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1. Circle Algebras

1. Basic Notions

Let V be a vector space. The space of Laurent series with coefficients in V' is denoted
V((2)), Taylor series V[[z]], Fourier (biinfinite) series V[[z,27!]], polynomials V[z], and

Laurent polynomials V |z, z271].

The formal differentiation 0 = % operates on each one of these five spaces. For

example, 9 : V|[z,27Y])] — V|[z,271]], San)z"t — Y (—n — 1a(n)z=""1. We also
have the formal integration Res, that takes any formal power series (or polynomial) in z

1

and returns the coefficient of z=!. Since z~! can never be in image of 9, it follows that

Res,0a(z) =0
for any power series a(z). This is the formal analogue of the integration by parts formula.

Definition 1.1. A circle operator is a linear map a(z) : V — V((z)). The vector space of

circle operators is denoted CO(V).

The formal variable z is to be interpreted as a parameter on the circle S' or a disk

(hence the term circle operator.)
Definition 1.1°. A4 circle operator is a Clz, 27 ]-linear map a(z) : V[z,27t] — V((2)).

Definition 1.1”.4 circle operator is a biinfinite formal series a(z) = >, oz a(n)z™ "1

with a(n) € End(V') such that for any v € V, we have a(n)v =0 for n >> 0.
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The three definitions above are clearly equivalent. The first one emphasize the simi-
larity between End(V') and CO(V'). The second one thinks of a circle operator as a densely
defined operator on the space V((2)), thought of as a completion of V[z,z7!]. The third
one thinks of an operator valued Fourier series. For now the variable z is only a book
keeping device. Later it will be interpreted as point in C. When we eventually globalize
to Riemann surfaces, z will be a local coordinate. The notion of CO(V) in the setting of
vertex operator theory is meant to replace the notion of End(V') in linear algebra, although
this view point was not clear at the early developmental stage of vertex operator theory.
This transition from linear operators to vertex operators has only become clear in the work

(1996) of Lian-Zuckerman and independently Li.

Clearly it does not makes sense in general to multiply two circle operators a(z), b(z)
pointwise. However the space End(V') can be viewed as a subspace of CO(V'), where a
linear map A is regarded as the constant series Y A8, _127""!. The space End(V) is
an associative algebra in a canonical way. Is there a natural way to extend the product
in End(V) to all of CO(V)? One such (nonassociative) extension is known as the Wick

product. Define

ta(2)b(w) =Y a(n)z " 'b(w) + b(w) Y a(n)z" (1)

Exercise 1.2. Check that when w = z, : a(2)b(2) : makes sense. Also when restricted to

End(V), the Wick product coincides with the natural product in End(V').

Here we introduce a notation for iterated Wick products which we will use later. Let

a1(z), ..., an(z) be circle operators. Their Wick product is defined inductively as follows:

ca1(2) - an(2) =ra1(2)( ax(z) - an(z) ) : (2)

We now introduce the important notion of the circle products. This is a family of
products (of which the Wick product is one) which measure formally the singularity of the

formal product a(z)b(w) as z “approaches” w.
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Convention: Let z, w be two formal variables and « be any complex number. The expres-

sions (z + w)®, (w + 2)® will respectively mean the following formal binomial expansions:

(z 4+ w)” :z%l%—a%%—w%-kﬂ-) -
z a(a—l)zj_z_l_”‘),

(w+2)* =w*(1 toa+—
and similar definitions for (£z 4+ £w)®, (£w + £2z)*. When working over characteristic
p, a will only be an integer. Thus (1 4+ x)™ for n > 0 is defined in an obvious way, while
(1 + )~ is defined to be the formal power series inverse of (1 + x)™. Given a formal
series A(z) in z with whatever coefficients, Res, A(z) will be the coefficient of 2~!; and
A(2)4 =D, 50 An)z7"71, A(z)_ := A(z) — A(2)+. The coefficients A(n) are called the
Fourier modes of A(z). If S is a set of formal series, then Sy = {A(z)+|A(2) € S}, and
Mode(S) is the C-span of the Fourier modes of all A(z) € S. We sometimes write A

instead of A(z) when the context is clear. A(z) means the formal derivative -L A(z).

Definition 1.3. For each integer n we define the n'" circle product on CO(V):

a(w) o, b(w) = Res,a(2)b(w)(z — w)"™ — Res,b(w)a(z)(—w + 2)". (4)

Exercise 1.4. Check that the circle products are well-defined. (Hint: Res,a(z)(z —w)™ €
End(V)[[w]] and Res.a(z)(—w + 2)" € End(V)[w,w™1].)

Exercise 1.5. Check that o_q is the Wick product.

Lemma 1.6. In any characteristic, (0a(z)) o, b(z) = —na(z) op—1 b(z). Thus for n <0,
(—n — Dla(z) o, b(z) =: 07" La(z) b(z) :. Moreover, 8 is a derivation of each circle

product.

Proof: Using integration by parts, we get
Res.0.a(2)b(w)(z —w)" = — nRes.a(2)b(w)(z —w)" !
Res,b(w)d,a(z)(—w + 2)" = — nRes,b(w)a(z)(—w + 2)" 1.
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Subtracting the second from the first equation, we get the first assertion. By induction we

get (—n — 1)la(2) o, b(2) = 07" ta(z) o_1 b(2).

By Definition 1.3, we find that
d(a o, b) =ao, 0b—mnao,_1b.

Since —na o,_1 b = da o, b, this shows that O satisfies the Leibniz rule with respect to o,,.

O

Lemma 1.7. (Commutator Lemma) For m,n > 0, we have

Proof: By definition,

a(w) o, b(w) =Res,(z —w)"[a(z), b(w)]

(7)
[a(m),b(w)] =Res,z™[a(z), b(w)].

Now multiply the first equation in (7) by (ZL) w™ ™", sum over n, and use the iden-
tity >, (ZZ) wm"(z —w)™ = 2™, then we get the first desired result. Now multi-
ply the second equation in (7) by (;ZL) (—w)™ ™, sum over m, and use the identity

S o ( " ) (—w)"~™z™ = (z —w)", then we get the second desired result. [J

Corollary 1.8. Suppose that there exists C°(w), C1(w), ... such that

atmy. b = 3 () €y (5)

n
n>0
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for allm > 0. Then C"™ =ao, b.

Lemma 1.9. (Operator Product Expansion) For two circle operators a(z),b(z), the

following equality of formal power series in two variables holds:

a(z)b(w) = Z a(w) op b(w)(z —w) "4 a(2)b(w) : . (9)

n>0

Proof: By definition, a(z)b(w)— : a(z)b(w) = [a(z)4,b(w)]. Using the first equation in
1.7 to compute this RHS, we get the desired result. [

In this sense : a(z)b(w) : is the nonsingular part of the operator product expansion,

while a(w) o, b(w)(z — w)~ "1 is the polar part of order —n — 1.

Definition 1.10. A subspace A of CO(V') containing the identity operator and closed

under all the circle products is called a circle algebra.

Lemma 1.11. The formal differentiation 0 is a derivation of every circle product. A

circle algebra is closed under 0.

Proof: The first part follows from formal integration by parts using Res,,. The second

part follows from the formula a(z) o_2 1 = da(z). O

We note that none of the products o,, is associative in general. However it clearly
makes sense to speak of the left, right or two sided ideals in a circle algebra and they are
defined in an obvious way. Given a set S of circle operators, the circle algebra generated
by S is the smallest circle algebra A containing S. An element of A is a finite sum of words

whose letters come from S and the circle products. We also denote such a circle algebra

by (S).
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Exercise 1.12. Show that if A(z) € CO(V) and B(z) € CO(U), then A(z) ® B(z) is a
well defined element of CO(V @ U). Thus the tensor product of two circle algebras over C

makes sense.

Definition 1.13. A morphism of circle algebras is a linear map f : A — B which sends

1 to 1, and respects the circle products, ie. f(a o, b) = f(a) o, f(b).

Suppose that V = @xecV [\ is a graded vector space. We say that a vector v € V)] is

—n=1 5 said to have

homogeneous of weight wt v = X. A circle operator a(z) =) .5 a(n)z
weight p € Cif a(n)V[A] C V[A+pu—n—1]. In this case, if we formally assign wt z = —1,
then a(z) is a sum of homogeneous terms of weight . Thus we write wt a(z) = u. We say
that a circle algebra algebra O C CO(V) is graded if O is spanned by weight homogeneous
elements. We say that a morphism of graded circle algebra f : A — B is homogeneous of

weight v if wt f(a) = wt a + v for all weight homogeneous element a.

