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ABSTRACT. This is the third of a series of papers on a new equivariant cohomology
that takes values in a vertex algebra. In the second paper, we defined the chiral equivariant
cohomology HY,(A) of an sg[t]-algebra A, where G is a compact Lie group and sg is the
superization of the Lie algebra g of G. Our main examples of sg[t]-algebras are the chiral de
Rham complex Q(M) of a G-manifold M, and the subalgebra Q' (M) C Q(M) generated
by the weight-zero subspace. Both H,(Q'(M)) and H},(Q(M)) are “chiralizations” of the
classical equivariant cohomology H (M ). The main results in this paper are the existence
of Mayer-Vietoris sequences, the invariance of H (Q'(M)) under equivariant homotopy,
and the existence of a quasi-conformal structure on Hy,(Q'(M)) and HF,(Q(M)) for any
G and M. Using these results, we describe H,(Q'(G/H)) for any closed subgroup H C G.
We prove a vanishing theorem for H, (Q(M)) whenever G acts effectively on M. Finally,
for any simple G we construct compact G-manifolds M and N together with a smooth,
G-equivariant map f : M — N which induces a ring isomorphism H}(N) — H (M), such
that H,(Q'(M)) # H(Q'(N)).
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1. Introduction

Let G be a compact Lie group with complexified Lie algebra g. In [10], the chiral
equivariant cohomology HF,(A) of an O(sg)-algebra A was introduced. This is a func-
tor from the category of O(sg)-algebras to the category of vertex algebras. Examples of
O(sg)-algebras include the semi-infinite Weil algebra WW(g) and the chiral de Rham com-
plex Q(M) of a smooth G-manifold M. In [11], this functor was extended to the larger
categories of sg[t]-algebras and sg[t]-modules. Our main example of an sg[t]-algebra which
is not an O(sg)-algebra is the subalgebra Q'(M) C Q(M) generated by the weight-zero
subspace. H(Q(M)) and H},(Q'(M)) are both “chiralizations” of the classical equivari-
ant cohomology Hf (M), that is, vertex algebras equipped with a weight grading by the
non-negative integers, which contain H¢ (M) as the subspace of weight zero. In the case
M = pt, Q(M) = Q' (M) = C, and H}(C) plays the role of H}(pt) = S(g*)¢ in the

classical theory.

We briefly recall these constructions, following the notation in [10][11]. First of all, a
differential vertex algebra (DVA) is a degree graded vertex algebra A* = &,cz.AP equipped
with a vertex algebra derivation d of degree 1 such that d> = 0. A DVA will be called
degree-weight graded if it has an additional Z>(-grading by weight, which is compatible
with the degree in the sense that AP = @,,>0.A"[n].

There is an auxiliary structure on a DVA which is analogous to the structure of

a G*-algebra in [7]. Associated to g is a Lie superalgebra sg := g g~ ! with bracket
[(€:m), (. y)] = ([§ 2], [§, y]— [z, n]), which is equipped with a differential d : (£, ) — (1, 0).

This differential extends to the loop algebra sg[t,t~1], and gives rise to a vertex algebra
derivation on the corresponding current algebra O(sg) := O(sg,0). Here 0 denotes the

zero bilinear form on sg.

Definition 1.1. An O(sg)-algebra is a degree-weight graded DVA A equipped with a DVA
homomorphism p : O(sg) — A, which we denote by (§,m) — L¢ + tyy.

Although this definition makes sense for any Lie algebra g, we will assume throughout

this paper that g is the Lie algebra of a compact group GG, and we require A to admit an

2
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action p : G — Aut(A) of G by vertex algbera automorphisms which is compatible with

the O(sg)-structure in the following sense:

& pleap(t))]io = Le(0), (1.1
p(9)Le(n)p(g™") = Laagg)e)(n), (1.2)
p(9)te(n)p(g™") = Laag)e) (1), (1.3)

plg)dp(g™") = d, (1.4)

for all £ € g, g € G, and n € Z. These conditions are analogous to Equations (2.23)-(2.26)
of [7]. In order for (1.1) to make sense, we must be able to differentiate along appropriate

curves in A, which is the case in our main examples A = Q(M) and A= Q'(M).

In [11], we observed that the chiral equivariant cohomology functor can be defined on
the larger class of spaces which carry only a representation of the Lie subalgebra sg[t] of
sglt, t71].

Definition 1.2. An sg[t] module is a degree-weight graded complex (A,d4) equipped with
a Lie algebra homomorphism p : sg[t] — End A, such that for all x € sg[t] we have

o p(dz) = [da, p()]

e p(z) has degree 0 whenever x is even in sg[t], and degree -1 whenever x is odd, and

has weight —n if x € sgt™.

As above, we will always assume that g is the Lie algebra of G, and A has an action
of G which is compatible with the sg[t]-structure, ie, (1.1)-(1.4) hold for n > 0.

Definition 1.3. Given an sg[t]-module (A,d), we define the chiral horizontal, invariant

and basic subspaces of A to be respectively
Anor = {a € Alp(z)a =0 Vo € g~'[t]}

Ainv = {a € Alp(z)a =0 Vz € glt], p(g)(a) =a Vg€ G}
Abas - Ahor N Ainv-



4 B.H. Lian, A.R. Linshaw & B. Song

An sg[t]-module (A,d) is called an sg[t]-algebra if it is also a DVA such that Apor, Ainy
are both vertex subalgebras of A, and G acts by DVA automorphisms.

When we are working with multiple groups G, H, ... we will use the notations Ag_por,
AG—invy AG—bas, €tc., to avoid confusion. Given an sg[t]-module (A,d), Ainy, Apas are
both subcomplexes of A, but A, is not a subcomplex of A in general. The Lie algebra
sg[t] is not required to act by derivations on a DVA A to make it an sg[t]-algebra. If (A, d)
is an O(sg)-algebra, any subDVA B which is closed under the operators (L¢ +ty)op, p > 0,
is an sglt]-algebra.

Definition 1.4. For any sg[t]-module (A,d4), we define its chiral basic cohomology
H; .(A) to be H*(Apes,da). We define its chiral equivariant cohomology HE,(A) to be

H; . (W(g)®.A). The differential on W(g)®.A is dyy @1+1®d 4, where dyy = J(0)+K(0),
as in [10].

In this paper, our main focus is on the cases where A is either the chiral de Rham
complex Q(M) or the subcomplex Q'(M) introduced in [11], for a smooth G-manifold M.
Recall from [11] that for each m > 0, Qs[m] is a sheaf of vector spaces on M, and Q(M)
is the space of global sections of the weak sheaf of vertex algebras Oy = @p>09 M [m] on
M. Similarly, Q,[m] is the subsheaf of Qus[m] generated by the weight-zero subspace,
and Q'(M) is the space of global sections of the weak sheaf of abelian vertex algebras

i = ®m>09),[m]. In this terminology, a weak sheaf is a presheaf in which
0— FU) - [[Fw) =[]FWw:nU;) (1.5)
i ij

is exact for finite open covers {U;} of an open set U (see Section 1.1 of [11]). Whenever we
need to construct a global section of Qps or Q), by gluing together local sections, these
sections are always homogeneous of finite weight, so we may work inside the sheaf Q;[m)]

or Q),[m] for some m.

Since H}(Q'(M)) and H(Q(M)) are both chiralizations of H (M), we have the

linear decompositions

H;(Q(M)) = HG(M) & Hg(Q(M))+,  Hg(Q'(M)) = H5(M) & Hg(Q' (M)



Chiral Equivariant Cohomology III — DO NOT DISTRIBUTE 5

In this notation,

HE(Q(M))+ = DHE(QM))[],  HE(Q'(M))4 = PHE(Q (M))[n].

n>0 n>0

Ultimately, we would like to understand what kind of geometric information is contained
in H;(Q(M))+ and HE(Q'(M))+. In [10][11] we proved a number of structural results

about these two cohomology theories, which we recall below.

e The functor H;(Q'(—)) is contravariant in M for any G. For fixed M, H7 | (Q'(M))

is not functorial in G in general, but is contravariant with respect to abelian groups.

e For any G, H{,(C) contains nonzero classes in every positive weight. If G is semisim-
ple, H},(C) is a conformal vertex algebra with Virasoro element L of central charge

Zero.

e For any sg[t]-algebra A, the canonical map
ke Hy,(W(g)) = Hg(C) — Hg(A)

induced by W(g) — W(g) ® A is called the chiral Chern-Weil map of A. For A =
Q(M) or A = Q'(M), this map extends the classical Chern-Weil map H¢ (pt) —
He(M).

e For any G, if M has a G-fixed point, kg : H;(C) — H}(Q/(M)) is injective. If G
is semisimple, H (Q'(M)) is then a conformal vertex algebra with Virasoro element

kg (L) of central charge zero.

e For any G, if the action of G on M is locally free, H}(Q'(M))y = 0 and
H,(Q(M)); =0,

e If G is a torus T, H%(Q'(M))+ = 0 if and only if the action of T is locally free.
The converse fails in general. For example, if G is simple and T" C G is a torus,
H(Q(G/T))+ = 0 even though the action of G on G/T is not locally free.

e If G is semisimple and V is a faithful linear representation of G, HE(Q(V))+ = 0.

5
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1.1. Outline of main results

In this paper, we continue the study of Hf,(Q(M)) and H},(Q'(M)). There are three
basic results we need to establish. First, for G-invariant open sets U,V C M, there exist

Mayer-Vietoris sequences
-+ = HE H(QUNV)) — Hg(QUUV)) — HE(QU)@HE(Q(V)) — He(QUNV)) — -+,

= Hg (Q(UNV)) — HE(Q' (ULV)) — HE(Q'(U)@HE(Q'(V) — HE(Q(UNV)) — -+

As usual, these sequences are useful tools for passage from local to global information.

Second, H},(Q'(—)) is invariant under G-equivariant homotopy. That is, if M and N
are G-manifolds and ¢g, 1 : M — N are equivariantly homotopic G-maps, the induced
maps ¢, o7 : H5(Q'(N)) — HE(Q'(M)) are the same. In particular, if M is equivariantly
contractible to a submanifold M’, H (Q'(M)) = HE(Q'(M')).

Third, for any G and M, H,(Q'(M)) and HE,(Q(M)) have quasi-conformal struc-
tures. That is, they admit an action of the subalgebra of the Virasoro algebra generated
by {L,| n > —1}, such that L_; acts by 0 and Ly acts by n id on the subspace of
weight n. When G is semisimple, this quasi-conformal structure coincides with the quasi-
conformal structure given by {kg(L),| n > —1}. In the semisimple case, the vanishing of
k(L) is equivalent to the vanishing of H (Q'(M)),. Likewise, for general G and M, the
quasi-conformal structure on HF, (Q'(M)) and Hf,(Q(M)) provides a vanishing criterion
for H,(Q'(M))+ and HE,(Q(M))4; it suffices to show that Ly acts by zero.

Using these three basic tools, our goal will be to give a relative description of
HY(Q'(M))+ and HY(Q(M))+ in terms of the vertex algebras H (C) for various con-
nected normal subgroups K of GG, together with geometric data about M. If K is abelian,
Theorem 6.1 of [10] gives a complete description of Hj,(C), but if K is non-abelian H},(C)
is still a rather mysterious object. Computer calculations in the cases K = SU(2) and
K = SU(3) indicate that H}-(C) has a rich structure and contains many non-classical

elements beyond the Virasoro element L.

Since G-manifolds locally look like vector bundles over homogeneous spaces G/H, a

basic problem is to compute H},(Q'(G/H)) for any closed subgroup H C G.

6
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Theorem 1.5. For any compact, connected G and closed subgroup H C G,
H(Q'(G/H)) = Hy, (C) ® Hg (G/H), (1.6)

where K is the identity component of Ker(G — Diff(G/H)) and G' = G/Ky. Here
H}., (G/H) is regarded as a vertex algebra in which all products are trivial except o_q, and

(1.6) is an isomorphism of vertex algebras.

A consequence of this result is that for compact M, the degree p and weight n subspace
H?,(Q'(M))[n] is finite-dimensional for all p € Z and n > 0, which extends a well-known

classical result in the case n = 0. Hence the generating function

X(M,G) = dim H?(Q'(M))[n] 2¢"
p,n
is a well-defined invariant of M.

Next, we study HE(Q(M)) via the map HF,(Q'(M)) — HE(Q(M)) induced by the
inclusion Q' (M) — Q(M).

Theorem 1.6. For any G-manifold M,
H(Q(M)) = Hi,(C) ® He (M),

where Ko denotes the identity component of Ker(G — Diff(M)) and G' = G/Ky. In
particular, HE (Q(M))+ = 0 whenever the action of G is effective up to a finite group.

