≤ v for a.e. X ∈ U .

In particular, if f satisfies (1.5), then ω
(
f(x)

)
= n for almost all x in view

of [KM1, Theorem A], hence the manifold {F (X) : X ∈ U} is extremal.

Proof of Corollary 3.1. Note that ω
(
F (xIm)

)
> v is equivalent to the exis-

tence of w > v such that there are infinitely many q = (q1, . . . ,qn) ∈ (Zm)n

with
dist
(
f1(xIm)q1 + · · ·+ fn(xIm)qn,Zm

)
< ‖q‖−w . (3.6)

(Here it is convenient to define ‖ · ‖ and ‘dist’ via the supremum norm.) Write
qi = (qi,1, . . . , qi,m) and q(j) = (q1,j, . . . , qn,j), and choose j = 1, . . . ,m such
that ‖q‖ = ‖q(j)‖ for infinitely many q satisfying (3.6). Then, since fi(xIm) =
fi(x)Im for every i, by looking at the jth component of vectors in the left hand
side of (3.6) one concludes that dist

(
f1(x)q1,j + · · ·+ fn(x)qn,j,Z

)
< ‖q(j)‖−w

for infinitely many q(j) ∈ Zn, which implies ω
(
f(x)

)
> v. Thus we have shown

that ω
(
F (xIm)

)
≤ ω

(
f(x)

)
whenever f(x) is defined (the opposite inequality

is also easy to show, although not needed for our purposes). The claim is
therefore an immediate consequence of Theorem 1.4(a). �

Similarly one can conclude, using [KW2] and Theorem 1.4(b), that under
the assumption (1.5) F (X) as in (3.5) is not singular for a.e. X.

3.4. Other applications. Here we describe two more corollaries from The-
orem 1.7 which deal with Diophantine properties more general than those
discussed in Theorem 1.4.

3.4.1. For x = (xi) ∈ R` define

Π(x)
def
=
∏̀
i=1

|xi| and Π+(x)
def
=
∏̀
i=1

max(|xi|, 1) .

Then say that Y ∈Mm,n is very well multiplicatively approximable (VWMA)
if for some δ > 0 there are infinitely many q ∈ Zn such that

Π(Y q + p) < Π+(q)−(1+δ)

for some p ∈ Zm. Since Π(Y q + p) ≤ ‖Y q + p‖m and Π+(q) ≤ ‖q‖n
for q ∈ Zn r {0}, VWA implies VWMA. Still it can be easily shown that
Lebesgue-a.e. Y is not VWMA5. To show that a submanifold M of Mm,n is
strongly extremal, that is, its almost every point is not VVMA, is usually
more difficult than to prove its extremality. For example, the multiplicative
version of Mahler’s Conjecture, that is, the strong extremality of the curve
(1.4) which was conjectured by Baker in the 1970s, has not been solved until
the introduction of the methods of homogeneous dynamics to metric Diophan-
tine approximation, and up to the present time there is no other proof than
the one from [KM1]. Note that applications of dynamics to multiplicative
Diophantine problems are based on the fact that Y is VWMA if and only if
γA(uY Zm+n) = 0; that is, the orbit of the lattice uY Zk under the action of
the whole semigroup {gt : t ∈ A} has sublinear growth. This was shown in

5Also it is known [SW] that Y is VWMA iff so is the transpose of Y .
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[KM1] and [KLW] in the cases m = 1 and n = 1 respectively. The proof for
the general case can be found in [KMW], see also [KM2, Theorem 9.2] for a
related statement. Therefore from Theorem 1.7 one derives

Corollary 3.2. A connected analytic submanifold of Mm,n is strongly extremal
if and only if it contains at least one not VWMA point.

The case min(m,n) = 1 of the above statement is established in [K1].

3.4.2. Let us generalize Definition 1.3 as follows: suppose ϕ : A+ → R+ is a
function which is continuous and nonincreasing in each variable; that is,

ϕ(t1, . . . , ti, . . . , tk) ≥ ϕ(t1, . . . , t
′
i, . . . , tk) whenever ti ≤ t′i .

Also let T be an unbounded subset of A. Now say that Y ∈ Mm,n is (ϕ, T )-
singular if for any c > 0 there is N0 such that for all t ∈ T with ‖t‖ ≥ N0 one
can find q ∈ Zn r {0} and p ∈ Zm with{

|Yiq− pi| < cϕ(t)e−ti , i = 1, . . . ,m

|qj| < cϕ(t)etm+j , j = 1, . . . , n

In other words, those systems Y of linear forms Y1, . . . , Ym admit a drastic
improvement of the multiplicative (Minkowski’s) form of Dirichlet’s Theorem,
see [KW3] or [Sh3]. It is not hard to show that the set of (ϕ, T )-singular
matrices has Lebesgue measure zero for any unbounded T . Arguing as in
the proof of Theorem 1.4(b), see §3.1, one can relate (ϕ, T )-singularity of Y
to the trajectory g′

T
uY Zk being divergent faster than ψ, where ψ and T ′ are

determined by ϕ and T . Thus from Theorem 1.7 one can derive

Corollary 3.3. Let ϕ and T be as above, and suppose a connected analytic
submanifold M of Mm,n contains Y0 which is not (ϕ, T )-singular; then Y is
not (ϕ, T )-singular for almost every Y ∈M.