Note that in the above definition the elements of A, B do not have to be defined on

the same vector space.

2. Finite dimensional circle algebras

Lemma 1.14. If a circle algebra O 1is finite dimensional, then Ya(z) € O, one has

a(z)y =0, i.e. a(z) is a Taylor series.

Proof: For if a(z)+ = >~ 5 a(n)z=™~1 # 0 then there is a smallest nonnegative n such
that a(n) # 0. The leading negative power of z in d%a(z), will be a nonzero multiple of

a(n)z~""*~1. This shows that a(z), da(z),d%a(z), ... are all linearly independent. [

Corollary 1.15. If a circle algebra O is finite dimensional, then Ya(z),b(z) € O one has
a(z) op b(z) =0 for alln >0

Proof: This follows from the preceeding lemma a(m) = 0 for all m > 0. Now the desired

result follows from the formula 1.7. O
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Lemma 1.16. If a circle algebra O consists of only Taylor series, then the Wick product

1s the pointwise product, hence associative.

Proof: This is immediate. [

Theorem 1.17. FEwvery finite dimensional circle algebra O is canonically an (unital)
associative algebra equipped with a derivation 0. Conversely, given a finite dimensional
associative algebra A equipped with a derivation D, there is a circle algebra O C CO(A)

which is canonically isomorphic to (A, D).

Proof: The first statement follows from the preceding lemma and the fact that 0 is a

derivation of the Wick product o_;.

Let A be a finite dimensional associative algebra with derivation D. Put

0={¥(a2:=Y %leazk € CO(A)|a € A} € CO(A).
k>0
Note that
Y (a,2)b= (e*Pa) - .

In particular Y (a,z)1 = e*"a, which is zero iff a = 0. Thus Y : A — O is a linear

isomorphism.

Since the Y(a,z) are Taylor series, their positive circle products are all zero. A

straightforward computation (applying Leibniz’ rule) gives

(i) Y (a,2) = [D,Y (a,z)] = Y(Da, z)

(10)
(13) Y(a,2)Y(b,z) =Y (a-b,2).

Thus (ii) shows that the space Y (A, z) of Taylor series is closed under the Wick product
o_1. Now (i) shows that the space Y (A, z) is closed under 0. But each negative circle
product is expressible in terms of d and o_;. This shows that Y (A,z) is closed under
each negative circle product, hence it is a circle algebra. Note that (i)—(ii) also show that

Y : (A,D) — (0,0) is an algebra isomorphism. [J
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2. Commutative Circle Algebras

Definition 2.1. We say that the circle operators a(z),b(z) circle commute if for some
nonnegative integer N, (z — w)N|a(2),b(w)] = 0. A commutative circle algebra O is one
wn which any two elements circle commute.

N and

Warning. You cannot divide the circle commutativity condition by (z — w)
conclude that [a(z),b(w)] = 0. The reason is that the vector space of power series in two
variables (with whatever coefficients) is NOT a module over the ring of power series in

N'ig a power series. On the other hand the same vector space is certainly

general; (z —w)~
a module over the polynomial ring Clz,w]. Thus it is legitimate to multiply [a(z), b(w)]

by (z —w)N € Clz, w].

Exercise 2.2. Show that the power series §(z,w) = (z —w) ™1 + (w—2)~1 is nonzero, but
it is annihilated by z — w € C[z,w|. Note that the two terms in §(z,w) are two geometric
series that don’t cancel, even though they would have cancel if they were analytic functions!
It can be shown that in some sense all power series annihilated by positive powers of z —w

can be expressed in terms of §(z,w). See Lemma 2.1} below.

Loosely speaking, an operator that circle commutes with itself is in some sense a
operator-valued distribution. In fact, under rather general condition, the matrix co-
efficients of such an operator and their products will be an nice function with well-
understood singularities. The circle commutativity condition can be interpreted as saying

that a(z),b(w) commute except along the diagonal z = w.
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Lemma 2.3. A commutative circle algebra is local, i.e. a o, b =0 forn >> 0.

Proof: For n > 0, ao, b = Res.(z — w)"[a(2),b(w)]. If (z — w)N[a(z),b(w)] = 0, then
aop,b=0forn>N. O

Example 2.4. Commutative algebras. Let A be any commutative associative algebra.
Using the left multiplication, we can embed A into End(A). If we now regard each element
of A as a constant circle operator, then A becomes a commutative circle algebra. All circle
products, except o_q, are zero. The nonzero product is nothing but the original product
on A.

If a, b, c are linear operators on V' such that ¢ commutes with both a, b, then of course

¢ commutes with a - b. Something similar but slightly weaker holds for circle operators.

Lemma 2.5. (Circle Commutativity Lemma) If a(z),b(2),c(z) are pairwise circle com-

muting, then for all n a(z) o, b(2) circle commutes with c(z).

Proof: For a positive integer N, (z —w)?" is a binomial sum of terms (z — z)*(z — w)?N 7,

i=1,..,2N. So (z — w)N T2V (a(z) o, b(2))c(w) is a binomial sum of terms
Res,, ((z — w)N(z —z)(z — w)QN*i(a(m)b(z)(:v —2)" = b(2)a(z)(—z + m)"’)c(w)) (D)

We want to show that for large enough N, and for 0 < ¢ < 2N, term by term we have

(z = w)™ (2 = 2)(z — w)* " (a(2)b(2)(x = 2)" = b(2)a(z)(~z + 2)")e(w)

. . 2
= (z—w)V(z—2)(z —w)*M le(w)(a(x)b(2)(x — 2)" — b(2)a(z)(—z + z)"). @)

Consider two cases: @ > N and ¢ < N. Because a(z),b(z) circle commute, we have
(z — z)*(a(2)b(2)(x — 2)" — b(2)a(z)(—z + z)") = 0 for all large enough k. So for large
enough N, (2) holds for ¢ > N. Similarly for ¢ < N, we have

(z = w)™ (2 — w)* " (a(2)b(2)(z — 2)" = b(2)a(z)(~z + 2)")e(w)

= (2 —w)"(z — w)*M e(w)(a(2)b(z)(z — 2)" — b(z)a(z)(~z + 2)")

because ¢(z) circle commutes with a(z) and with b(z). O
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Lemma 2.6. If S is a set of circle commuting operators, then (S) a commutative circle

algebra.

Proof: The algebra (S) consists of linear sums of words whose letters come from S, 1, and
the circle products. By induction and applying the Circle Commutativity Lemma, every
a(z) € S circle commutes with every element in (S). Similarly any two elements in (S)

circle commute. [

We shall now use this lemma to construct some examples of nontrivial commutative

circle algebras.

Example 2.7. The Heisenberg system. Let g = C[t,t!] regarded as an abelian Lie

algebra. Define a one dimensional central extension g := g & Cc by the bracket formula:
[A(t), B(t)] = Res;A'(t)B(t)c € Cec. (4)

Let V := Cla(—1),a(—2),...], and let § act on V as follows: ¢ € § acts by id; for n < 0,
t" acts by left multiplication by a(n); for n > 0, t" acts by «a(n) := nﬁ.

Exercise 2.8. Check that the above defines a g-module structure on V.

Exercise 2.9. Let a(z) := Y. a(n)z=""1 € CO(V). By direct computations show that
[a(2) 4, a(w)] = (z—w) 72, [a(2)_, a(w)] = —(w—2)"2, and hence (z—w)?[a(z), a(w)] = 0.

Conclude that the circle algebra generated by «(z) is commutative.

Later we shall prove that as a vector space (a(z)) is canonically isomorphic to V.

If V is a super vector space, ie. a Z/2Z-graded vector space, then all the above
basic notions can be generalized to the case circle superalgebras with the following minor
modifications. We can speak of an even circle operator: a(z) : V; — V;, i € Z/2Z; and an
odd circle operator: a(z) : V; — V;y1. In this case, CO(V) is defined to be the space of
linear sums of homogeneous circle operators. Thus each circle operator has an odd and an
even part. The definition of the n'" circle product of a(z),b(z) has an extra sign (—1)!el®!

in front of the second term. Here |a| := 1 if a(z) is odd, 0 if even. In the definition of circle



Notes on Vertex Algebras — DO NOT DISTRIBUTE 11

commutativity, the commutator is replaced by graded commutator. More generally, any
definition involving a permutation of symbols will be modified by a sign corresponding to

the parities of the symbols involved.