Thus HE(Q(M)))+ depends only on Ky, so it carries no other geometric informa-
tion about M. An important consequence is that for any G and M, H(Q(M))+ and
HZ (Q'(M))4 are vertex algebra ideals, ie, they are closed under ao,, and o, c for all n € Z
and o in HE(Q(M)), HE(Q'(M)), respectively.

Next, we study HE(Q'(M)), which in contrast to H}(Q(M)), carries non-trivial
geometric information about M beyond weight zero. We focus on three special cases: GG
simple, G = G1 X G where G1, G5 are simple, and GG abelian. For simple GG, the following
theorem describes HY,(Q'(M))+ in terms of HY (C) and classical data.

7
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Theorem 1.7. For any simple group G and G-manifold M, the map
HE(Q'(M))4 — Hg(Q' (M) 4

induced by the inclusion MY < M, is a linear isomorphism. It follows that H(Q'(M)) 4 =
HY(C). ® H*(M®) as linear spaces.

We also describe the vertex algebra structure of Hf,(Q'(M)), and show that it en-
codes certain classical geometric data such as the ring structure of H*(M%) and the map
H} (M) — HEL(MY). Using a theorem of R. Oliver which describes the fixed-point sub-
manifolds of group actions on disks, we construct compact G-manifolds M and N to-
gether with a smooth, G-equivariant map f : M — N which induces a ring isomorphism
HE(N) — HE(M) (with Z-coefficients), such that HE(Q'(M)) # HE(Q'(N)). Hence
H(Q'(—)) is a strictly stronger invariant than HE(—) on the category of compact G-

manifolds.

Similarly, in the case G = G; x G2 where G1, G are simple, we describe HF,(Q'(M))
in terms of the vertex algebras Hg; (C), Hg, (C) and the rings H* (M), Hg, (MS2), and
H, (MC).

The case where G is the circle S' is analogous to the case of simple G.

Theorem 1.8. For any S'-manifold M, the map H%, (Q'(M))y — HEI(Q'(M‘Sl)M

induced by the inclusion MS" < M, is a linear isomorphism. Hence H, (Q'(M)) 4+
H, (C)y @ H*(MS").

When G is a general torus 7', HY.(Q'(M))4 will typically depend on the family of
rings H7, /T,(M T/) for all subtori 7" C T for which M7  is non-empty, and can be quite
complicated. As an example, we compute H:(Q'(CP?)), where T'= S x S! and CP? is

equipped with the usual linear action.

We conclude with a few remarks about HY,(C). In [3], Feigin-Frenkel suggest that the
semi-infinite Weil complex W(g) should play a role in semi-infinite geometry analogous
to the role of the classical Weil complex W(g). Note that H(pt) = S(g*)¢ can be
regarded either as the basic cohomology H}

bas

(W (g)), or as the Lie algebra cohomology

8
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H%g,S(g*)). The analogue of H(g, S(g*)) is the semi-infinite cohomology H>T*(g,S(g))
where S(g) is the semi-infinite symmetric algebra on g, whereas the analogue of H;, (W (g))
is Hf,,(W(g)) = H;(C). In contrast to the classical case, H,(C) does not coincide
with this semi-infinite cohomology. It would be interesting to construct an equivariant
cohomology theory for manifolds in which H>**(g,S(g*)) plays the role of H (pt) (as

suggested in [3]), and compare it to our theory.

Various aspects of the chiral de Rham complex and its generalizations have been
studied and developed in recent years. In [12], the sheaf cohomology was considered in
terms of representation theory of affine Lie algebras. In [6], cohomological obstructions to
the existence of certain subsheaves and global sections were considered, while in [4], the
chiral de Rham complex was studied in the context of finite group actions and orbifolds.
More recently, chiral differential operators have been interpreted in terms of certain twisted
two-dimensional supersymmetric sigma models [16]. It has been suggested that chiral

equivariant cohomology for G-manifolds could be a gauged version of a sigma model.!

Acknowledgement. We thank G. Schwarz for helpful discussions on invariant theory
and for pointing out to us Oliver’s construction of group actions on disks for which the

fixed-point sets have interesting homotopy types.

1.2. General remarks about group actions on manifolds

Let G be a compact Lie group with identity component Gy. If M is a G-manifold, the
finite group I' = G/ G acts on the complex (W(g)® Q(M))G,—bas by DVA automorphisms,

and we have
(W(g) ® Q(M))G—bas = (W(g) ® Q(M))Gy—bas)® = (W(8) © Q(M))Go—bas)" -

Since the differential dyy + dg commutes with the action of I' on (W(g) ® Q(M))Gy—bas, I
acts on Hg, (Q(M)), and we have Hg(Q(M)) = H, (Q(M))". Similarly, H,(Q'(M)) =
H, (Q'(M))". Hence there is essentially no new content in studying Hg, (=) for discon-
nected groups, so for the remainder of this paper, we will only consider the functor HE(—)

for connected G.

We thank E. Witten for drawing our attention to this development.
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We say that G acts effectively on M if K = Ker(G — Dif f(M)) is trivial, and we
say that G acts almost effectively if K is finite. Let Ky denote the identity component of
K and let G' = G/Kj.

The next lemma shows that up to tensoring with Hy, (C), it is enough to consider

only actions which are almost effective.

Lemma 1.9. Let M be a G manifold, and suppose that K = Ker(G — Diff(M)) has

positive dimension. Then G’ acts almost effectively on M and

H(Q(M)) = H, (C) ® Hg (Q(M)),  Hg(Q/(M)) = Hi, (C) @ H, (Q'(M)).

Proof: Clearly K/Ky = Ker(G' — Diff(M)), which is finite because K is compact.
Since g = £ & g’ where £ and g’ are the Lie algebras of K and G’, respectively, we have
W(g) = W(t) @ W(g’). Then

W(g) @ Q(M))G—bas = W) ky—bas @ W(g') @ Q'(M))G'—bas-

Note that the differential d = dyy(4)+dg of W(g)®Q(M) can be written as dyy ) +dyy(g)+
dg, and these three terms pairwise commute. Since dyy ) only acts on W(®) ky—bas and
dw gy + dg only acts on W(g') ® Q(M))g’—pas, the claim follows. O

Any compact connected G has a finite cover of the form G = Gi1 X+ xX G xT, where
the G; are simple and T is a torus. If M is a G-manifold, the action can be lifted to G so
that I' € Ker(G — Diff(M)). The next lemma shows that without loss of generality, we

may always assume that G is of this form.

Lemma 1.10. Suppose M is a G manifold, K = Ker(G — Diff(M)), and ' is a finite
subgroup of K. Then G/T" acts on M and

H;(Q'(M)) =Hg,p(Q'(M)),  Hi(Q(M)) =Hg,r(Q(M)).
In particular, if G, G, and T' are as above, we have
Hg(Q'(M)) =Hg(Q'(M)),  Hg(QM)) =Hg(Q(M)).

10
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Proof: T' acts trivially on Q(M) since it acts trivially on M. The adjoint and coadjoint
actions of I" on g and g* are trivial, so I" also acts trivially on W(g). Thus the G invariance
and the G/I' invariance conditions on W(g) ® Q'(M) and W(g) ® Q(M) are the same.
Since G and G/I" have the same Lie algebra, the sg[t] basic condition is also the same.

2. Mayer-Vietoris Sequences

In this section, we show that for G-invariant open sets U,V C M, there exist Mayer-

Vietoris sequences
= Hg(Q(UUV)) - Hg(Q(U)) @ HE(Q'(V)) — Hg(QUNV)) — -+,

= Hg(QU UV)) — Hg(QU)) & Hg(Q(V)) — He(QUNV)) — ---.

Lemma 2.1. Let M be a manifold and let ) be a Lie algebra. Suppose that F a sheaf of
C* modules and of h modules on M, where two module structures are compatible, i.e. b
acts compatibly on the sheaf C*° by derivations. Assume that U,V are open sets, and that
ou, oy € C°(M) form an b invariant partition of unity for the cover {U,V'} of UUV . If

the invariant functor (—)" is applied to the standard evact sequence
0—-FUUV)=FU) dFV)—-FUNV)—0

the result is an exact sequence.

Proof: Note that the left exactness of the standard sequence is just the sheaf axiom, but
the surjectivity of the last map is not true for a general sheaf unless it is a fine sheaf (i.e.
has the partition of unity property for sheaves.) Since F is assumed to be a C* sheaf, the

exactness of our standard sequence is guaranteed.

Since the invariant functor (—)" is left exact, applying it to the standard sequence

yields a left exact sequence. So it remains to show that
FUeFV) - FUNV) (2.1)

11
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is onto. Since the C'"*° and h structures on F are compatible, the map is a C'>*° module
map, i.e. it is compatible with multiplications by functions. Let a € F(U N V)" and let
{¢vu, v} be an h-invariant partition of unity subordinate to the cover {U,V} of U U V.

We claim that there is an extension of (¢ |U N'V)a € F(UNV)? by zero to all of V
(but not to all of U). We have

(UNV)U (V\supp(ov)) = V.

For if z € V\(UNV) then = ¢ supp(¢y) C U, and so x lies on the left side. Now to see
that (¢py|UNV)a € F(UNV)Y and the zero 0 € F(V\supp(¢r))? glue together to form a
section in F(V)", it is enough to check that (¢y7|U N V)a restricts to zero on the overlap
W =UnV)n (V\supp(¢r)). This restriction is equal to (¢y|W)(a|W) since function
multiplication commutes with restriction. But ¢y|W = 0 because W N supp(opy) = 2.
This proves our claim. Call this extension ay € F(V)Y. Likewise let ay € F(U)" be the
extension of (¢y|UNV)a € F(UNV)? by zero to all of U.

Now under (2.1) we have
(ay,—ay) — (ay |[UNV)+(ag|UNV) = (¢u|UNV)a+(dv|UNV)a = [(pu+ov)|UNV]a = a

since ¢y + ¢y = 1. This proves that (2.1) is onto. O

Remark 2.2. This result holds if we replace “sheaf” with “weak sheaf” since the recon-

struction aziom (1.5) holds for finite covers.

Theorem 2.3. Let M be a G-manifold and let U,V be G-invariant open sets in M. Then
UNV UJ]V — UUYV induces a long exact sequence

= HG(Q(UUV)) — Hg(Q'(U)) e HE(Q(V)) — HG(QUNV)) — -

Proof: Regard W = W(g) as a constant sheaf of vector spaces over M. Then W ® Q' is a

weak sheaf of C>° modules where functions act only on the right factor. It is a weak sheaf

12
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of modules over the Lie algebra sg[t] as shown in Section 3 of [11]. Choose a partition of
unity ¢y, ¢y of U NV as before. Since U,V are GG invariant sets, by averaging over G, we
can assume that the two functions are G-invariant. Note that even though sg[t] does not
act by derivations on a general element of W ® Q’, sg[t] does act by derivations on weight
zero elements. Moreover, any G-invariant function f, regarded as 1® f € W ® Q’, is chiral
basic (i.e. sg[t]-invariant). So ¢y, ¢y form a sg[t]-invariant partition of unity. Hence the
preceding lemma can be applied to F = W ® Q" and h = sg[t]. The invariant functor

applied to the standard sequence for F yields an exact sequence
0= FUUV)pas = F(U)bas ©F(V)pas = FU NV )pes — 0,

which induces the corresponding long exact sequence for chiral equivariant cohomology.
O

The theorem holds if we replace @' by Q. The only tricky part here is that Q is no
longer a C'"*° module because the Wick product on Q is not associative. But we still have
a C bilinear operation C*® x Q — Q, (f,a) +: fg : which is a homomorphism of weak
sheaves. Moreover, even though Q is not functorial under general smooth mappings, it is
functorial with respect to open inclusions. A partition of unity argument shows that the
standard sequence for @ is still exact. The proof of the preceding lemma then carries over
to the case F =W ® Q.

3. Homotopy Invariance of Hf,(Q'(M))

Let M and N be G-manifolds, and let ¢, ¢, : M — N be G-equivariant maps. Let
I denote the interval [0, 1], which we regard as a G-manifold equipped with the trivial

action.

Definition 3.1. A G-equivariant homotopy from ¢g to ¢1 is a smooth G-equivariant
map ® : M x I — N such that for all x € M, ®(x,0) = ¢o(x) and ®(x,1) = ¢1(x). For
eacht € I, ¢y : M — N will denote the map ¢(x) = ®(z,t).

The main result in this section is

13



14 B.H. Lian, A.R. Linshaw & B. Song

Theorem 3.2. Let M and N be G-manifolds, and let ¢g,p1 : M — N be G-equivariant
maps. 1If there exists a G-equivariant homotopy ® from ¢g to ¢1 as above, the induced

maps ¢35, o7 HL(Q(N)) — HE(Q'(M)) are the same.