4. Generalizations and open questions

It seems natural to conjecture that other Diophantine or dynamical prop-
erties might exhibit a dichotomy of the same type as discussed in this pa-
per. Here are some examples. For a function ϕ : N → R+ one says that
Y ∈ Mm,n is ϕ-approximable if there are infinitely many q ∈ Zn such that
‖Y q + p‖ ≤ ϕ(‖q‖) for some p ∈ Zm. (This definition is slightly different
from the one used in [KM2], where powers of norms were considered.) The
Khintchine-Groshev theorem gives the precise condition on the function ϕ un-
der which the set of ϕ-approximable matrices has full measure. Namely, if ϕ
is non-increasing (this assumption can be removed in higher dimensions but
not for n = 1), then Lebesgue measure of the set of ϕ-approximable Y ∈Mm,n

is zero if
∞∑
k=1

kn−1ϕ(k)m <∞ , (4.1)

and full otherwise. Now suppose (4.1) holds and a connected analytic subman-
ifoldM of Mm,n contains a point which is not ϕ-approximable; is it true that
almost all Y ∈ M are not ϕ-approximable, or at least not ϕ̃-approximable,
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where ϕ̃ = Cϕ with C > 0 depending on Y ? Our methods are not powerful
enough to answer this question. Note that [KM2] provides a dynamical inter-
pretation of ϕ-approximability along the lines of Definition 1.5. Namely, the
choice of ϕ as above uniquely defines a continuous function r : [t0,∞) 7→ R+

such that Y ∈ Mm,n is ϕ-approximable if and only if there exist arbitrarily
large positive t such that

δ(gtuY Zk) < r(t) .

Likewise, one can modify the definition of ϕ-singularity by fixing the con-
stant c; as in the previous example, it is not clear if the ‘almost all versus no’
dichotomy would still hold. Here is an important special case. Given positive
ε < 1, one says that Dirichlet’s Theorem can be ε-improved for Y , writing
Y ∈ DIε, if for every sufficiently large t one can find q ∈ Zn r {0} and p ∈ Zm

with
‖Y q− p‖ < εe−t/m and ‖q‖ < εet/n .

Clearly Y is singular iff it belongs to ∪ε>0DIε. It was proved by Davenport
and Schmidt [DS] that the sets DIε have Lebesgue measure zero. In fact, the
latter statement follows from the ergodicity of the G-action on G/Γ: arguing
as in §3.1, it is not hard to see that Y ∈ DIε iff the gR-orbit of uY Zk misses
a certain nonempty open subset of G/Γ. This motivates questions extending
both Theorem 1.1 and (in some direction) Theorem 1.7(b). Namely, let G, Γ,
a, A and {ut : t ∈ R} be as in Theorem 1.1, and suppose that for some t0 ∈ R
and x ∈ G/Γ, the trajectory Aut0x has a limit point in an open subset W of
G/Γ. Is it true that the intersection of Autx with W is nonempty for almost
all t ∈ R? Or else let G and Γ be as in (1.6), take an open subset W of G/Γ
and T ⊂ A+, and suppose that a connected analytic submanifoldM of Mm,n

contains a point Y0 such that gtuY0Zk ∈ W for an unbounded set of t ∈ T ;
then is the same true for almost every Y ∈ M? An affirmative answer to the
latter question would imply that for any positive ε < 1 and any M as above,
the set Mr DIε is either empty or of full measure. Note that it follows from
the methods of proof of [Sh2] that almost all Y ∈ M are not in DIε for any
ε < 1 wheneverM contains a point Y0 such that the gR-orbit of uY0Zk is dense
in G/Γ.

Finally we would like to mention that the assumption of analyticity of mani-
foldsM in the main results of the paper cannot be replaced by differentiability.
Indeed, it is not hard to smoothly glue an extremal C∞ curve in Rn to a ra-
tional line. On the other hand, one of important advantages of the use of the
quantitative nondivergence method has been a possibility to treat measures on
Mm,n other than volume measures on analytic submanifolds. The reader is re-
ferred to [KLW, K2, KW3] and a recent paper [KMW] for a description of more
general classes of measures allowing a similar ‘almost all vs. no’ dichotomy.
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