Example 2.10. sz’n—% Clifford system. This will be the super analogue of the Heisenberg
system above. Let ¢ and v, s € Z + %, be the basis of a Lie superalgebra g with ¢ even,
the 15 odd; the bracket is given by [¢, 5] = dr45,0¢, [c, 5] = 0. Let V be the polynomial
superalgebra generated by the odd symbols ¢(—1),%(—2), ... (thus they all square to zero
and are pairwise anticommuting). Let g act on V as follows: ¢ acts by id; for s < 0, 14

acts by left multiplication by v (s); for s > 0, ¥ acts by by %.

Exercise 2.11. Check that the above defines a g-module structure on V.

Exercise 2.12. Let 1(z) := Z¢n+%2_"_1 € CO(V). By direct computations show that
[W(2) 4, d(w)] = (2 —w) ™, [¥(2)—, P(w)] = (w—2)7", and hence (z — w)[3h(2), 9 (w)] = 0.

Conclude that the super circle algebra generated by (z) is (super) commutative.

1. Wick’s Calculus

Lemma 2.13. For any linear operator on V', the commutator [A, —] is a derivation of
each of the circle products. Thus a(z)ogb(z) = [a(0),b(z)], gives a derivation a(z)oq of all

circle products.

Lemma 2.14. (Commutator Lemma) Let N > 0. The following are equivalent:
(a) (z—w)"[a(2), b(w)] = 0.
(b)

(=)0, b)) = 3 alu) o0 b(w)(z —w) ™" and
Ty 6
[a(2)_,b(w)] = — S a(w) op b(w)(—w + )~}
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(c)

0(z,w) where

N-1 1y
= Z a(w) oy, b(w)( n!)

(e) For all m,p,

Proof: (a) = (b): We saw that (a) implies a(z) o,, b(w) = 0 for all n > N. Thus the first

equation in (b) follows from lemma 1.9. Also we have

(—w + 2)V[a(z)_, b(w)] =(z — w)V[a(2)_,b(w)] (we can do so because N > 0)
— (z = w)"a(2)+,b(w)] by (a)

N—

Z alw (z — w)N—n-1 (9)

>_n

23
,_.o

= — a(w) o, b(w)(—w + 2)N """ (again N > n+1)

3
I
o

Now observe that [a(z)_,b(w)] € M[[z]] where M = (End V)[[w,w™]] and that (—w +
2)~N € R[[2]] where R = C[w, w™!]. Since M is an R-module, M[[2]] is an R][[z]]-module.
Thus it makes sense to multiply the above both sides by (—w + z)~». Moreover, each

summand of (9) lies in M|[[z]]. This gives our second equation in (b).

(b) = (a): Obviously (End V)][[z,

[ 1 w™1]] is a Clz, w]-module by left multipli-
cation. Thus multiplying [a(2)+, b(w)]

zZ,w, 2~
by (z — w)" makes sense. Then it follows from the

two equations in (b) that (z — w)N[a(z), b(w)] = 0.

(b) = (c): This is obtained by adding the two equations in (b).
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(c) = (b): Break up both sides of (c) into two sums — one involving only nonnegative

powers of z, the other only negative powers of z. This gives the two equations in (b).

(c) <= (d): Multiply both sides of (c) by 2™, take Res,, and apply integration by
parts. Then use the fact that §(z, w)z™~" = §(z,w)w™ ", and that Res.dé(z,w) = 1, we
get (d). Reversing the process, we get (c) from (d).

(d) <= (e): Multiply both sides of (d) by wP and take Res,,. Then we get (e). To

reverse, multiply (e) by w™?~1 and sum over p. O

Remark 2.15. It is illegal to multiply, in the last step above, by (z —w)~N € z_NC[[%]]
because CO(V)[[z]] is not a C[[*]]-module! More concretely, here is an example. We have

(z—w) - (—w+2)"t=1. So
(z=w) ™" [(z —w) (~w+2) 7] = (2 —w) 7 (10)

But we have

(2= w) ™ (2 —w)] - (—w 4 2) 7 = (—w2) 7 (11)

The two LHS above are not equal as formal power series. This shows the nonassociative

1

nature of series multiplication. The reason: (z — w)™! - (—w + 2)~ makes no sense as

a power series. Also mote that when the integers m < 0,n > 0, we define (7:) =
nfn—m-—1
cor (),

Corollary 2.16. Let Mode(O) C End(V) be the linear span of the Fourier modes of
all the elements of the commutative circle algebra O. Then Mode(O) is a closed under

commutator, hence is a Lie algebra.

Theorem 2.17. If a circle algebra O is commutative, so is its homomorphic image. In

particular if a,b circle commute, so do their homomorphic images.

This proof is involves verifying a series of circle product identities. We omit it here.
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1.1. Matriz coefficients

We now define the notion of matrix coefficients for (products) of circle operators.
To do this, we shall need an additional structure on V. We assume that V' is Z-graded:
V = @, V[r]. A formal variable z is assigned wt z = —1, and a circle operator a(z) will
be a finite sum of homogeneous circle operators. Let V'V denote the restricted dual of V.
When a circle algebra A comes equipped with such a grading, we shall call it a graded

circle algebra. In this case the n'™ circle product will be homogeneous of weight —n — 1.

We denote by VY = @, Hom(V[r],C).

Exercise 2.18. Show that for v € VV, v € V, and a,b homogeneous circle operators on

V, (v,: a(z)b(w) : v) is a Laurent polynomial in z,w.

Lemma 2.19. (Rational matriz coefficient) Suppose a,b circle commute. Then Vv €
VVY.,Yv € V, the series (v,a(z)b(w)v) converges to a rational function f(z,w) in the domain

|z| > |w|. Moreover for |w| > |z — w|,

flzw) = (v,a(w) on b(w)z)(z —w) ™", (12)

nez

Proof: : For simplicity we shall drop v, v in the following notations. The Laurent poly-
nomial (: a(z)b(w) :) in the above region is just >, (2 (0'a(w))b(w) :)(z — w)’. Now
apply Lemma 1.6. O

Corollary 2.20. (c¢f. Definition 1.3) Let C' be a small circle around a point w. Then we

have

(a(w) o b(w)) = 7{3 £z, w)(z — w)"dz (13)

Set Fy = Cl[z1,2; "], and for k > 2, let F}, be the ring of rational functions on C*

with possible poles along z; = z;, © # j, and z; = 0. Let Ry, be its image under the linear
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map Fy — Cl[[z1,.., 2k, 21 sy 2, '] determined by (z; — 2;)P + 2P > p>0 g (—z—j)”,
for ¢ > j. Thus this map sends a function to its power series expansion in the domain
|z1| > -+ > |zk|. A basic result in Several Complex Variables says that the map Fj, — Ry

is an isomorphism, hence an element of R; determines a unique rational function in Fj.

Throughout this subsection, let a1(2), .., ax(z) be any homogeneous circle operators,

not necessarily commuting.

Lemma 2.21. If a;(n) = 0 for n >> 0, then for any v,v, (v,a1(z1)---ax(zk)v) is a

Laurent polynomial in zq, .., Zk.

Proof: Without loss of generality, we may assume that v, v are homogeneous vectors. Then
there is a constant N such that (v,a1(ny)---ax(ng)v) # 0 implies that ny +---+ni = N.
But since the a;(n) = 0 for n >> 0, there are only finitely many choices of nq,..,ny for
which (v, a1(ny) - ax(ng)v) #0. O

Corollary 2.22. For any v,v, (v,a1(21)— - ap—1(2k—1)—ak(zk)v) € Ry.

Proof: We can break this up into two terms using ay(zx) = ax(zx)— + ax(zx)+. The first
term will be in Ry by the preceeding lemma. So is the second term because ay(zi)4v is a

Laurent polynomial. [

Lemma 2.23. (Matriz Coefficient Rationality) Let ai(z),..,ax(z) be any homoge-

neous commuting circle operators. For any v,v, we have for any 7 = 0,1,...k — 1,

(vya1(21)- - raj-1(zj-1)-a;(z;) - ar(zx)v) € Ry.