We first define an appropriate notion of chiral chain homotopy in the category of sg|t]-
modules, and show that two morphisms of sg[t]-modules which are chiral chain homotopic
induce the same map in chiral equivariant cohomology. In the geometric setting, if ®
is a G-equivariant homotopy between ¢g, 1 : M — N, we will construct a chiral chain
homotopy between the induced maps ¢g, @7 : Q' (N) — Q' (M).

An immediate consequence of Theorem 3.2 is that if M is G-equivariantly con-
tractible to a submanifold M’, then H} (Q'(M)) = H(Q'(M')). By contrast, the functor
H7,(Q(—)) does not have this property. Let G be simple and let V' be a faithful linear
representation of G. Then V is G-equivariantly contractible to the origin o € V, but
HZ(Q(V))s = 0 whereas H5(Q(0))1 = H5(C)4 # 0.

3.1. Chiral chain homotopies

Suppose that A and B are sg[t]-modules. A chiral chain homotopy from A to B is a
linear map P : A — B, homogeneous of weight 0 and degree —1, which is G-equivariant

and satisfies
P (k) + (k)P =0, PL{(k)— LE(k)P =0, (3.1)

for all £ € g and k£ > 0.

Lemma 3.3. If P : A — B be a chiral chain homotopy, the map ™ = Pdy4 + dgP is a

morphism of sg[t]-modules.

Proof: The argument is similar to the proof of Proposition 2.3.1 in [7]. First note that

dpT = dgPd 4 = 7d 4. From the assumption L?(k)P = PL?(k), it is immediate that
L?(]C)T = TL?(k?).

Finally,
£ (k)T = £ (k)dpP + 1f (k)Pd s = £ (k)dgP — Pu{(k)da

14
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= —dpif (k)P + LE (k)P + Pdauft(k) — PL{ (k) = (dgP + Pd )it (k) = 7' (k).O

Two sg[t]-module homomorphisms ¢, ¢1 : A — B are said to be chiral chain homo-
topic if there is a chiral chain homotopy P : A — B such that ¢; — ¢g = 7. This clearly
implies that ¢, ¢1 induce the same map from H; . (A) — H; . (B).

bas

Lemma 3.4. Chiral chain homotopic maps ¢g,¢1 : A — B induce the same map from
H(A) — Hi(B).

Proof: This is analogous to Proposition 2.4.1 of [7]. The map id®@ P W® A —- W® B is
a chiral chain homotopy between id ® ¢g, i1d ® ¢1. Hence id ® ¢g, 1d @ ¢1 induce the same
map from HE(A) =H;, W®A) - H;, WV ®B)=Hg(B). O

bas

Suppose that ¢g,¢1 : M — N are G-equivariantly homotopic via ® : M x I — N.
We recall the classical construction of a chain homotopy P : Q*(N) — Q*~1(M) between
the maps ¢§, ¢7 : Q*(N) — Q*(M), following [7]. For fixed x € M, consider the curve in
N given by s +— ¢s(x), and let £ : M — T'N be the map which assigns to = the tangent

vector to this curve at s = t. Consider the map
fo: U(N) = Q7Y M), 0 ¢;(1g,(0)): (32)
At each x € M, this map is defined by

¢y (te, (@) (015 -y m) = o (§e(w), dbe(m1), - - -, dpe (), (3.3)

given vectors 7y,...,Mx € TM,.

Let ¢ : A — B be a map of G*-algebras. A degree-homogeneous map f : A — B is

said to be a ¢-derivation if

f(ab) = f(a)p(b) + (—1){9 D19 Dg(a) f(b), (3.4)

for all homogeneous a,b € A. Taking A = Q(N), B = Q(M), ¢ = ¢;, the map f; is a

¢;-derivation.

15
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A well-known formula (see [7]) asserts that

2 i = 61, (d) + (67 1, (). 5)

Define P : Q*(N) — Q*~}(M) by Po = fol ¢f (tg,(0)) dt. Integrating (3.5) over I shows
that Pd+dP = ¢7 — ¢, so P is a chain homotopy. Since ¢g, ¢1, ® are G-equivariant maps,
ft is G-equivariant and satisfies ftaé\] + Lé\/l ft =0, for all t € I. It follows that P is also
G-equivariant and satisfies PLéV + Lé\/[ P = 0. Hence P is a chain homotopy in the sense of

[7], and ¢, ¢1 induce the same maps in equivariant cohomology.

We need to show that P extends to a linear map P : Q'(N) — Q/(M) which is a
chiral chain homotopy between ¢, ¢ : Q'(N)) — Q'(M)). By Lemma 3.2 of [11], for each
m > 0, we may regard Q’y,[m] as a smooth vector bundle over M of finite rank, which has
a local trivialization induced from a collection of charts on M. Given a coordinate open
set U C M with coordinates 4!, ...,4™, U x V is a local trivialization of Q,, where V is

the vector space with basis consisting of all nonzero monomials of the form
o AR, LLEALYS ey LIRS YL (3.6)

where r; +---+ 71y + 51 + -+ 5, = m, and each r; > 0 and s; > 0. Here ¢’ denotes the

coordinate one-form dg~’.

Let m: M x I — M be the projection onto the first factor. We can pull back Q’,[m]
to a vector bundle 7*(Q’,[m]) — M x I. Let I'lm] = I'(M x I,7*(Q),;[m])) denote the

space of smooth sections
o:MxI— Qym], oz t)=(z,v(z,t)),

where in local coordinates v(z,t) = > .c; f; (v',...,7", t)u;. Here the set J indexes all

monomials of the form (3.6), and each f; is a smooth function on U x I.

Note that I' = @,,>0L[m] is an sg[t]-algebra, and that 4 and 0 are derivations on I'.

It is clear from the local description of o(x,t) that

t

d
dta(( t)) = 0(50(x,1)).

Furthermore, the (fiberwise) integral fo x,t)dt is a well-defined map from I' —
(M, Q) andf()@axtdt 8]0 (x,t)dt.

16
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Suppose that ¢ : A — B is a morphism of sg[t]-algebras. A degree-weight homogeneous

linear map f : A — B will be called a ¢-derivation if

flaonb) = f(a) o ¢(b) + (1)1 DI Dg(a) o, f(b), (3.7)

for all homogeneous a,b € A and n € Z. Clearly f(1) =0 and f(da) = 0f(a) for all a € A.
If A, B are abelian vertex algebras, to check that f is a ¢-derivation, it is enough to show
that for all a,b € A,

fGab:)=: f(a)p(b) : +(=1)1%9 DI p(a)f(b):,  f(Da) =0Df(a).  (3.8)

Remark 3.5. A ¢-derivation f is determined by its values on a set of generators of A.
In the case A= Q'(N), B= Q' (M), ¢ = ¢;, since Q'(N) is generated by Q(N), any two

@5 -derivations which agree on Q(N) must agree on all of Q' (N).

Remark 3.6. Suppose that f is a ¢-derivation and d 4,05 are verter algebra derivations
on A, B, respectively, which are homogeneous of degree d and satisfy ¢ o 64 = dp. Then
foda— (=1 NDszo fis also a ¢-derivation.

For example, for any £ € g, the operators L?(O), L?(O) are vertex algebra derivations
of degree —1, and L?(O), L?(O) are vertex algebra derivations of degree 0. Hence

foud(0) — (1) D.B(0)o f, foL{(0)—LE(0) o f

are ¢}-derivations. If A and B are abelian vertex algebras, the operators tA(k), L? (k),
Lg‘(k), L? (k) are vertex algebra derivations for all £ > 0, so

Foud(k) = (1) 1B (K)o f, foL{(k)—LE(k)of

are ¢;-derivations.

Lemma 3.7. There is a unique extension of the map f; : Q*(N) — Q*~1(M) defined by
(3.2) to a linear map Fy : Q"*(N) — Q"*~Y(M), which is a ¢} -derivation.

Proof: We first construct F; locally. On a coordinate open set U C N with coordinates
L. oo™, recall that Q' (U) is the abelian vertex algebra with generators f € C*°(U) and
c',i=1,...,n, subject to the relations:

of
1(z) — 1, (f9)(z) — f(2)9(2), 0f(z) — P

(2)07'(2), (3.9)

17
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for all f,g € C>°(U). We define F; on generators by Fy(f(7',...,7")) = 0 and Fy(c') =
fi(c"), and then extend F} to a linear map on all of Q'(U) using the ¢;-derivation property
(3.8). Since the relations (3.9) are all homogeneous of degree 0 and F; lowers degree by
one, it is clear that F; annihilates these relations, and hence is well-defined. Using the fact
that Fy(f(y!,...,7™)) = 0 for any f € C(U), it is easy to check that the definition of F}

is coordinate-independent.

Finally, cover N with coordinate open sets {U;}, and define Fi|y, as above. Fix a
partition of unity {v;} subordinate to this covering. For each m > 0, we define F} :
Q'(N)[m] — Q' (M)[m] by Fy = >, i Fi|u,, which is well-defined since Q'(N)[m] is a fine
sheaf. Moreover, F; still satisfies (3.8) on each Q'(N)[m] because Fi(1;) = 0. Finally,
since Q'(N) = 3", 5o Q' (N)[m], this defines F; on all of Q'(N). O

Lemma 3.8. Equation (3.5) holds for any o in Q'(N), not just Q(N).

Proof: By the preceding lemma, both sides of (3.5) are well-defined. It suffices to show
that it holds for ¢ = s for each s € I. Let

9= Lotlma) =020, 0)d()) + 61, (0)(-),

which are the maps from Q'(N) — Q'(M) appearing on the left and right sides of (3.5),
evaluated at ¢ = s. Clearly g and h are both ¢%-derivations, and since g and h agree on

generators, they agree on all of Q'(N) by Remark 3.5. O

We now define P : Q'(N) — Q'(M) by P(0) = fol F;(o)dt, which coincides with P at
weight zero. Integration of (3.5) over I shows that dP + Pd = ¢ — ¢;.

Finally, we need to show that the map P constructed above is in fact a chiral chain

homotopy. Recall that for all o € Q(N), £ € g, and t € I, f; satisfies
RLY — LY fi =0, fud + 2 fr=0. (3.10)
For £ € g and k > 0, consider the maps

Rier = FLY (k) — LY (K)Fy,  Seen = Fug (k) + o' (k) Fy.

18
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By Remark 3.6, R;¢ ) and S;¢ ) are ¢;-derivations from Q'(N) — Q'(M), which are
homogeneous of weight —k and degree —1 and —2, respectively. For £ > 0, R; ¢ and
St ¢ 1 both act by zero on Q'(NN)[0] by weight considerations. For k =0, R; ¢, and Sy ¢
act by zero on Q'(N)[0] by (3.10). Since R;¢ 1 and S;¢ ) are ¢;-derivations, it follows
from Remark 3.5 that they act by zero on all of Q'(N).

Finally, since this holds for each t € I, it is immediate that

1 1
PLéV(k)(a)—Lé”(k)P(a):/o Ri¢x(o) =0, PLgV(k)(a)JrLg‘”(k)P(a):/O Siex(o) =0,

forall £ € g, k >0 and 0 € Q' (N). Hence P is a chiral chain homotopy, as desired. O

4. A Quasi-conformal Structure on Hf(Q'(M)) and HF(Q(M))

When G is semisimple, HF,(C) is a conformal vertex algebra with Virasoro element L
of central charge 0. For any M, H},(Q'(M)) is a conformal vertex algebra with Virasoro
element kg(L). The vanishing of kg (L) is a necessary and sufficient condition for the
vanishing of HE, (Q'(M))+ since kg (L)ojw = nw for allw € HE (Q'(M))[n]. Unfortunately,
H{ (Q'(M)) is not a conformal vertex algebra when G has a positive-dimensional center,

so a priori we have no such vanishing criterion for general G.

In this section we show that for any G and M, both H(Q'(M)) and H,(Q(M)) have
a quasi-conformal structure, that is, an action of the subalgebra generated by {L,| n > —1}
of the Virasoro algebra, such that L_; = Loy acts by 0 and Low = L o w = nw for
w € HE(Q'(M))[n]. Thus we have a similar vanishing criterion for HY,(Q'(M))+ and
HZ (Q(M))4 for any G; it suffices to show that Lo; acts by zero.

We work in the setting of a general O(sg) topological vertex algebra (TVA), which we
defined in [11]. Recall that an O(sg) TVA is a degree-weight graded DVA (A, d) equipped
with an O(sg)-structure (£,n) — Lé“ + LnA, a chiral horizontal element g, such that
LA = dg* is a conformal structure, with respect to which the Lg‘ and L"n4 are primary of
weight one. We call g a chiral contracting homotopy of A. Given an O(sg) TVA (A, d),
a differential vertex subalgebra B is called a half O(sg) TVA if the nonnegative Fourier

modes of the vertex operators Lg‘ and ¢g* preserve B. Note that the nonnegative Fourier

19
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modes of Lé“ = daé“ and LA = dg** automatically preserve B as well. In particular, the
action of {L* o,, | n > 0} is a quasi-conformal structure on B. Since [d, g"*0;] = L*0; and
g™oy acts on Bpas, Theorem 4.8 of [11] shows that H}

bas

(B) vanishes beyond weight zero.

For a G-manifold M, Q(M) is our main example of an O(sg) TVA. In local coordinates,
g =g =b'0v", L=LM =39y —b'oc. (4.1)

The subalgebra Q' (M) is then a half O(sg) TVA as above. Recall that the semi-infinite Weil
algebra W is not an O(sg) TVA since there is no chiral horizontal element ¢"V satisfying
dg"V = L.

Let B be a half O(sg) TVA inside some O(sg) TVA A as above. Then the non-negative
Fourier modes of
LP"=14@1+10 LV ec AW

act on B® W, giving B ® W a quasi-conformal structure. Moreover,
L =Liel+1oLly, '=leol+ie)

are primary of weight one with respect to L!', and dL'*** = 0. By Theorem 4.8 of [11],
it follows that L'%o,, operates on H (B) for n > 0, and gives Hf,(B) a quasi-conformal
structure. Note that if G is semisimple, Lo,, = Lo, as operators on H%(B) for all n > 0
(see Theorem 4.17 of [11]).

4.1. A vanishing criterion

For any compact G, and any A and B as above, L!°*o; acts diagonalizably on both
H{ (A) and HY,(B) with eigenvalues given by the weight grading on A, B, respectively.
Hence the vanishing of L*%o; on H}(B) (resp. HE (A)) is equivalent to the vanishing of
H, (B)+ (resp. H5(A)4). The next lemma gives a useful vanishing criterion for L'%o;.

Lemma 4.1. Suppose that o € W ® B is homogeneous of weight 2 and degree —1, is

G-invariant, chiral horizontal, and satisfies
Leoja=(®1, (4.2)
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for all £ € g. Then L'*o; acts by zero on H5(B), and we have HE(B)4 = 0.

Proof: Recall from [10] that d(3%0c¢i) = LY, but 54 ¢t is not chiral horizontal since
Lg Op (651'86'5;) = —6n,155 for n > 0. Let wy = % dcti + da. Clearly dwy = LY and

te o (do) = Lg 0 v = (5n71ﬂ5 ®1=—t0p (551’8652)

for n > 0, since « is chiral horizontal. It follows that ¢ o,, wy = 0 for all n > 0, so wy is
chiral horizontal. In particular, the non-negative Fourier modes of wy act on (W & B)pgs-
Finally, let w = wp 4+ g* € W ® A. Since dg* = LA we have dw = L*°*. The non-negative
Fourier modes of w clearly preserve (W ® B)pqs since both wy and g** have this property.

In particular, [d,wo1] = L*%oy, so wo; is a contracting homotopy for L'°%o;, as desired. [

This lemma clearly holds if we replace B with A. Note that when G is semisimple, the
existence of a as above guarantees that rg(L) = 0; take w = 35 9c% ® 1+ da + 9? b @ 1.
An OPE calculation shows that w is chiral basic and dw = L.

In [11], we considered two situations where we can construct « as above. First, if
G acts locally freely on M, we have a map g* — Q!(M) sending ¢ — 05/, such that
LgG”/ =(n',§). The 6¢ are known as connection one-forms. Choose an orthonormal basis
{& for g relative to the Killing form, and let T'¢i = g o 6%i. Then

a=p5@T% e W Q' (M)

is G-invariant, chiral horizontal, and satisfies (4.2). This shows that H},(Q'(M))+ = 0
and HE (Q(M))4 = 0.

Second, let V' be a faithful linear representation of G, and let p : g — End(V') denote
the corresponding representation of g. The induced bilinear form (£, n) = Tr(p(£)p(n)) is
nondegenerate, so we may identify g with g* via (,) and fix an orthonormal basis &; of g.

Let 21, be a basis of V' and z), the corresponding dual basis for V*. Define
a=F%@T% — 855 @ g, 0g TS € W Q(V), (4.3)

where Té = gré)@x)4o - An OPE calculation shows that o satisfies the conditions of
Lemma 4.1, so H;(Q(V))+ = 0.
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The next lemma shows that locally defined vertex operators « satisfying the conditions

of Lemma 4.1 can be glued together.

Lemma 4.2. Let M be a G-manifold and let {U;| i € I} be a cover of M by G-invariant
open sets. Suppose that o; € W(g) ® Q'(U;) satisfies the conditions of Lemma 4.1. Then
H(Q'(M))4 = 0.

Proof: Let {¢;| i € I} be a G-invariant partition of unity subordinate to the cover. Let
a =) . ¢ia;, which is a well-defined global section of W(g) ® Q'(M). Moreover, since ¢;
is basic, it follows that « remains G-invariant, G-chiral horizontal and satisfies (4.2), as
desired. [

Remark 4.3. Similarly, if o, € W(g) ® Q(U;) satisfies the conditions of Lemma 4.1,
a=>).pio; € W(g) ® Q(M) does as well, so that H;,(Q(M))4 = 0.

5. H(Q'(G/H)) for Homogeneous Spaces G/H

A basic fact about G-manifolds which can be found in [15] is that locally they look

like vector bundles over homogeneous spaces G/H.

Theorem 5.1. Let G be a compact Lie group and let M be a smooth G-manifold. For
each point x € M, the isotropy group G, is a closed subgroup of G and the orbit Gx is
G-diffeomorphic to G/G,. Moreover, Gx has a G-invariant tubular neighborhood U, which
15 G-diffeomorphic to the bundle G xg, V for some real G-representation V.

By homotopy invariance, HE,(Q'(U,)) = H;(Q'(G/G,)). Thus the problem of com-
puting H},(Q'(G/H)) for any closed subgroup H C G is an important building block in
the study of HY,(Q'(M)) for general M.

Theorem 5.2. For any compact, connected Lie group G and closed subgroup H C G,
H(Q'(G/H)) = Hy, (C) ® He (G/H), (5.1)
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where K is the identity component of K = Ker(G — Diff(G/H)), and G' = G/K,.
Here Hf, (G/H) is regarded as a vertex algebra in which all circle products are trivial

except o_1, and (5.1) is a vertex algebra isomorphism.

Theorem 5.2 generalizes Corollary 6.14 of [11], which deals with the case where G is
semisimple and H is a torus. Note that H}, (G/H) = H},(G'/H') where H' = H/K,.
Since G’ acts almost effectively on G'/H’, which is a homogeneous space for G’, we may
assume without loss of generality that K is finite. In this case, Hj; (C) = C, so it suffices
to prove that H (Q'(G/H)) 4 =

We need a basic property of simple finite-dimensional complex Lie algebras g. Suppose
that h C g is a Lie subalgebra of positive codimension. Via the Killing form, we identify g
with g*, and in particular we identify b+ with (g/h)*. Note that (g/h)* is a representation
of h. Regarding (g/h)* as a subspace of g*, we may consider the subspace ad*(g/h)* C g*

under the coadjoint action of g on g*.

Lemma 5.3. ad*(g/h)* = {adz(n')| Eeg,n e(g/h)}=g".

Proof: If h C §' C g for some other subalgebra b’, we have (g/h’)* C (g/h)*. Then
ad*(g/b')* C ad*(g/h)*, so we may assume that b is a maximal subalgebra of g for which
h#g. If ad*(g/h)* # g*, there is some nonzero &y € g such that

<£07ad21n/> = 07 \Vlé'l €9, 77/ S (g/h)* (52)

Let B denote the set of £ which satisfy (5.2). Then if {, € B, for any & € g and
n' € (g/h)* we have

(ade,&0,m") = 0 <= adf & € b. (5.3)

Suppose first that & ¢ h. Then h’ = C&, @ b is a Lie subalgebra of g. Since b is
maximal, h’ = g. It follows from (5.3) that b is a nontrivial ideal of g, which contradicts

the assumption that g is simple. Hence &y € b, so we have B C b.
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€1 €
For any &; € g, we have the decomposition & = f? +§? , where 5‘1’ € b and 5? € ht.
€
Note that adg?Lfo = —adgoﬁ’? € bt since b+ = (g/h)* is a representation of h. But

adg,,Lgo € b by (5.3), so that adg,,LEO € hNht and we have adgbLEO = 0. Hence
1 1 1

adﬁlfO = ad&i’ gO + adg?l gO - adgil 50-

We claim that for any £ € g and 0’ € (g/h)*,

<ad€1£0’ ad2277l> =0,

so by definition ade¢, §p € B. Hence B is a nontrivial ideal since B # 0 and B C b, which

is impossible.

We have
(adgr o, adg, ') = —(8o, adjgy ') = (S0, adg, adgy 7).

The first term above is zero since £ € B. The second term is also zero since ad*, n’ €
1

(g/h)*, since (g/h)* is a representation of h. J

Remark 5.4. Lemma 5.3 remains true if g is semisimple and b does not contain any

simple component of g.

Proof of Theorem 5.2: We need to show that the operator L!°*o; coming from the
quasi-conformal structure on H} (Q'(G/H)) acts by zero. By Lemma 4.1, it suffices to
construct a G-invariant, G-chiral horizontal element a € W(g)® Q' (G/H) satistying Li** o,
a=p"®1forall £ cg.

We first prove Theorem 5.2 in the case where G is semisimple, and we deal with the
general case later. Since G acts almost effectively on G/H, h does not contain any simple
component of g, so the conclusion of Lemma 5.3 holds, by the preceding remark. Fix a
basis {{1,...,&,} of g and a corresponding dual basis {£],...,&,} of g* (relative to the
Killing form), such that &;,...,&, is a basis of §.

In order to study G/H as a G space under left multiplication, it is convenient to
regard G as a G x H-space, on which G acts on the left and H acts on the right. The
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right H-action induces compatible actions of H and sh[t] on Q'(G) which commute with
the actions of G and sg[t] coming from the left G-action. By Lemma 3.9 of [11], the
projection 7 : G — G/H induces an isomorphism of vertex algebras: 7* : Q'(G/H)) —
Q'(G)H—pas- Moreover, by declaring that H and sh[t] act trivially on W(g), we may extend
the actions of H and sh[t] to W(g)®Q'(G). We identify the complexes W(g)®Q'(G/H) and
W(g) ® Q' (G)H—bas and regard W(g) @ Q' (G/H) g—pas as a subcomplex of W(g) @ Q'(G).
Thus in order to prove Theorem 5.2, it suffices to find a G-invariant, G-chiral horizontal
element a € W(g) ® Q' (G) 1 —pas satisfying Lg"t o= B3 ®1 for all £ € g. In order to

deal with all the operators Léf’tol simultaneously, it is convenient to define a new operator
L:W(g) ® Q(G) — g®W(g) ® Q(G)

sending w +— &, ® L oy w. Clearly £ is G-equivariant, and the condition L{” oy a = BE@1
for all ¢ € g is equivalent to L(a) = & ® /% @ 1.

Let f € C*°(G) be a smooth function, and fix ( € g, £ € g, and ' € g*. Then for

k=1,...,n we have

LE o1 (B @ f) = LY o1 (BVe” @ f) = B° @ ([, . 0') f = B @ (&, adgn) f. (5.4)

By Lemma 5.3, there exist elements x; € g and 1] € (g/h)* for which ad}, n; = &, for
t=1,...,n. Then

Loy (3" B5%icm @ 1) = % @ (&, &) = % @1,

(3

so that
LO AT @) =6 ® % @ 1. (5.5)

However, Y, 3% bXic" ® 1 is not G-invariant. We seek a G-invariant element

Qo = Zﬁﬁj bék oSt ® fik

jkl

which also satisfies (5.5).

We will construct o using the connections one-forms coming from both the left and

right actions of G on itself, which we denote by 05/, 6¢ respectively, for £ € g*. We denote
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the sg[t]-algebra structure on Q'(G) coming from the right G-action by (£,n) — L¢ + 7.
Evaluating the functions ¢¢ o 6¢" and L¢ 0 0¢" at the identity e € GG, we have

te 00 0% |0 = (£,€") = ¢ 00 6| (5.6)

Define
ao= Y BB @ T, (05)Ty, (0% )ig, (67).
ivj,k,l
Clearly g is G-invariant, and apl. = 3, %bXic" @ 1, by (5.6). Acting by £ we see
that (L(ap))|e = & ® B ® 1. Finally, since g is G-invariant and the operator L is
G-equivariant, it follows that L(ag) = & ® 5% ® 1 at every point of G, as desired.