Proof: The case £ = 1 is easy and will be left as an exercise. We shall assume that
k > 2. Tt is clear that when j = k — 1, the claim follows from the preceeding corollary.
Suppose the claim holds for j = k— 1,k —2,...,p+ 1 > 1. We want to show that it
holds for j = p, ie. (v,a1(z1)— - -ap—1(2p—1)—ap(2p) - - - ar(zx)v) € Ri. We shall first
expand ap(2zp)ap+1(zp41) using lemma 1.9. By circle commutativity (which implies that

ap(2p+1) on apt1(2p+1) = 0 for n >> 0.), we have

(v,a1(z1) - - ap-1(zp-1)-ap(2p) - - - ar(zk)v)
(14)
= (v,a1(z1)- -+ ap-1(zp-1) - : ap(2p)ap1(zps1) : - - ar(zr)v) mod Ry.
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We can express the RHS as a sum of two terms using

tap(zp)apt1(2p+1) = ap(2p) —apt1(2p+1) + apt1(2p1)ap(zp)+- (15)

The first term will be in Ry by the inductive hypothesis of the case j =p+ 1. So we

want to show that the second term

(v,a1(z1)— -+ ap—1(2p—1)—apt1(2p+1)ap(2p)+ - - - an(2k)v) € R (16)

We can write (dropping v, v in the notation)

(a1(21)— - ap—1(2p—1)—ap+1(2p41)ap(2p)+ - - - ar(zi))
= <a’1(21)_ s ap—1(2p—1)—aps1(Zpt1) - - ar(2k)ap(2p)+) (17)
+ Z (a1(z1) - - ap—1(2p—1)-apt1(Zp+1) -~ - ap(zp)+, @i (2i)] - - - aw(z1))

On the RHS, the first term is a Laurent polynomial in 2, with coefficients having just £ —1
circle operators inserted. Thus by inductive hypothesis on k, this term is in Ry. Applying

lemma 1.9 again, we get

lap(2p)+,ai(zi)] = Z ap(2i) on a;(2i)(2p — z) "t (18)

n>0
which is a finite sum by circle commutativity. Using this we can replace the second term
above by a finite sum of matrix coefficients multiplied by some power (z, — z;)™" "', and
those matrix coefficients will now only have k£ — 1 insertion of operators. This shows that

the second term too is in R;. O

Lemma 2.24. (Permutation Invariance) Let o be a permutation of k letters. Let
a1(z),..,ax(z) be any homogeneous commuting circle operators. For any v,v, the following

matrixz coefficients converge to the same rational function (in different domains):

(vyar(z1) - an(ze)v),  (V0001)(20(1)) Qo (k) (Zo(k))V)- (19)
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Proof: Following the preceding lemma, we name the rational functions these matrix coeffi-
cients converge to f, f7. Put g := [],_;(2i — 2;). Since f € Fy, we can find a large enough

N so that

gV f=g"(v,a1(z1) - ar(ze)v)

is a Laurent polynomial. On the other hand, by circle commutativity, we can choose a
large enough even NN so that the RHS is invariant under a permutation of the subscript

indices. In other words, the RHS is equal to g~ f?. Thus we have an identity
gV f=g"r°

in Fj,. But F} is a subring of the field of rational functions in C*. Thus we can divide

both sides by ¢V. O

Example 2.25. n-point functions. The module V' = Cla(—1), «(—2),...] has a canonical
nondegenerate bilinear (or Hermitian) form. It is determined uniquely by the condition
that (1,1) = 1 and that a(—n)! = n%. This allows us to identify Vv with V. We
shall compute the matrix coefficients: (1, a(z1)---a(z,)1). For simplicity we shall drop 1

from our notation below. We claim that the matrix coefficient is zero if n is odd, and is

(afz1) -+~ alzn))

B #W UGZ&L(%(” ~50@) " (ot = 2om) (20)
if n is even.
First we can write
{a(21) - alzn))
= (a(z1)—a(z2) - a(z)) + (a(z2) - - - zn)a(z1) ) o

n

+ Y falz) - [alz1)+, a(z)] -+ alza))

=2

By construction, we have a(n)? -1 =0 for n < 0. So on the RHS, the first term is zero.

Similar a(n) -1 = 0 for n > 0 implies that the second term is also zero. In the third term,
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we substitute [a(z1) 1, a(2;)] = (21 — 2;) 2. The case of n = 1,2 is now clear. By induction
see immediately that the matrix coefficient is zero when n is odd. Thus assume n is even.

By induction again, we get

(a(z1) - azn))
— Z(a(zZ) cb(z) - alzn)) (2 — 2) 72

= fn2 Z Z (20(2) — 20(3))_2 o (Zo(io1) — Za(i+1))_2 o (Zo(n—1) — Za(n))_2(21 —z) 72

odd i>10€S,_2

+ fn—2 Z Z (20(2) - 20(3))72 T (Za(z'—2) - Za(i—l))72 T (Za(n—l) - Zcr(n))72<zl - 21)72,
even 1>10€S,_o
(22)
1
2%"(%n)!

fixes 1,¢. If we now regard S,,_1 as the subgroup which fixes just 1, then those two sums

where f,, = . In the last two sums, we regard S,,_o as the subgroup of S,, which

above combine to

Focz Y (21 = 202) (20(3) = Zo) 2 (Zo(no1) = Zo(n) (23)

UGSn—l

Now if we permute 1 as well in the summand by S,,, we would over count by a factor of n.
Thus replacing S,,_1 by Sy, 1 by o(1), and multiplying the sum by 1/n, we get the desired

formula.

Exercise 2.26. Compute (: a(z)a(z) : a(w)) (: a(2)a(z) :: a(w)a(w) :).

Exercise 2.27. Carry out the whole parallel construction for the Clifford system mimiking

the case of the Heisenberg system: the basis lemma for (1(z)), n-point functions etc.

2. Circle Algebras on a Based Space

We shall develop a mild but very useful specialization of the theory we have discuss

thus far. It is based on the notion of a based space.



Notes on Vertex Algebras — DO NOT DISTRIBUTE 19

Definition 2.28. A based space (V,1, D) is a vector space V' equipped with a distinguished
nonzero vector 1 and a operator D with D1 = 0. When no confusion arises, we denote a

based space simply by the underlying space V.

Definition 2.29. CO(V,1,D) is space of circle operators A(z) satisfying (D, A(z)] =
0A(z). Such an operator will be called a based circle operator. When it is understood that
V is a based space which comes equipped with the data 1, D, we will sometimes omit 1, D

in the above notation.

Lemma 2.30. If A, B are based circle operators, so are Ao, B for all n. Thus the circle

algebra generated by based circle operators is based.

Proof: The first assertion follows immediately from the fact that both [D,—] and 0 are
derivations of the circle products. The second assertion follows from the first and the fact

that 1 is a based circle operator. [J

Definition 2.31. Given (V,1,D), a based circle algebra will mean a circle algebra in
CO(V,1,D).

Lemma 2.32. Let A(z) be a based circle operator. Then A(z);+1 = 0. Moreover if

A(=1)1 =0 then A(z)1 = 0.

Proof: We have D - A(z)1 = 0A(z)1, implying that

D-A(n)1l =—-nA(n—1)1. (24)

By induction, this implies our second assertion. Now we know that A(n)1 = 0 for n >> 0.

By induction again, this and (24) imply our first assertion. [J

Definition 2.33. The map x : CO(V,1,D) — V is defined by A(z) — A(—1)1. We call

it the creation map. If O is any based circle algebra, we denotes its image x(O). We write
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VX :=x(CO(V,1,D)). Note that this is a subspace of V' canonically attached to the data
1,D.

Lemma 2.34. For any based circle algebra O, (x(0),1, D) is a based space.

Proof: It’s obvious that 1 € x(O). So we need to check that D stabilizes x(O). But this
follows from D - A(2)1 = 0A(2)1. O

Lemma 2.35. Let O be any based circle algebra, and A(z) € O. Then A(z) stabilizes
the subspace x(O) C V, i.e. A(z): x(0) — x(O)((2)). In particular, we have a canonical
restriction map

0 — CO(X(O)v 1, D)7 A(Z) = A(Z)’X(O) (25)

Proof: Let A(z), B(z) € O. We want to show that A(z)B(—1)1 € x(O)((2)). It is enough
to show that

A(n)B(~1)1 = (Ao, B)(~1)1 (26)

because O is closed under o, and hence the RHS is in x(O). Now Res,A(z)B(w)(z —
w)"1 = Res, A(z)(z—w)"B(w)-1 = A(n)B(—1)1+o(w). Similarly Res,B(w)A(z)1(—w+
z)" = 0. Eqn. (26) now follows. O

Corollary 2.36. Let A(z), B(z) be any based circle operators. Then A(z) o, B(z)1 =0
forn >> 0.