Our next step is to correct oy to make it G-chiral horizontal without destroying G-

invariance or condition (5.5). Note that for n > 0,

Lé(t)t On Qg = bgt Op Qg = 5n,0 Z ﬂgj bgk ® Zfi (‘96;)ZX1' (05;)[/€t (8_77;)
1,7,k

Let

Q] = — Z ng bgk ® Zﬁz’(eg;)ZXi (9&)%1 (éﬁ;)eﬁ{
1,5,k

An OPE calculation shows that for n > 0

Ltft op a1 =0, L?Zt Op 1 = —dp.0 Z B5b @ le, (9§;)ZXZ,(0§;€)L&(§"£). (5.7)
i,k

Let @« = ap + 3. It follows from (5.7) that « is G-invariant, G-chiral horizontal, and
satisfies £(a) = & @ 85 ® 1.

We need to correct a so that it lies in W(g) ® Q'(G) H—pas, Without destroying the
above properties. First, we claim that «g is already H-chiral horizontal. This is clear since
a is a sum of terms of the form 3% b+ cti ® fjki where f;r € C>(G), and i¢o, lowers degree
and only acts on the second factor of W(g) ® Q'(G) for £ € b.

Second, we claim that «; is H-chiral horizontal as well. First note that for £ € b,
Leop, acts by derivations on Q'(G), so it suffices to show that it acts by zero on each term
of the form ;&_(962)7 Ly, (0%) and Le, (07:)0%. Clearly Leoy, acts by zero on i, (%) and

26



Chiral Equivariant Cohomology III — DO NOT DISTRIBUTE 27

Uy (0‘52:) since these terms have degree 0 and z¢0,, has degree —1. Next, note that for each
7. € (a/h)* we have
e, (07)051 = g7

which can be checked by applying ¢,,, n € g/h to both sides. Since z¢ o, 67 = 0 for all
¢ebhandn € (g/h)*, the claim follows.

Finally, if o is not H-invariant, we can make it H-invariant by averaging it over H,
that is, we take o/ = ﬁ fH ha du, where dy is the Haar measure on H. Since the G and
H actions commute, o/ is G-invariant and G-chiral horizontal, and £L(a/) = &, ® 8% ® 1.
Moreover, since « is H-chiral horizontal, it follows that ha is still H-chiral horizontal
for all h € H, so o is H-chiral horizontal as well. Since o’ is H-invariant and lives in
W(g)[2] ® Q' (G)[0],  is in fact H-chiral invariant, so that o/ € W(g) ® Q' (G)H_pas, as

desired.

This completes the proof of Theorem 5.2 in the case where G is semisimple. We now
consider the general case in which G has a positive-dimensional center. As in Lemma 1.10,
let G be a finite cover of G of the form K x T, where K is semisimple and T is a torus.
Then

H(Q'(G/H)) = H(Q'(G/H)) = Hg,(Q'(G/H)).

Here H is the inverse image of H under the projection G — (G, which is a finite cover of

H. Hence without loss of generality we may assume that G is already of the form K x T.

Since G acts almost effectively on G/H, H NT is finite, and since T and H commute,
H is a normal subgroup of HT. The group HT/H is a torus, which we denote by T". The
natural map 7" — 7" is a finite cover, and we have a principal 7’-bundle G/H — G/HT.

Since K is semisimple and K acts almost effectively on
G/HT = (K xT)/HT = K/(HT N K),

we can apply Theorem 5.2 in the semisimple case; there exists a K chiral horizontal, K
invariant element o € W(€) ® Q'(G/HT) such that L o v = BE® 1 for € € k.

Since G/H is a T’-bundle over G/HT, the projection G/H — G/HT induces
an isomorphism Q'(G/HT) — Q'(G/H)r/—pes. Hence we have an injection W(¢) ®
Q' (G/HT) — W(g) ® Q' (G/H). Let ax denote the image of a under this map. Clearly
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a is invariant under LS/H(k) and LS/H for n € t and £ > 0 because ak is a sum of
terms of the form «; ® w; with w; € Q'(G/H)r/_pas. Similarly, an(k:) and L};V(kz) act
trivially on ax for n € t and k£ > 0 since each «; does not depend on b”,c”/,,é’”,vnl for
net,n € (f)". Hence ag is T'-chiral basic. If ax is not T-invariant, we can make it

T-invariant by averaging it over the finite group I' = Ker(T — T").

Clearly ag is G-chiral horizontal and G invariant and satisfies Lé"t orag = B3 ®1 for
§ € tand Li*'ojag = 0forn € t. We will construct another element ar € W(g)®Q'(G/H)
which is G-invariant, G-chiral horizontal, and satisfies L?t opap = 0 for £ € ¢ and

Lf;’t o apr = A" ® 1 for n € t. Then ax + ar satisfies all the conditions of Lemma 4.1.

Since HNT is finite, the action of T'on G/ H is locally free. Then there are connection
forms 67 € QY(G/H) satistying Lnen’ = (/,n). Let T = g oy 0", which has degree zero
and weight one. Let n; be an orthonormal basis of t (relative to the Killing form), and
define

o= f" QT

Clearly « is T-invariant, T-chiral horizontal, and satisfies Lfft oy a = 3" for n € t. Since
K and T commute, we can average « over K without destroying the above properties to

make it G-invariant.

We claim that « is in fact G-chiral horizontal. It is enough to check this in local
coordinates 7' on G/H. For ¢ € ¢, T'¢' is of the form f*dy*, where the f* are smooth
functions. Similarly, for each £ € €, the vertex operator L?/ g locally of the form f¥b*.

M Since o does not depend on & for & e t*, it follows that

Hence I'S’ commutes with L?
/H

a commutes with b¢ for £ € €. Hence Lg"t = b¢ + L? commutes with « for & € &, as

claimed.

However, a need not satisfy L o; a = 0 for § € €& The last step is to correct a so
that this property holds. Let
ar =a+ GgiLg’t 01 @,

where ¢ runs over a basis of £. An OPE calculation using the fact that Lg}‘: 01 0% = —dik
shows that L?t o ar = 0 for £ € £. Finally, since Lg‘)tol and L%Otol commute for £ € ¢

and n € t, it follows that for all n € t we have
Lyt o (Qngt o1 a,) = H%Lg’t o1 (Lyt oy ar) = QgiLgt o1 (B"®1) =0.
Thus Li* oy ar = Li* oy = 7 @ 1, as desired. O
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5.1. Finite-dimensionality of H},(Q'(M)) for compact M

The subspace W(g)?P[n] C W(g) of degree p and weight n is finite-dimensional, so
H?,(C)[n] is finite-dimensional for all p € Z and n > 0. Similarly, since G/H is compact
for any closed subgroup H C G, Theorem 5.2 implies that HY(Q'(G/H))[n| is finite-
dimensional for all p,n. In this section, we show that if we replace G/H with an arbitrary
compact M, HZ,(Q'(M))[n] is finite-dimensional for all p,n as well. This generalizes a

well-known classical result in the case n = 0. Hence the generating function

(G, M) = Y dim HE(Q(M))[n] ¢

is a well-defined invariant of the G-manifold M.

Lemma 5.5. If M has a finite cover {Uy,..,Uny} of G-invariant open sets, such that
dim H%(Q’(U“ n---N Ulk))[n] < o0,

for each p,n and for fixed indices iy, .., i, then HP (M)[n] is finite-dimensional.

Proof: This is the standard generalized Mayer-Vietoris argument by induction on m. If
m = 1, there is nothing to prove. For m = 2, this is the usual Mayer-Vietoris argument.
Put V=U,U---UU,,—1. Then we have

T H%_l(Vﬂ Un) — HIC);(M) - HZC):(V) D HZé(Um) — ey,

which we restrict to a given weight n. By inductive hypothesis, HY,(V')[n] and HZ (U,,)[n]
are finite-dimensional, so the third term is finite dimensional. Note that V NU,, is covered
by the open sets U; NU,,, i = 1,..,m — 1, and their multiple intersections also have finite-
dimensional cohomology at fixed p,n. Since there are m — 1 such open sets, the inductive
hypothesis can be applied again. Thus the first term is also finite-dimensional, implying

that the second term is finite-dimensional as well. [

Lemma 5.6. Suppose the G-manifold M is a fiber bundle whose general fiber is G/H. If
M is compact, then HE,(M)[n] is finite-dimensional.

Proof: Choose a local trivializing cover of the bundle, which we can further refine to a

good cover on the base M /G, i.e. each multiple intersection of open sets is a ball. The
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preimage under M — M /G of each multiple intersection of the open sets is equivariantly
diffeomorphic to G/H x B. So we can cover M by finitely many open sets whose multiple
intersections are equivariantly contractible to G/H, which has finite-dimensional chiral

cohomology for each p,n. The claim then follows by the preceding lemma. [

Given a closed subgroup H C G, let Mg denote the subset of M consisting of points
with isotropy group conjugate to H. Mg is a closed submanifold of M, which may be
regarded as a G/H-fiber bundle over the manifold My)/G. By the preceding lemma,
HY.(Q'(Mxy))[n] is finite-dimensional for each p,n.

Theorem 5.7. Suppose M is compact. Then HZ(Q'(M))[n] is finite-dimensional.

Proof: Since M is compact, there are only finitely many conjugacy classes (H) for which
Mgy is nonempty. For dim H > 0, each such Mgy has a G-invariant tubular neighbor-
hood U gy which is equivariantly contractible to M(g). M has a finite cover consisting of
the Up) together with the open set U of points with finite isotropy group. Without loss

of generality we can shrink each Uy so it contains only two orbit types: (H) and (e).

By homotopy invariance, H5(Q'(Uimy)) = HE(Q' (M g)), which is finite-dimemsional
at each p,n. The action of G on U is locally free so H(U))4+ = 0. Since the multiple in-
tersections of the Ugy all lie in U, they also have no higher-weight cohomology. It follows
from Lemma 5.5 that for n > 0, H%(Q'(M))[n] is finite-dimensional for all p. For n = 0,
the finite-dimensionality of Hf,(Q'(M))[0] = HE (M) is classical. [

6. The Structure of H(Q(M))

For any G-manifold M, we give a complete description of HF,(Q(M)) relative to the

family of vertex algebras Hj,(C) for connected normal subgroups K C G.

Theorem 6.1. Let G be a compact group and let M be a G-manifold. Then

Hg(Q(M)) = H, (C) © He (M),
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where Ky is the identity component of Ker(G — Dif f(M)) and G' = G/Ky. In particular,
if Ker(G — Diff(M)) is finite, HL(Q(M))+ = 0.

Theorem 6.1 shows that HE(Q(M))+ is only sensitive to Kp, and in contrast to

HZ(Q'(M))y, it carries no other geometric information about M.

Proof: We may assume that G acts almost effectively on M. As usual, we need to show
that the operator L'’o; coming from the quasi-conformal structure on H} (Q(M)) acts
by zero. By Lemma 4.1, it is enough to construct a chiral horizontal, G-invariant element
a € W(g) ® Q(M) for which L oy a = B¢ ®1 for all £ € g. Since M can be covered
by G-invariant open sets of the form G xpz V for some closed subgroup H C G and
some H-module V', it is enough to construct o € W(g) ® Q(G x g V) for any H and V', by
Lemma 4.2 and Remark 4.3. Unlike the functor Hf,(Q'(—)), HE(Q(—)) is not a homotopy
invariant, and in general H,(Q(G xu V)) # HE(Q(G/H)).

Fix M = G xg V, and assume that G acts almost effectively on M. Note that
the action of G on the zero-section G/H C M need not be almost effective. Let K =
Ker(G — Diff(G/H)), and suppose first that K is finite. Then by Theorem 5.2, there
exists a« € W(g) ® Q' (G/H) which we can pull back to a« € W(g)®@ Q' (M) C W(g)® Q(M)

with the same properties.

So assume that K has positive dimension, and let Ky denote the identity component.
By Lemma 1.10, we may assume that G is of the form G; x --- X G x T, where the G;
are simple. Clearly any connected normal subgroup of G splits, so Ky is a product of a
subset of the G; and a subtorus 7" C T. Hence we may write G = Ky x N for some N.

Likewise, since Ky is also a normal subgroup of H, we may write H = Ky x L. Then
MZ(K()XN) XKOXLVZNXLV,

where N acts on the left and Ky acts only on the factor V, and the actions of Ky and L
on V commute. Clearly Ker(N — Diff(N/L)) is finite, so by Theorem 5.2 there exists
an N-invariant, N-chiral horizontal element ay € W(n) ® Q'(N/L) such that

Lz:Otol OéN:ﬁ£®]_

for € € n. Since K acts trivially on W(n)®Q'(N/L), we can lift ay to a G-chiral horizontal
G-invariant element, also denoted by ay, in W(n) ® Q' (N x5, V) C W(g) ® Q' (N x5 V)
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via the map induced by the projection map N xr V' — N/L such that L{ oy ay = BE1
for £ € n. We can view this element as lying in W(g) ® Q(N x V).