Proof: Since A(z) is a circle operator, we have A(n)B(—1)1 = 0, n >> 0. By (26), it
follows that (Ao, B)(—1)1 =0, n >> 0. This means that A(z) o, B(z)1 =0,n >> 0, by
lemma 2.32. O

Note that the canonical restriction map O — CO(x(0), 1, D) above is not injective

in general.
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Theorem 2.37. If O C CO(V,1,D) is a commutative circle algebra, then the map
Oly0) — x(0), A(z) — A(—1)1 is a linear isomorphism. In particular if x(O) =V, then

X itself is a linear isomorphism O — V.

Proof: Call the map x’. By definition ' is surjective. Suppose A(—1)1 = 0, then A(z)1 =
0 by lemma 2.32. We claim that A(z)B(—1)1 = 0 for all B(z) € O, ie. A(z)|y(0) = 0. Now
we have some N > 0 with (z — w)VA(2)B(w)1 = (2 — w)V B(w)A(2)1 = 0. By lemma
2.32again, B(w)1 = B(w)_1. So we can take the limit w — 0 and get 2V A(2)B(—1)1 = 0.
.

Corollary 2.38. Let (V,1,D) is a based space. SupposeY : V — CO(V,1,D), a — a(z),

s a linear map such that for all a,b €V,

(i) a(-1)1 =a

(ii) for all m,n € Z,

Then Im 'Y is a commutative circle algebra.

Proof: It suffices to show that for a,b € V, the based circle operators a(z),b(z) circle
commute. For then we let O to be the circle algebra generated by the set Im Y. Then
O C CO(V,1,D) is a based commutative circle algebra. By assumption (i), x o Y = idy
so that x : O — V is surjective. By the preceding theorem, x : O — V is a isomorphism.
This shows that Im Y C O must be all of O.

We now prove that a(z),b(z) circle commute. By our commutator characterization of

circle commutativity before, it suffices to show that

() (a(p)b)(w) = (a op b)(w)

for all p > 0. For then formula (ii), which holds for all m,n, implies that a(z),b(z) circle

commutes. Now we prove (*). From (ii), we get

atm) ()] =3 () ().

p=>0 p
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On the other hand, for m > 0, we also know that

m e
atm b = 3 () @y wpu.
p

p=0
Comparing the two RHS above for m = 0, we see that (a(0)b)(w) = a o9 b. For m = 1,
and using the m = 0 result, we see that (a(1)b)(w) = a o1 b. Continuing this way, we see

that (*) holds for all p > 0. O

Condition (i) is equivalent to that y o Y = idy, i.e. Y is a section of the creation
map. This condition can be weakened by replacing it with x(I/m Y) = V. The conclusion
is false in general without this condition. For example, Y can be the zero map, in which

case I'm Y does not even contain 1.

Definition 2.39. A vertex algebra is a based space (V,1,D) equipped with a map Y
satisfying axioms (i) and (ii).

Thus the preceding corollary says that every vertex algebra gives rise to a commutative
circle algebra canonically. Later, we will show that the converse is also true that every
commutative circle algebra arises this way. Note that axiom (ii) is equivalent to that

Y(a, z),Y (b, z) circle commute for any a,b € V.

Corollary 2.40. Under the same assumption as preceding corollary, we have Y (a(—1)b, z) =
ao_1b,Y(1,2) =1, Y(Da,z) =0Y(a,z). In particular these identities hold for a vertex

algebra.

Proof: Now both Y (a(—1)b,z) and a o_; b are elements of Im Y = O by the preceding
theorem. Their images under y are both a(—1)b. Since y is an isomorphism, it follows
that the circle operators are the same. Likewise both Y (1,2) and 1 are in Im Y = O. And

they have the same image under .

Finally, xY (Da, z) = Da = Da(—1)1 by (i). On the other hand, [D, a(z)] = Da(2)1 =
0a(z)1 implies that Da(—1)1 = a(—2)1 = xda(z). This shows that xY (Da,z) = Da =
x0a(z) = x0Y (a, z). By injectivity of x, we have Y (Da, z) = 9Y (a, z). O



Notes on Vertex Algebras — DO NOT DISTRIBUTE 23

2.1. An application

Proposition 2.41. The circle algebra (a(z)) on V = C[t(—1),t(—2),..] has a basis con-
sisting of the monomials:

0™ a(z) - 0" a(z) | (27)

where ny > --+- > ng > 0.

Proof: Let D : V. — V be the linear operator defined by [D,t(n)] = —nt(n — 1) and
D -1 =0. Then it is trivial to check that (V,1, D) is a based space and that « is a based
circle operator. Thus (@) is a based commutative circle algebra. Thus we can consider the
creation map x : (a), A — A(—1)1. The image of (27) form a basis of V. By theorem
2.37 x is a linear isomorphism. But since the span of the monomials (27) already maps

onto V, this span must be all of (a). O.
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3. Representation theory

Throughout this chapter, g will be a Lie algebra over the complex numbers. An
associative algebra A is assumed unital and defined over the complex numbers. It is
always assumed that when A is regarded as a Lie algebra, the bracket is the commutator

in A: [z,y] = vy — yx.

1. The Enveloping Algebra

Because the bracket [,] of a Lie algebra ¢ is a nonassociative product, it is convenient
to have an associative algebra that encodes the very same information of g. The enveloping

algebra Ug of g is the smallest such algebra.

Definition 3.1. An enveloping algebra A of g is an associative algebra equipped with a
Lie algebra homomorphism ¢ : g — A, and has the following universal property. If B is
any associative algebra, then any Lie algebra homomorphism p : g — B factors through 1

uniquely, i.e. there exists a unique algebra homomorphism p' : A — B such that p' oi = p.

As usual, once exists, an enveloping algebra of ¢ is unique up to algebra isomorphisms.
We now construct the enveloping algebra. Let T0g = C, T'g = g, T%g = g ® g, and so on.
Let T'g be the tensor algebra on g, i.e.

Tg:=®n>0T"g
equipped with the (associative) product

(1R Rxp) (YR QYm) =T1 R Ty QYL @+ @ Y-
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Let I be the two-sided ideal (the relation ideal of g) in T'g generated by the elements

ry-—yr—[r,y], forzycy.

Define

Ug:=Tg/l.

Since T'g is an associative algebra generated by x € g, it follows that Ug is an associative
algebra generated by = 4+ I, z € g. We denote the induced product simply by XY for
X, Y € Ug. The map

g=T'g—Ug, wr—a+I

is Lie algebra homomorphism because

[z, yl— [yl + [=2@y—yQe+I=(xy—yx)+I1=(x+1)(y+1I)— (y+1)(xz+1),

and x —x+ [ and y+— y+ 1.

Exercise 3.2. Show that Ug has the requisite universal property. Hence Ug is the en-
veloping algebra of g. (Hint: You will have to use the universal property of the tensor

algebra Tg.)

Let M be a Ug-module, say p: Ug — End M. Then composing this with the canonical
Lie homomorphism ¢ : ¢ — Ug, we get a Lie homomorphism ¢0p : g — End M. This
makes M a g-module. Conversely, if M is a g-module equipped with Lie homomorphism
P : g — End M, then by the universal property of Ug, p’ factors through Ug via a unique
algebra homomorphism Ug — End M. This makes M canonically a Ug-module. This
shows that module theories for the Lie algebra g and for its enveloping algebra Ug are
essentially the same. Any question on g-modules can be readily translated to a question
on Ug-modules, and vice versa. From now on we will make no distinction between a

g-module and a Ug-module.
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1.1. The linear structure of Ug

Put T,, :== T°%9 @ --- ® T™g. Then T,,T,, C Tyy4n, and they form an increasing
filtration of the vector space Tg, i.e. To C1y C ---Tg and U, T;,, = Tg. Put

Unp :=Im(T,, — Ug) C Ug.

Then U,,U,, C Ups, and C = Uy C Uy C ---Ug is a filtration of the vector space Ug.
Put

G = @mzon, G™M = m/Um_l, U_;:=0.