On the other hand, the linear action of Ky on V is faithful because the action of G
on M is effective. Thus there exists a Ky-chiral horizontal Kp-invariant element ai €
W(t) ® Q(V) such that L oy ax = @1 for £ € & Now L acts only on the Q(V') factor
and it commutes with Ky action. Thus by averaging over L, we may assume that ag is

L-invariant, and still satisfies the same equation.

Recall from (4.3) that ax = 8% @ T'% — g%b% ® Lg; 00 D¢, where D¢ = P& (k)i
Clearly ¢ is itself L-invariant (because the action of L on z; and dual action on x} amounts
to only a change of basis in V.) Now observe that any L-invariant element of Q(V') can be
regarded as a global section in Q(N x V). (This is clear by covering the bundle by open
sets U x V where U C N/L, and the observing that the transition functions are elements
of L.) The element ag is now N-chiral horizontal and N-invariant in W(g) ® Q(N x V)

and satisfies Lé"t ojag =0 for £ €n.

Finally, @« = any + ak is G chiral horizontal G invariant and satisfies
LEOt o1 N = ,85 ®1

for all £ € g =€+ n. This completes the proof that Hg(Q(M))+ =0. O

6.1. The ideal property of HE,(Q(M))+ and HE(Q'(M))+

A consequence of Theorem 6.1 is that H(Q(M));+ and HE(Q'(M))4+ are vertex
algebra ideals, that is, they are closed under ao,, and o, for all n € Z and a in Hf,(Q(M)),
HY (Q'(M)), respectively. It suffices to exhibit these spaces as kernels of vertex algebra
homomorphisms. We begin with the case M = pt.

Lemma 6.2. For any G, HE(C)y is an ideal of HE,(C).

Let V' be faithful representation of G, and consider the Chern-Weil map kg :
H:(C) — HE(Q(V)). At weight zero, this is the identity map S(g*)¢ — S(g*)¢ and
it vanishes beyond weight zero because Hf,(Q(V))4+ = 0. Hence H,(C) 1 = Ker(kg). O
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In view of Theorem 6.1 and the preceding lemma, it is immediate that H} (Q(M))+

is an ideal for any M.

Theorem 6.3. For any G and M, H},(Q'(M))+ is an ideal of H},(Q'(M)).

Proof: Consider the map
¢ : Hg(Q'(M)) — Hg(Q(M)) (6.1)

induced by the inclusion Q'(M) — Q(M). If G acts almost effectively on M,
Hf(Q(M))+ = 0 by Theorem 6.1, so H5(Q'(M))+ = Ker(¢), as desired. If K =
Ker(G — Dif f(M)) has positive dimension, Hf(Q'(M)) = Hj (C) ® HE, (Q'(M)) and
HE(Q(M)) = Hy,, @ HE, (Q(M)), and (6.1) becomes

i, (C) ® He (Q(M)) — Hi, (C) @ He (Q(M)),

where the map on the first factor is the identity. Since G’ acts almost effectively on M,
H{, (Q'(M))+ is an ideal. Finally,

H(Q' (M) = H, (C)1 ® Hg (Q(M)) ® Hi, (C) ® Hg (Q'(M)) -

Since both H. (C)4 and Hg, (Q'(M)) are ideals, the claim follows. [O.

Corollary 6.4. H{(Q'(M))+ is a module over Hf (M) under a o, (=), for all n € Z.
Here a € H (M) is regarded as a vertex operator in H (Q'(M))[0].

7. The Structure of Hf,(Q'(M))

In contrast to H,(Q(M)), HE(Q'(M)) typically contains nontrivial geometric infor-
mation about M beyond weight zero, and is a strictly stronger invariant of G' manifolds
than the classical equivariant cohomology. Our goal in this section is to give a relative
description of Hf,(Q/(M)) in terms of the vertex algebras Hj (C) for connected normal
subgroups K C G, together with certain geometric data about M. We will focus on three

special cases: G simple, G = G; x Gy where G1,G5 are simple, and G abelian. We
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first describe H (Q'(M)) as a linear space using Mayer-Vietoris sequences together with
Theorem 5.2, and then describe the vertex algebra structure of H (Q'(M)).

Let A =37 50Aln] and B = > -, B[n| be weight graded vertex algebras, and let
f A — B be a weight-preserving vertex algebra homomorphism. Assume that A4, =
> ns0Aln] is an ideal of A.

Lemma 7.1. Suppose that the restriction of f to Ay is injective. Then the vertex algebra
structure of A is uniquely determined by the ring structure of (A[0],0_1), the homomor-

phism f, and the vertex algebra structure of B.

Proof: We need to describe the map
on Al @ Alj] — Ali +j — n — 1] (7.1)

foralli,5 > 0 and n <1745 —1 in terms of the above data. First, suppose that n =i+j5—1.
Since A, is an ideal, it follows that (7.1) is zero unless i = j = 0 and n = —1, which is

known by hypothesis. So we may assume that n <i+4 7 — 1.

Let a € A[i] and b € A[j], and suppose that either ¢ > 0 or j > 0. Since A, is an
ideal, a 0,, b € A,. Since f : A, — By is injective, f is an isomorphism of A4, onto its

image B, C By, and the inverse map f~': B}, — Ay is well-defined. It follows that

aonb=f"'(f(a)on f(b)),

which is determined by f and the vertex algebra structure of B.

Finally, suppose that i = j =0 and n < —2. Then a o, b € A,, so as above, we have

aon b= f"1(f(a)on f(b). O

We will apply Lemma 7.1 in the case where A = H(Q'(M)) and B is another

vertex algebra whose structure is known, to determine the vertex algebra structure on

HE(Q/(M)).

34



Chiral Equivariant Cohomology III — DO NOT DISTRIBUTE 35

7.1. The case where G is simple

For simple G, we describe Hf(Q'(M)) in terms of HF,(C) together with certain
classical geometric data. Let i* : H5(Q'(M)) — H5(Q' (M%) be the map induced from
i : MY — M. The restriction of i* to Hj(Q'(M))[0] coincides with the classical map
i* HY (M) — HE (M),

Theorem 7.2. (Positive-weight localization for simple group actions) Let G be simple.
For any G-manifold M, i* : H5(Q'(M))y — HE(Q' (M%), is a linear isomorphism in

positive weight. Hence
HE;(Q'(M))+ 2 HE(C) ® H (M), (7.2)

Moreover, the vertex algebra structure of H(Q'(M)) is uniquely determined by (7.2).

Proof: If M@ is non-empty, let Uy be a G-invariant tubular neighborhood of M¢ and let
Ui = M\ M. Tt suffices to show that H%(Q'(U1))+ = 0 and H5(Q'(Uy N UL))4+ = 0.
In this case, we have H}(Q'(M))y = HE(Q' (Up U Uy))4, and since HE(Q'(Up))+ =
H(Q'(M®)). by homotopy invariance, the claim follows from a Mayer-Vietoris argument.

For each point x € Uy, the isotropy group G, has positive codimension in G since G
is connected. Let U, be a G-invariant neighborhood of the orbit Gz, which we may take

to be a vector bundle of the form G xg, V whose zero-section is Gz.

By the proof of Theorem 5.2, there exists a G-invariant, G-chiral horizontal element
a; € W(g)® Q'(G/G,) satistying (4.2). Via the projection U, — Gz, this pulls back to an
element ay, € W(g)®Q'(U,) satisfying the same conditions. Using a G-invariant partition
of unity as in Lemma 4.2, we can glue the oy, together to obtain o« € W(g) ® Q'(Uy)
safisfying these conditions as well. It follows that Hf,(Q'(U1))4+ = 0. Finally, the same
argument shows that H (Q'(Uy N Uy))4+ = 0.

Next, let A = H5(Q'(M)), B = HL(Q'(MY)), and let f : A — B be the map
Clearly the hypothesis of Lemma 7.1 is satisfied. Moreover, the ring structure of
(HE(Q'(M))[0],0_1) coincides with the ring structure of (H¢ (M), U), which is classical.
As a vertex algebra, H%(Q' (M%) = HE(C) ® H* (M%) where H*(M®) is regarded as a

i*
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vertex algebra in which all products except o_; are trivial. By Lemma 7.1, this determines

the vertex algebra structure of H, (Q'(M)) uniquely. O

Note that H5(Q'(M))y+ = H5(C); ® H*(M®) may alternatively be described as
H(C)4 ®g(gye HE(ME). (7.3)
Given o € Hf;,(C)4+ and w € Hf (M), it follows from Theorem 7.2 that
k(@) oo w = a ®i*(w) € Hy(C)y ®s(g)-¢ HE(MO).
Similarly, given w,v € H*(M%), a ® w and a ® v lie in H5(C) ® H*(M%), and
(@®w)o 1 (@) = (a0t a) @ (wU).

Hence both the classical restriction map i* and the ring structure of H*(M®) are encoded
in the vertex algebra structure of H, (Q'(M)).

7.2. HE(Q'(—)) is a stronger invariant of G-manifolds than H}(—)

For any simple G, we construct compact G-manifolds M and N together with a
smooth, G-equivariant map f : M — N which induces a ring isomorphism H}(N) —
HE (M) (with Z-coefficients), such that HE, (Q'(M)) # HE(Q'(N)). Hence HE(Q/(—)) is

a strictly stronger invariant than HE(—) on the category of compact G-manifolds.

We need a theorem of R. Oliver which describes the fixed-point submanifolds of group

actions on disks [14].

Theorem 7.3. (Oliver) Let F be a finite CW -complex. If G is semisimple, there exists a
smooth action of G on a closed disk D with fized point set D having the homotopy type

of F. If G is a torus, there exists such an action if and only if F' is Z-acyclic.

Suppose that G acts smoothly on an n-dimensional disk D such that D¢ has the
homotopy type of F. Note that for any m > n, there is an m-dimensional disk D with a
smooth G action such that DS also has the homotopy type of F. To see this, let G act
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trivially on [0, 1]. Then G acts on D x [0, 1] and the fixed-point set (D x[0,1])¢ = D% x[0, 1]
also has the homotopy type of F. Note that 0D x {0} and 0D x {1} have G-invariant
neighborhoods 9D ® [0, 1) and 0D ® (0, 1], respectively, so the corners of D x [0, 1] can be
smoothed equivariantly. It follows that D x [0, 1] is equivariantly diffeomorphic to a disk

D of dimension n + 1.

For any action of G on D, the projection 7w : D — pt is a homotopy equivalence, so
the induced map 7* : HY (D) — Hg(pt) = S(g*)¢ is a ring isomorphism (over Z). Let G
be simple, and fix a positive integer k. Fori =0,...,k, let F; be a CW-complex consisting
of 7 zero cells and no higher-dimensional cells. For large n, we may choose n-dimensional
disks Do, ..., Dy equipped with smooth G-actions such that D has the homotopy type
of F;.

Theorem 7.4. Fori # j, we have HE(Q'(D;)) # HE(Q'(D;)).

Proof: This is immediate from Theorem 7.2, since dim H°(D) =i, fori=0,...,k. O

This result shows that there exist GG-manifolds with the same classical equivariant
cohomology (over Z), which can be distinguished by H,(Q'(—)). Note that if we choose
two disks Dy and Dy such that D and DS have the same Betti numbers, but H*(D{) #
H*(D§) as rings, then H%(Q'(D1)) and H(Q'(D2)) will be isomorphic as linear spaces

but not as vertex algebras.

If G acts smoothly on an n-dimensional disk D, we may glue together two copies of
D along their boundaries to obtain a smooth action of G on the sphere S™. This allows
us to construct compact G-manifolds M and N which have the same classical equivariant
cohomology rings (over Z), such that H},(Q'(M)) # HE(Q'(N)).

Let G be simple, and fix a positive integer k. For i = 1,...k, let F; be a CW-
complex with 3¢ zero cells and no higher-dimensional cells. For large n, we may choose
2n-dimensional disks D; with smooth G-actions such that DY has the homotopy type of
F;. Let S; be the copy of S?" obtained by gluing together two copies of D; along their

boundaries.
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Lemma 7.5. Fori =1,...,k, the classical equivariant cohomology ring H}(S;) is iso-
morphic to S(g*)%[a]/(a?) with Z-coefficients.

Proof: Let T' be a maximal torus of G, and let W be the Weyl group, so that H%(S) =
H%(S)W. By Theorem 7.3, DI is Z-acyclic, and since D} contains more than two points,
DY is connected and DI NOD; # @. Tt follows that S is also connected. Since H°(S;) = Z,

H?"(S;) = Z and all other cohomology groups are zero, S; is equivariantly formal, and
i Hy(Si) — Hp(S]) = H*(S]) ® S(t)

is injective. It follows that Hx.(.S;) is a two-dimensional free S(t*)-module with generators 1
and a of degrees 0 and 2n, respectively. Since H"~1(S;) = 0, it follows that ¢ (w) = 0 for all
¢ € t. Hence w? = 0. Finally, since W fixes a, it follows that H(S;) = S(t*)V[a]/(a?) =
S(g*)%[a]/(a?) for each i = 1,...,k, as claimed.

Theorem 7.6. Fori=1,...,k, the vertex algebras H{(Q'(S;)) are all distinct.

Proof: Note that each connected component C of DY gives rise to one component of S&
(if CNOD; # @), or two components of S (if CNOD; = @). Since dim H°(DS) = 3%, we
have 3! < dim H°(SE) < 2-3". Thus the integers dimg H°(SY) are all distinct, so the

claim follows from Theorem 7.2. [

Theorem 7.6 shows that we can find compact (G-manifolds with the same classical
equivariant cohomology, which can be distinguished by H§ (Q'(—)). Next, we give exam-
ples of morphisms f : M — N in the category of compact G-manifolds (that is, smooth
G-equivariant maps) for which f* : H:(N) — HE(M) is an isomorphism (over Z), but
HE (Q'(M)) # H(Q'(N)).

Let Dy be an n-dimensional disk with a smooth G-action for which @ # D% # D,
and let Sy be the corresponding sphere, as above. Fix a point p € S§, and let U be a
G-invariant neighborhood of p equipped with a smooth G-equivariant map ¢ : U — R",
where G acts linearly on R", ¢(p) = 0, and ¢ maps the closure U diffeomorphically onto
the disk D; = {z € R" : |z| < 1}. We identify D;/0D; with another copy of S™, which
we denote by S;. Note that S; is a smooth G-manifold and S{ is a sphere S* for some

0 <k <n. Let g € S be the point which corresponds to dD; under the projection
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m: Dy — S;,and let g =mo¢ : U — 51, which is clearly smooth and G-equivariant.
Note that g does not extend to a smooth map Sy — S;. However, we can construct a new
function f which agrees with g in a neighborhood of p € U, which extends smoothly to all
of So.

Lemma 7.7. There exists a smooth, G-equivariant map f : Sg — S1 such that f = g in a
neighborhood of p € U, and f(So\U) = q. Moreover, f is smoothly (but not equivariantly)
homotopic to the identity map S™ — S™, so f induces isomorphisms in both singular and

equivariant cohomology with Z-coefficients.

Proof: As above, we identify U with the open disk DY = {(z : |z| < 1}. Let U’ C U be a
G-invariant neighborhood of OU of the form {z € U : 1 —¢e < |z| < 1}. Clearly g(U’) is a
G-invariant neighborhood of ¢, which we identify with another open disk D5 = {y : |y| < 1}
equipped with a linear action of G. Note that the radius |y| is a G-invariant function on
D.

Choose a smooth function & : [0,1] — [0, 1] such that h(t) = 0 for 0 < ¢ < %, and
h(t) =1 for 2/3 <t < 1. Define f : U — S1 by f(z) = g(x)h(|g(x)|) for x € U’, and
f(z) = g(z) for x € U\ U’. Since h(|y|) is G-invariant, f is G-equivariant and since f = g
on a neighborhood of U \ U’, f is smooth. Moreover, since f maps a neighborhood of
OU to q (which we have identified with 0 € D5), f extends to a smooth, G-equivariant
map Sy — S7 sending Sp \ U — ¢, as desired. Finally, the fact that f is homotopic to

id : S™ — S™ is clear because Sy \ U is smoothly contractible to a point in Sy. .

Theorem 7.8. Suppose that F' is a CW -complex consisting of k zero cells and no higher-
dimensional cells. Let D be a disk with a smooth G-action such that D has the homotopy
type of F', and let Sy and Sy be as above. If k > 3, H(Q'(So)) # HE(Q'(S1).

Proof: Since S{ is a k-dimensional sphere for 0 < k < n, we have 1 < dim H°(SY) < 2.
Since k < dim H°(S§) < 2k, we have dim HY(S§) > dim H°(SY) for k > 3. The claim
then follows from Theorem 7.2. [O.

Even though f : Sy — 57 is homotopic to id : S™ — S™, this result does not contradict

Theorem 3.2 because there is no equivariant homotopy between f and ¢d. Thus unlike the
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classical equivariant cohomology, the functor H§ (Q'(—)) can distinguish G-manifolds M
and N which admit a G-equivariant map which is a homotopy equivalence, as long as M

and N are not equivariantly homotopic.

7.8. The case G = G1 x Gg, where G1, Gy are simple

For simple GG, Theorem 7.2 describes H(Q'(M)) in terms of HE,(C) together with
classical geometric data. In this section, we give a similar description of H(Q'(M))+ in
the case G = G1 X G, where the GG; and G5 are simple groups. As in the case G simple,
we first describe HE(Q'(M))+ as a linear space, and then describe the vertex algebra

structure.

Theorem 7.9. Let G1,Gy be simple and let G = G1 X Ga. Then for any G-manifold M,
HZ(Q'(M))y is linearly isomorphic to

HZ, (C)1 ® H, (M) @D HE, (C)1 ® HE, (M) (D HE, (C)+ © HE, (C)1 © H* (M),

Let U;,U,; be G-invariant tubular neighborhoods of MYt M2 respectively. If
x ¢ Uy U Uy, its stabilizer G, contains neither Gy nor G, so H(Q'(G/G;))+ = 0.
A Mayer-Vietoris argument then shows that Hf(Q'(M))y+ = HE(Q'(U; UUs))+. Since
Uy, Uy, and U; NUs are equivariantly contractible to M &1, M%2 and MY, respectively, we
can replace HE(Q'(U7)) 1, H(Q'(U1))+, and HE(Q'(Uy 1 Ua)); with Hy(Q'(MS1)),,
H5(Q' (M%), and HL(Q' (M) in the Mayer-Vietoris sequence

S H(Q(UL UT))s — Hy(Q'(U1)s @ HE(Q(US)) 4 — HE(Q (U2 NTs))4 — -+,
obtaining

= HG(Q (M) — HG(Q' (M), @ HG(Q(M?)) ;. — HE(Q (M) — - -
(7.4)
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Lemma 7.10. The map ¢ : H5(Q' (M%), @ HL(Q(M%?)) . — HE(Q' (M), appear-
ing in (7.4) is surjective. Hence HE(Q'(M))4+ is canonically isomorphic to Ker(¢).

Proof: Let i1 : M€ — MC1, iy : MG — MGC2, J1: MG — M, J1 MGE2 — M denote
the obvious inclusion maps. First we need to describe each of the spaces H(Q' (M),
HE(Q (M), and HE(Q' (M%) 4. Since G acts trivially on M, H5(Q' (M), =
H(C). ® H*(M®), which is isomorphic to

H, (C), 0 Hg, ()@ H (M) @D He, (nt)2Hy, (), o H* (M%) (D HE, (C) ©H, (C) 0 H* (MC

Similarly, since Gy acts trivially on M1, H,(Q'(M 1)) = HE, (C)®@HE, (Q'(MS1)).
Hence Hy,(Q'(M%1)), is isomorphic to
HE, (C)1 ® H, (M) @D HE, (0t) © HE, (Q' (M) D HE, (C)y @ HE, (Q'(M))4.
Since Gy is simple, Hf, (Q' (M) = Hg, (C)y ® H*(M®) by Theorem 7.2. Hence

H (Q'(MC1)), is isomorphic to

HZ, (C)1@HG, (M) @ HE, (pt)©HE, (C)+0H* (M%) D HE, (C)+ ©HE, (C) 0 H* (M),

Interchanging the roles of G; and Ga, we see that H(Q'(M%?)), is isomorphic to

HZ, (C)1@HG, (M%) @ HE, (pt)oHE, (C)+0H" (M%) D HE, (C)+ ©HE, (C) 0 H" (M)

Next, we need to describe the restriction of ¢ to the various summands of H (Q'(M%1)) @
H(Q'(M®2)),. Clearly ¢ maps the summand H, (C); @ Hg, (M) C HE(Q' (M) 4
to
He, (C)4 ® Hg, (pt) ® H* (M) € Hg(Q'(M))4,

acting by id®ij. (For this to make sense, we need to identify He, (C)+®@H¢, (pt) @ H* (M)

with He, (C)4 @ He, (pt) ®mx (o) HE, (M%), as in (7.3)). Also, ¢ acts by id on the
2

remaining summands of H(Q'(M%1)),..

Similarly, ¢ maps the summand Hf, (C)y ® HE (M%) C HE(Q'(MS2))4 to
HE, (C)L @ HE, (pt) @ H*(MY), acting by —id ®i3. Finally, ¢ acts by —id the identity on
the remaining summands of HY (Q'(M%2)),. The surjectivity of ¢ is now apparent. [J.
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Proof of Theorem 7.9 : The following notation will be convenient. Since H},(Q'(M1)) @
H(Q'(MC2)), decomposes as the direct sum of six subspaces

HE, (C)®Hg, (M) D HE, (nt)@HE, (C)r0H* (M) D HE, (C)+ ©HE, (C)+ 0 H (M)

PHE, (C)+0HE, (M) D HE, (nt)9HE, (C)+oH* (M) (D HE, (C) ©HE, (C)+ 9 H* (M),
an element w € HE(Q'(M%)), © H5(Q'(MS2)), can be written uniquely as a 6-tuple

(wl, “en ,wG).

Let o = Y, a; ® w; be an arbitrary element of HY, (C)y ® HE (M), Via i} :
Hg, (M) — HE (M), w305 pij @ vy € HE, (pt) @ H (M) = HE, (MY). Let

a=> a;®p; @vi; € H (C)y ® HE, (pt) ® H* (M),
%]
and note that («,0,0,0,&,0) lies in Ker(¢) by construction. Since a was arbitrary, the
assignment o — (a,0,0,0,&,0) identifies Hf; (C) ® H§, (MC) with a linear subspace
of Ker(¢).

Interchanging the roles of Gy and Ga, for any o € HY, (C)y ® HE, (MS?) we can
find @ € such that (0,&,0,a,0,0) € Ker(¢). Hence the assignment o — (0, &,0,«,0,0)
identifies Hg, (M%) ® HE,, (C)4 with another subspace of Ker(¢).

Finally, given a € HY, (C)4y @ H, (C); ® H*(M), (0,0,0,0,0,a) € Ker(¢), so the
map a — (0,0, «, 0,0, @) identifies Hy, (C)4 ®HY, (C); @ H* (M) with another subspace
of Ker(¢). Clearly these three subspaces of Ker(¢) intersect trivially, and account for all
of Ker(¢). O

Next, we use Lemma 7.1 to describe the vertex algebra structure of HE(Q'(M)).
Taking A = H5(Q'(M)) and B = H5(Q' (M) @ H5(Q' (M2)), and f : A — B the
map

H(Q' (M) — H5(Q' (M) @ H(Q' (M)

appearing in (7.4) it is clear that the hypothesis of Lemma 7.1 holds. The ring structure of
H(Q'(M))[0] = HY(M) is classical, and the vertex algebra structure of H (Q' (M 1)) @
HY,(Q'(M2)) may be described completely in terms of H, (C), Hf_(C) and classical
data because of the identity

H (Q (M) e HE(Q (M) = HE, (C)®HE, (Q(M)) o HE, (C) 9 Hy, (Q'(MF2)).
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Since G1,Go are simple, the vertex algebra structures of both HE, (Q' (MS1)) and
HE,, (Q'(M ©1)) are given by Theorem 7.2. By Lemma 7.1, this uniquely determines the
vertex algebra structure of HY,(Q'(M)).

Finally, via the identification of H (Q'(M))4 with
&, (C)+ ® HE, (M) D HE, (C)+ © Hg, (M) D HE, (C)+ ® Hg, (C)1 © H* (M)
given by Theorem 7.9, we can now describe all circle products in
HE(M)@HE, (C)+®HE, (M) (D HE, (C) 0 HE, (M) (D HE, (C)®HE, (C) @ H* (M)
For example,
e Given o @w € H (C)L ® HE (M) and n®@ v € H, (C)4 @ HE (M),

(a@w)o_1 (n®v) = (ao_1n) ®@ij(a) Uiz(v) € Hg, (C)s ® Hg, (C)+ ® H*(MY).

e Given a € H;(M) and a ® w € Hg (C)4 ®H§2(MG1),

ao_1 (a®@w)=a®jila)Uw e HE (C)y ® HE (MC).

e Given a € H5(M) and o @ w € H, (C)4 @ HE (M),

ao_1(a®@w)=a®ji(a)Uw e H (C)y ® HE (MC?).