Define G™ x G — G"™™ a+U,_1,b+U,_1 +— ab+ Upyn_1. Using U,,U,, C Uppom, it
is straightforward to check that this defines a graded associative algebra structure on G.
Consider the composition maps ¢,, : T"g — U, — G™ = U,,/Up,—1. Combining them

we get a (graded) linear map ¢ : T'g — G.

Lemma 3.3. ¢ is an algebra homomorphism. Moreover, it factors through the relations

rT®Y—y®x, hence descends to ¢ : Sg — G.

Proof: Clearly ¢(1) = 1. Let X € T™g, Y € T"g. Then ¢(XY) = XY 4+ Upyn-1 =
(X +Up-1)(Y + Up—1) = ¢(X)o(Y). Thus ¢ is an algebra homomorphism.

For z,y € g, we have ¢(x @ y) = xy+ Uy = (yz + [2,y]) + U1 = yz + U1 = ¢(y @ x).

Theorem 3.4. (Poincare-Birkhoff-Witt) ¢ : Sg — G is an algebra isomorphism.

You can find a proof of this in Humphrey, “Introduction to Lie Algebras and Repre-

sentation Theory”.

Corollary 3.5. Let W be a linear subspace of T™g. If o : T™g — S™g sends W

1somorphically onto S™g, then m: T™g — U,, sends W isomorphically onto a complement
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of Upm—1 in Up,, hence we have a direct sum Uy, = 7(W) 4+ Uypp—q .

Proof: Consider the diagram of canonical maps:

Un
/ N\
L G™
N\ /
Sm
By the preceding lemma, this is a commutative diagram. By PBW, §™ — G™ is an
isomorphism. So the bottom arrows send W C T™ isomorphically onto G". Now reverting

back to the top arrows, we see that 7 : W — U,,, must be injective. Since ker(U,, - G™) =

Upm—1, we have a direct sum U, = 7(W) 4+ U,,—1. O

Corollary 3.6. (PBW II) Let {X4}acs be an ordered basis of g. Then Ug has a basis

consisting of the unit 1 = 1+ I, and the monomials

Xal"'Xam; alggam (1)

Proof: Let W C T™ be the linear subspace spanned of X,, ® --- ® X, , a1 < < aup.
Clearly, T™ — S™ sends W isomorphically onto S™. So we have 7 : W — U,, and a
direct sum U,,, = w(W)+U,,_1, by the preceding corollary. The direct sum property means
that the monomials (1) span Ug. The injectivity property means that the monomials are

linearly independent. [J

Corollary 3.7. The canonical map i : g — Ug is an inclusion.

Proof: This follows immediately from PBW II. O

Corollary 3.8. If h C g is a Lie subalgebra, then the induced algebra homomorphism

Uh — Ug s an inclusion.

Proof: Choose a basis of h and a basis of g containing the first basis. By PBW II, Ug has
a PBW basis which contains a PBW basis of Uh. [
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Corollary 3.9. Suppose that h,b are two Lie subalgebras of g such that g = h + b is a
direct sum of vector spaces. Then Ug = Uh ®@c Ub, as (Uh,Ub)-bimodules.

Proof: We regard Uh,Ub C Ug, and define a linear map by Uh®@ Ub — Ug, a @b +— a - b.
It is straightforward to check that this is a bimodule homomorphism. By PBW II, it maps

a basis to a basis, hence it is an isomorphism. [

Corollary 3.10. Let W be any left b-module. The left g-module Ug @y W is isomorphic
to Uh @c W as Uh-modules.

Proof: This follows from the preceding corollary. [J

Corollary 3.11. The ring Ug is a domain, i.e. if a,b € Ug and ab = 0 then a = 0 or
b=0.

Proof: Suppose that a,b # 0. Let m,n be the smallest integers such that a € U,,, b € U,,.
Then a + U,,_1 € G™, b+ U,_1 € G™ are nonzero elements. Their product in G is
ab+Upin_1 € G™™™ and is nonzero because G = Sg and Sg is a domain. It follows that
ab# 0in Uyyp,. O

Lemma 3.12. Ug has a nontrivial two-sided ideal generated by g, called the augmentation

ideal.

Proof: Let J = ®,,>11T"g which is clearly a nontrivial 2-sided ideal generated by ¢ in T'g.
It contains the relation ideal I, hence the image of J under the natural map T'g — Ug is

a 2-sided ideal in Ug. Since C = T'g/J, this ideal is nontrivial. O

Exercise 3.13. Show that Ug®uy W has the following universal property: let M be any g-
module, and W — M be a b-homomorphism. Then there exists a unique g-homomorphism
Ug@uy W — M extending W — M.

Remark 3.14. All of the above has an obvious generalization to the case of Lie super-

algebra. For example as a vector space Ug is isomorphic to the polynomial superalgebra
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generated by a basis of the even part go, and a basis of the odd part g;.

Example 3.15. The Heisenberg system revisited. Recall that we have constructed a
module V over the Heisenberg Lie algebra g = C[t,t~!] ® Ce. If we put §’ := ¢t *C[t71],
b = CJt]| ® Cc, and W be the one dimensional b-module in which ¢, n > 0, acts by zero
and c¢ acts by id, then Ug ®yp W = is isomorphic to V. They is a one-parameter family of
similar modules: by letting the central element t° acts by a scalar p rather than 0 on W.

The resulting g-module is denoted F'(p).

Exercise 3.16. Show that each F(p) is irreducible as a g-module.

Example 3.17. The Virasoro algebra. Let Witt be the Lie algebra of meromorphic vector
fields on P! with poles only at 0, co. It has a basis given by ¢! %, n € Z. The Lie bracket

is given by the commutator:

d d d
ntl> ym+177_ _ o n+m—+1>"_ 9
[ S ) = — (= )t @)

A theorem of Gel’fand-Fuchs states that Witt has a one dimensional central extension,
which is denoted as Vir,

0 — Ck — Vir — Witt — 0 (3)

with the following universal property: if
0—K—W — Witt — 0 (4)

is any one dimensional central extension, then there is a unique map Vir — W’ sending
into K, and the map is compatible with Witt. To see this, recall that a central extension
is determined by a K-valued 2-cocyle ¢ : Witt®? — K (2-cocyle means that the resulting
W’ must satisfy the Lie-Jacobi identity). By direct computation, we can show that ¢ must
be a multiple of (up to adding 2-coboundary Witt A Witt — K),

C(thrli tm+1i) 1 3

dt? dt _(n - n)’i 5n+m,0- (5)

~ 12



30 Bong H. Lian

To write down the bracket relation for Vir, let k and L,,, n € Z, together be a basis

of Vir such that Vir — Witt sends L,, — —t”“%. Then the bracket on Vir is given by

(L, Lon] = (0 — m) Lson + %(n + 1)n(n = 1)6p4m.o. (6)

It is weight graded in an obvious way wt L,, := n, wt k := 0. We let b be the span of weight
n > —1 elements, and h be the span of weight n < —1 elements. It is clear that they are
both Lie subalgebras of Vir, and that we have a vector space direct sum Vir = h + b.
Note also that we have a Lie algebra direct sum b = b’ + Ck, where b’ is the span of the
L,, n > —1. Let C. be the one dimensional b-module in which the b acts by zero, and
k acts by the scalar ¢. Fix a nonzero element v. € C.. Then UVir ®y; C,. is canonically

isomorphic to UVir_ as vector spaces. The module has a PBW basis given by
L™ L™ @, (7)

where all but finitely many n; are zeros. We shall denote this Vir-module by N(c). The
number c is called the central charge. Note the Z-grading of Vir induces a grading on
N(c). From the PBW basis above, it is obvious that there is no negative weight elements
in N(c). Since [Lg, L] = —nL,, and Lov. = 0, it follows that Ly acts diagonalizably and
that the weight of a homogeneous vector v € N(c) coincides with the eigenvalue of —Lg

on v.

Example 3.18. The Virasoro circle algebra. 1t follows from the above construction that
for any v € N(c), L,v = 0 for n >> 0. Thus we have a weight 2 operator L(z) :=
S>> L,_127""! on the vector space N(c).

Lemma 3.19. L(z) € CO(N(c)) circle commutes with itself. More generally for any
Vir-module V, if L(z) € CO(V) then L(z) circle commutes with itself.

Proof: A direct computation gives

[L(2)+, L(w)] Zg(z —w) "+ 2L(w) (2 — w) " + IL(w)(z — w) !

¢ (8)
[L(2)-, L(w)] = — 5(—w +2)7* = 2L(w)(—w + 2) "% — OL(w)(—w + 2) L.
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By lemma 2.14, we have

(z = w)*[L(2), L(w)] = 0. O (9)
In particular (L(z)) is a commutative circle algebra in CO(N(c)).

Example 3.20. n-point functions for (L). We shall proceed in a way analogous to the
case (a). The module N(c) has a canonical (up to scalar) possibly degenerate bilinear form
determined by the conditions that (v.,v.) = 1 and that LI = L_,,. This is an example of
what is called a Shapovalov bilinear form. Using this we can consider an n-point function
to be the rational function to which the following series converges: We shall derive a
system of recursive differential equations for them. Again to simplify notations, we shall
drop v.. As before, we first substitute L(z1) = L(z1)- + L(z1)+. By construction we
have L(z1)Tv. = 0 and L(z1)v. = 0. Thus by leaving L(z1)_ in the first slot, this term
contributes zero. By moving L(z1); the last slot, it too contributes zero, except for its

commutators with the rest of the inserted L(z;). Thus applying the commutator formula,

(L(z1) - L(2n))

= > (L) (L) L) Lza)

1=2
=3 S )z ) L) o
1=2
+ (2(251 — Zi)_Q + (21 — Zi)_laaz> <L(22) ...... L(Zn>>
i=2 !

It is possible to write down a formula for the solution to this system of equations. But we

shall no do it here.

Exercise 3.21. Compute the 2-, 3- and 4- point functions.

Exercise 3.22. Compute (: L(z)L(z) : L(w)).

Proposition 3.23. (L) has a basis of the form : 0™ L---0™ L : ny > --- > ny > 0.

Proof: It is word for word the same as the case of («). O
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2. Left Regular Action

Definition 3.24. Let O be a circle algebra. An O-module is a vector space M equipped
with homomorphism O — CO(M).

For ordinary associative algebra, the underlying space is always a faithful module. We

shall prove the analogous theorem for general commutative circle algebras.

Let O be a commutative circle algebra in CO(V'). For every a(z), we can define a new
operator acting on the vector space O, ie. an A(¢) € O by A(() = > A(n)(~"~ !, where
A(n) : O — O is defined by

A(n) - u(z) = a(z) op, u(z). (11)

Note that this is zero for n >> 0 because of the locality assumption.

Definition 3.25. The map above will be called the left reqular action map, and be denoted
by po or just p.

To simplify notations throughout this discussion, we shall use capital letters A, B, .. to
denote the respective images of a,b, ... € O under p. We shall also denote A(n) as (pa)(n).
Observe that p is injective; for if pa = 0, then A(n) = 0 for all n, and 0 = A(—1)1 =
ao_11 = a in particular. We shall eventually prove that for any commutative O, the map

p: 0 — p(O) is a circle algebra isomorphism.

Lemma 3.26. (O, 1,0) is a based space, and every pa is based.

Proof: , Define D : O — O by a(z) — 0a(z). Obviously D -1 = 0. We need to check that
[D, (pa)(€)] = 0(pa)(C)-
D - (pa)(n) - u(z) = (pa)(n) - D - u(z) =0(a on u)(2) = a(2) on Ju(2)
—(9a(2)) on u(2)
= —na(z) o,_1 u(2)

=—npa(n—1)-u(z). O
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2.1. commutators

Theorem 3.27. (Left Regular Action) If a(z),b(z) circle commute, then for all m,n,

(pa) (o), (0] = 3= () ey B + 1~ ). 13

p=>0

Proof: Put A(z) = (pa)(z), B(2) = (pb)(2). Then we have

A(m) - B(n) - u(z) — B(n) - A(m) - u(z)

= Res., Res.,|a(z), b(21)]u(2)
— Res,, Res, u(2)[a(z2), b(21)]

29— 2)" (21 — 2)"

(
(=2 +22)" (=2 + 21)"

= Res,, Res.,, Z(a op b)(zl)u(z)q (02 6(22,21)) (22 — 2)™ (21 — 2)"

p>0 P

— Res,, Res.,, Z u(z)(aop b)(z1) (_pll)p (02 6(22,21)) (=2 + 22)" (=2 + z1)"  lemma 2.14
p=>0

— z:Resz1 (ZL) (aopb)(z1)u(2)(z1 — z)m*er”

p

=Y s () ) ao, D) (-5 2
P
(14)
The last equality is obtained using integration by parts, and the fact that Res., f(z1, 22)0(22,21) =

f(z1,21) whenever f(z1,22)d(22, z1) makes sense. Now we recognize that the RHS of (14) is

RHS = Z( ) a0y 0)(2) Om_pin u(2)
:;(Z})<p<aopb>><m—p+n>~u<z>. .

(15)

Exercise 3.28. Carry out the details of integration by parts above.

Corollary 3.29. For commutative circle algebra O, po preserves oy, n > 0.

Proof: From the preceeding lemma, we get for m > 0,

(pa)m) () )] = 32 () pla oy ). (16)

p=>0
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From lemma 1.7, we see that the [(pa)(m), (pb)(w)] determines all the (pa) o, (pb) with
n > 0 (by inverting the above equation). This shows that p(a o, b) in the equation above
cannot be anything but (pa) o, (pb) for all p > 0. O

Corollary 3.30. If a(z),b(z) circle commute, so do (pa)(z), (pb)(2).

Proof: Combining the preceeding corollary and lemma, we see that for all m,n

[(pa)(m), (pb)(n)] = Y _((pa) op (pb))(m +n — p) (17)

p=>0

which is equivalent to

(o)), (b)) = 3 (") (e pb) )™ (18)

p=>0

for all m. So by lemma 2.14, our assertion follows. [J

Corollary 3.31. p(a o, b) = pa o, pb for all a,b € O and all n.

Proof: Let O be the circle algebra generated by p(O) in CO(O). Now since p(O) consists
of based operators, it follows that O is based commutative circle algebra. The creation
map x : O — O is surjective because x(pa) = x(4) = A(—1)1 = a for any a € O. But this
means that y : O — O is an isomorphism (Chapter 2). Note also that p is the inverse of

X. Finally, we have
x(pa o, pb) = (Ao, B)(—1)1 = A(n)B(—1)1 = A(n)b=a o, b.

Now applying p to this, we get the asserted identity. O

Corollary 3.32. O is canonically an O-module.
Corollary 3.33. (0,1,0,p) is a vertex algebra.

Corollary 3.34. If a,b,c circle commute (with itself and others), then for all n,m,
(aopb)op, ¢ is a linear sum of terms of the forms aoy (bo;c) and boy (ao; ¢) with universal

rational coefficients (i.e. depend only on n,m,k,1).

Proof: By writing out p(a o, b) - ¢ = (pa) o, (pb) - ¢, the assertion follows immediately. O
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These universal relations were part of the axioms in the original mathematical defini-

tion of a vertex algebra.

Corollary 3.35. Let O be a vector space of circle commuting operators. Let S be a set
of circle commuting operators which also circle commute with O. If S o, O C O for all n,
then (S) o, O C O.

Proof: Without loss of generality we may assume 1 € S. We must show that Ao, O C O
for a word A of any length. We shall do induction on the length of A. The length 1
case is our assumption. Suppose the assertion holds up to length k. Let A = A; o, A5
where Aq, Ay are words of length at most k. Then by the preceeding corollary, A o, O C
Zk.’l Aqog (A20,0)+ Zk’l As o, (A1 0; O). By the inductive hypothesis both sums of the
RHS are in O. .

Corollary 3.36. Let O be a commutative circle algebra and f : (S) — O be a linear map
preserving 1. If f(a o, B) = fao, fB for alla € S, B € (S) and all n, then f is a circle

algebra morphism.

Proof: We must show that f(Ao, B) = fAo, fB for all words A in (S). This is done by

induction on the length of A. The argument is similar to the preceeding corollary. O

3. Modules

Lemma 3.37. If O is a commutative circle algebra, and M an irreducible O-module, then

for any v(z) € O with v(z) # 0 on M we have v(z)m # 0 for any nonzero m € M.

Proof: Given v € O, put
M, :={m € M|v(z)m = 0}.

We claim that M, is a submodule. Let u € O. Then for some N > 0, we have

v(2)u(w) = Z v(w) op w(w)(z —w) " v(2)u(w) :

0<n<N-1
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where v o, u = 0 for n > N. Applying this to m € M,, and using the fact that (z —
w)N[v(2),u(w)] = 0 and that v(z)m = 0, we get

0= Z v(w) op w(w)m(z — w)N " u(2)u(w) : m(z — w)V.
0<n<N-1
Note that on the RHS, setting z = w makes sense term wise. Setting z = w, we get
(von—_1u)m = 0. Differentiating WRT z once and setting z = w, we get (vony_gu)m = 0,
etc. Thus (v o, u)m = 0 for all n > 0. This shows that v(z)u(w)m = 0, i.e. u(n)m € M,
VueV.

If v(2) # 0, then v(z)m # 0 Im € M. Therefore in this case, M, # M. Since M is

assumed irreducible, we must have M, = 0, which means that v(z)m =0=m =0. O

Example 3.38. (a)-modules. Let A = (a) as introduced before. We shall give a complete
description of all A-modules. Let M be an A-module with the map A — CO(M). Let a(z)
be the image of the generator a(z). Applying corollary 2.14, we see that [a(n),a(m)] =
N0p+m,0td, i.e. the Fourier modes of a(z) represent the Heisenberg algebra g on M, in
which the central element ¢ € g acts by ¢d. Let g4 be the Lie subalgebra of positive weight
elements. Since a(z) : M — M((z)), M is necessarily g-finite (i.e. for any given v € M,
we have t" - v = 0 for n >> 0). Thus in a canonical way, every A-module is a gy -finite

g-module in which ¢ acts by id.

We now prove the converse. Let M be a g-finite g-module 7 : ¢ — End(M) in which
c acts by id. Put

a(z) = Za(n)z*’”‘*l = Zw(t”)zfnfl.

Since M is gi-finite, a € CO(M). By the Heisenberg commutation relations, we see
that Oy := (a) is a commutative circle algebra in CO(M). By the left regular action
py Oy — CO(Opy), Oy is itself an Op-module. By the Left Regular Action Theorem,

[(p21a)(). (p1a) ()] = 18,14 0id.

This shows that Oy is itself a g-module. Moreover (pyra)(n) -1 = 0 for n > 0. By the
universal property of the g-module V' = Cla(—1),a(—2),..] we have a unique g-module

homomorphism ¢y, : V' — Opy with 1y — 10, .
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Specializing this to M = V, then py : Oy = (o) — CO(Oy ) defines a g-module
structure on Oy . Recall that the creation map x : Oy = (o) — V is a linear isomorphism.

This is also a g-module homomorphism because

Y((pra)(n) -b) = x(ao, ) = a(n)b(~1)1 = a(n)x(b).

Composing @pr : V. — Op with x : Oy — V, we get a g-module homomorphism
f : Oy — Oypy. It remains to show that this is a circle algebra morphism, i.e. f preserves

all circle products. By corollary 3.36, it suffices to show that for all n and X,

flaon X) = f(a) on f(X) (19)

First note that

fla) = pmx(a) = pu(a(=1)1lv) = (pma)(=1)lo, =ao1 1 =a.

Second, we have
flaon, X) = pux(ao, X)

= eum(a(n)x(X))

Exercise 3.39. Show that the correspondence between g, -finite g-modules and {(a)-

modules above is an equivalence of categories.

3.1. Universal Property of (L)

It is obvious that if M is an (L)-module, then M is naturally a Vir-finite Vir-module
of central charge c. The exact same approach as in the preceeding example (a) shows that
this correspondence gives an equivalence of category. (You will need the basis lemma for
(L) which can be proved easily using VA theory. See next chapter.) In particular, we have

the following
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Proposition 3.40. If M is a a Viry-finite Vir-module of central charge ¢ with @ : Vir —
End(M), then there is a unique circle algebra morphism (L) — CO(M) sending L — L.

This raises the following interesting question: Does CO(M) itself become a Vir-

module, not necessarily Viry-finite, via (L) — CO(M)? We will answer in the affirmative.

4. Action of one commutative circle algebra on another

Let M be a Vir -finite Vir-module in which the central element x acts by a scalar c.
We have just seen that M is a (L(z))-module canonically. Let X (z) be the image of L(z)
in CO(M). Let O be any commutative circle algebra in CO(M) containing X (z) (e.g.
O =CO(M).). Define L(n): O — O by

L(n)-u(z) := X(z) op, u(z2). (20)

Lemma 3.41. L, — L(n + 1) defines a Vir-module structure on O in which k acts by

c-id. If O is local, then O is Viry -finite as a Vir-module.

Proof: The second assertion follows immediately from the first. To see the first, we must

show that

L(m)-L(n)-u(z) — L(n) - L(m) - u(2) o
= (m—n)Lim+n—1)-u(z)+ %m(m —1)(m = 2)8npm_ou(2).

We start from the LHS. By definition the circle products of X (z) with itself is the same
as that of L(z). Using this and lemma 2.14, we get

LHS =Res,, Res,,[X(22), X (z1)]u(z)(z2 — 2)" (21 — 2)"
— Res,, Res ,u(z)[ X (22), X (21)](—z + 22)" (=2 + 21)"
—Res,, Res., (22 — 2)™(z1 — 2)" (%a;j’l +2X(21)0s, + aZ1X(z1)) 521, z0)u(z)

— Res,, Res ,u(z)(—z + 22)" (—2 + 21)" (%82’1 +2X(21)0,, + (‘LlX(zl)) d(z1, 22)
(22)
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where §(21,22) = (22 — 21) 71 — (=21 + 22)~!. For any Laurent polynomial g(z1, 22), and
any formal series h(z1, 2z2), we have the identities
9(21, 22)0(21, 22) =g(21, 21)0(21, 22)
Res,, 6(z1,22) =1 (23)
Reszlg(zl,ZQ)aflh(zl,ZQ) =(—1)*Res., (8519(21,22)) h(z1, z2).

Applying these and continuing the above computation:
LHS =Res, (—%n(n 1) (n — 2)(z1 — )N
—2X (z1)n(z1 — 2)™ "1 =20, X (21)(21 — 2)™ " 4+ 0., X (21) (21 — 2)T) u(2)

— Res.,u(z) (—5n(n = 1)(n —2)(== + )"+

12
—2X (z1)n(—z + 21)™T" 1 =20, X (21)(—2 + 20)™T" + 0., X (21)(—2 + zl)m+")
=— f—Qn(n —1)(n—2)1opmipn-su(z)+(m—-—n)X(m+n-—1)- u(z).
(24)

This proves (21). O

Corollary 3.42. The linear map (L(2)) — N(c), A(z) — A(=1)v. is isomorphism of

Vir-module.

Proof: We have already seen that (N(c),1,D) and L is based circle operator. Thus by
theorem 2.37 , we saw that the creation map x : (L) — N(c) is a linear isomorphism.
Now applying the preceeding lemma to the case O = (L), we get a Vir-module structure
on O. Moreover O is a cyclic Vir-module generated by 1 € O. It is also easy to check
that L(n)-1 =0 for n > 0. By the universal property of N(c), there is a unique Vir-map
N(c) — O sending v. — 1. Using the definition of Vir action on O, it is easy to check that
this map sends the canonical BPW basis (with factor nq!---ng!) to the monomial basis of
O. By definition, this is the inverse x : O — N(c¢). O

Exercise 3.43. In O := (a(z)), put X(z) = 3 : a(z)a(z) .. Show that X (z) has the same
OPE as L(z) with ¢ = 1.

Exercise 3.44. Now regard both a(z) and L(z) as graded, having weights 1, 2 respectively.

For each fized value of ¢, classify the circle maps (L(z)) — («a(z)). (There are two such
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maps for each ¢ # 1, and just one otherwise.) Show that the image of L(z) is § : a(z)a(z) :

+eda(z) with ¢ = 1—12€2. This put a Vir-module structure on the g-module. Similarly the
g-module which we call F(p) before now acquires a Vir-module structure which is denoted

as F(e,p). It is known as a Feigin-Fuchs module. In physics, it is also called a free field

module.

Exercise 3.45. In O := (¥(z)), put X(z) =: ¥(2)09(z) :. Show that X (z) has the same

OPE as L(z) with ¢ = 5.