Note that the maps i}, i3, j7 and j3, as well as the ring structures of HE";I(MGQ),
H, (M©1)), and Hg(M®) are encoded in the vertex algebra structure of H,(Q'(M)).
For general G, we expect HY,(Q'(M)) to depend on the family of vertex algebras H.(C)
for connected normal subgroups K C G, together with the rings H,, < (M*) and all maps
HE (M%) — HY, o (ME") when K C K.
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7.4. The case where G is a torus T

In this section, we study H (Q'(M)) in the case where G is a torus 7. Recall from
[11] that H%(Q'(M)) can be computed using the small chiral Weil complex C = (7v,¢) ®
Q' (M), with differential K (0)®1+1®dg. Here (7, ¢) is the subalgebra of W(t) generated
by the v&, ¢&i, € € t*, and K (0) is the chiral Koszul differential. HZ(Q'(M)) is an abelian
vertex algebra, ie, a supercommutative algebra equipped with a derivation 0 of degree 0
and weight 1. First we consider the case T' = S*. The next result is analogous to Theorem

7.2 for simple group actions.

Theorem 7.11. (Positive-weight localization for circle actions) For any S'-manifold M,

i HG(Q' M)y — Hi‘;l(Q’(MSI))Jr is a linear isomorphism in positive weight. Hence
* ~ * * 1
H (Q/(M)) 4 = Hiu (C); @ H* (M), (75)

Moreover, the vertex algebra structure of HY, (Q'(M)) is determined completely by (7.5).

Proof: Every point in M is either an S'-fixed point or has a finite isotropy group. If M*° "is
nonempty, fix an S'-invariant tubular neighborhood U of M*° ' ,and let V = M\M?® ", Since
St acts locally freely on V, H%, (Q'(V))4+ = 0 =HE, (Q(UNV))4. By a Mayer-Vietoris
argument, HY, (Q'(M)); = H: (Q'(U))+, and by homotopy invariance HY, (Q'(U))+ =
Hgl(Q’(Msl))+. Finally, since S! acts trivially on MS', we have Hgl(Q’(Msl))+ =
H3,(C)y @ HY (M),

As for the vertex algebra structure, taking A = HY, (Q'(M)), B = Hgl(Q’(Msl))
and f = i*, the hypothesis of Lemma 7.1 is clearly satisfied. The ring structure of
H, (A/(M))[0] = HZ (M) is classical, and H%, (Q'(MS")) = H%, (C) @ H*(M5")) as
a vertex algebra. This determines the vertex algebra structure of HY, (Q'(M)). As in the
case G simple, both the classical restriction map i* and the ring structure of H*(M* 1) are
encoded in the vertex algebra structure of HY, (Q'(M)). O

Recall from Theorem 6.1 of [10] that HY,(C) is just the polynomial algebra
Clv,9v,0%y,...]. Hence HE, (C)4 is the ideal (0v,9%y,---) C Cly,8v,0%7,...]. Equiv-
alently, HY, (C)4 may be described as the wvertex algebra ideal generated by Jv. Thus
Theorem 7.11 gives a complete description of HY, (Q'(M)) in terms of classical data.
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Example 7.12. M = CP!, where T has isotropy weights —1,1 at the fized points pg, pi.

Since M5 = {po,p1}, it follows from Theorem 7.11 that
51(Q(M))4+ = H5 (C)y ® H* ({po,p1}) = H5: (C) 1 © HGi (C)+. (7.6)

It follows that HY, (Q'(M)) is the free abelian vertex algebra generated by H¥,(M).

Example 7.13. M = CP?, where T acts with isotropy weights —1,0,1 at the fized points.

We claim that HY,(Q'(M)) is not the vertex algebra (HZ,(M)) generated by the
weight zero component. Classically, HE, (M) = Clt,w]|/(w(w — t)(w + t)), where w is the
equivariant symplectic form and ¢ is the image of the generator of HY,(pt) under the
Chern-Weil map. From this description, it is clear that dim HZ,(M) = 2. Hence in the
vertex subalgebra (HZ,(M)) C HE,(Q'(M)), the subspace of degree 2 and weight 1 can
have dimension at most 2. On the other hand, M*° " consists of three isolated fixed points,
so H, (Q'(M))+ = H (C)1 @ HE, (C)y @ HE, (C)4 by Theorem 7.11. In particular,
dim HZ%, (Q'(M))[1] = 3, so it must contain elements that do not lie in (H%, (M)).

Theorem 7.14. For any S*-manifold M, H}, (Q'(M)) is generated as a vertex algebra
by H, (Q'(M))[0] © Hi, (Q'(M))[1].
Proof: Fix a basis {o;| i € I} of H*(MS"). Consider the collection
C={oy®alicl}cHu(C) o (M),
and let (C) denote the vertex subalgebra of HF,(Q'(M)) generated by C. Since
" HG (Q(M)) — i (Q(M?)) = HE, (C) @ H™ (M)

preserves 0, it follows that (9¥T1y) ® a; = 9%(0y ® ;) lies in (C), for all k > 0. We claim
that C together with H, (M) generates HY, (Q'(M)) as a vertex algebra. At weight zero
the claim is obvious, so let w € HY,(Q'(M))+ be a nonzero element. In particular, this

implies that M*° "is nonempty.
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By Theorem 7.11, we can write w = Y . ; p; ® a;, where p; € HY,(C)4. Since p;
has positive weight, it is divisible by 9%~ for some k; > 0, and we may write p; = ¢;0% v
where ¢; € HY, (C). Since M S* s nonempty, the chiral Chern-Weil map is injective, and
since HY, (C) is generated by HY, (pt) as a vertex algebra, ¢; ® 1 lies in (H, (M)). Since
pi®a; =: (g ®1)(0%y ® ;) : for each i € I, the claim follows. [

Corollary 7.15. If M is a compact S*-manifold, HY,(Q'(M)) is finitely generated as a

vertex algebra.

Proof: This follows immediately from the preceding lemma and the fact that H*(M* 1) is
finitely generated for compact M. 1.

7.5. The case T = St x St and M = CP?

Next, we consider the case where T' = S! x S'. This is analogous to the case G =
G1 x G2 with G1, G4 simple, but can be more subtle because many different copies of
S' inside T that can arise as stabilizers of points in M. As an example, we compute
H:(Q'(M)) in the case M = CP? with the usual linear action of 7. Note that 7" contains
three copies of S' which arise as stabilizer subgroups, which we denote by T}, i = 1,2, 3.
Each M7*i is a copy of CP! which we denote by M;, and M; N M; consists of a single
point p;;. Let U; be a T-invariant tubular neighborhood of M;. Clearly H}.(Q'(U;)) =
H7(Q'(M;)) = HE (C) ® HY o, (Q'(M;)), and the action of T'/T; on M; is the standard
action of S* on CP!.

Lemma 7.16. H%.(Q'(U; UUs))4 is linearly isomorphic to

H}, (C)4 @ Hiyp, (M™) D HE, (C)1 © Hi g, (MT?) (7.7)

69H*Tl(C)Jr@’I'I*T/T1 (p13)) @HT2 )+ @H7 7, (Q' (p23)) @HTl )+ @HT 7, (Q (P12))+-

Proof: Consider the Mayer-Vietoris sequence
= HH QN (UL UDL)y - H-Q(Uy))y @ HH(Q (Us))y — HHQ (U NUR))y — - -+,
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which we can replace with

= Hp(Q(Uh1 Ul))+ — HE(Q (M) © Hy (Q'(M2)) 4+ — Hp(Q (p12))+ — -+
(7.8)

By (7.6), H}.(Q'(M))+ is linearly isomorphic to
H7, (C)+ ® Hi g, (M1) €D Hi, (pt) © By, (C)1 ® H* ({p12, p13})

@ H7, (C)+ ® Hy )1, (C)+ ® H*({p12, p13}).

Likewise, H.(Q'(Mz2))+ is linearly isomorphic to
Hijrg (C)y ® H;/Tg (Mz) @ H’E (pt) ® H}/T2 (C)+ @ H*({p12,p23})

D HL,(C)+ © Hy ), (C)+ ® H* ({p12, p23})-

Thus the middle term H.(Q'(M;))+ ®H(Q'(M2))+ in (7.8) can be identified with the
direct sum of the above six subspaces, so we may write w € HX.(Q'(M7))+ @HL(Q'(Ms))+
as a 6-tuple (w1, ...,ws) as in the proof of Theorem 7.9. The map

H7(Q' (M) + ® Hp(Q'(Mz))y — HH(Q (p12)) +

in (7.8), which we denote by ¢, is surjective, so we may identify H¥.(Q'(U; U Us))+ with
Ker(¢).

Given o € HY, (C)4 ® Hi ), (M), we can find

& € Hr, (pt) ® Hy ), (C)+ @ H*({p12, p23})

such that («,0,0,0,&,0) € Ker(¢). The assignment o — (,0,0,0,&,0) identifies
H7, (C)+@HT )1, (M™*) with a linear subspace of Ker(¢). Likewise, given a € H}, (C)1 ®
H7 1, (M2), there exists

a € Hr, (pt) © Hy ), (C)+ @ H*({p12,p13})

such that (0,&,0,0,0,0) € Ker(¢), so Hf, (C); ® H;F/TZ(Mg) may be identified with
another subspace of Ker(¢).
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Next, note that H*({p12, p13}) = H" (p12) ® H" (p13), so that Hf, (C) 4 ®HZ 7, (C) 4+ ®
H*(p13) may be regarded as a subspace of H7, (C)+ @HZ 7. (C)1 @ H*({p12,p13}). Clearly
H} (C) 4 @HL 7, (C)y ® H*(p13) lies in Ker(¢) since pi13 ¢ Uy NUz. Similarly, H7, (C)4 ®
HY. 7, (C)4 ® H*(p23) is a subspace of Hf, (C)+ @ Hy, 1, (C)4 ® H* ({p12, p23}) which lies
in the Ker(¢).

Finally, note that
H7, (C)+ ® Hy 7, (C)+ = HE, (C)+ ® HE 7, (C) 4.

It follows that HF, (C)4 ® HY 7 (C)4 ® H*({p12,p13}) and Hy, (C)4 @ HE 7, (C)4 @
H*({p12,p23}) each contain a copy of Hf, (C)y ® HE 7 (C)y ® H*(p12). Thus given
a € Hy, (C)1 ® Hy 1, (C)1 ® H*(p12), (0,0,0,0,0,) will lie in Ker(¢). This identi-
fies H7, (C)+ ® Hy 1, (C)4 ® H*(p12) with another subspace of Ker(¢). Finally, it is
straightforward to check that these five subspaces of Ker(¢) intersect pairwise trivially

and account for all of Ker(¢). This completes the proof of Lemma 7.16. O

Next, since T' acts locally freely on the complement of U; U Uy U Us,
H7(Q'(M))+ = Hp(Q' (U1 UU2 U Us),
so we have a Mayer-Vietoris sequence

= H7(Q(M))y — Hp(Q (U1 Uls))r @ HE(Q'(Us))+ — Hp(Q (U1 UU2) NU3))4
(7.9)
Note that (U; UUsz) NUs = {p13,p23}, so that

H7(Q' (U1 UU2) NUs))4 = Hp(Q' (p13))+ ® H(Q' (p2s))+ = HE(C)4 @ Hp(C).

As for the other terms in (7.9), H%.(Q'(U; U Us))+ is given by (7.7), and HX.(Q'(Us))+ is

isomorphic to

HY, (C)y @ Hyyp, (M) €D H, (pt) © Hi ), (Q'(Ms))+ D HE, (C)+ © Hp, (Q'(Ms))+,

where

71, (Q (M3))+ = Hi g, (Q'(p13))+ © HY 7, (Q'(p23))+ = HY 1, (C) ® HE ), (C),
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by (7.6). It is easy to check that the map
H7(Q (U1 Ul))4 & HE(Q'(Us)+ — HE(Q((U1UU2) NUs))+

in (7.9), which we denote by 1, is surjective, so that H}(Q'(M))+ = Ker(y).

Suppose that o € H7, (C)y ® H;/TB(M;),) C H%(Q'(Ms))+. Then there are unique

elements

a1 € Hy, (C)y ® Hy )y (M1) € H(Q'(Ur U U2)) 4,
az € HY, (C)1 ® Hyp, (Ma) C H(Q'(U1 U U2))+,

such that (a1 +aq, o) € HY(Q'(U1UUR))+ @HYL(Q'(M3)) 4+ lies in Ker(v). The assignment
a — (a1 + az,a) identifies HY, (C)y ® H}/Tg(Mg) with a linear subspace of Ker(i).

Similarly, we may identify each of the spaces
H7, (C)+ ® Hy7, (C)4 @ H (pr12) € Hp(Q' (U1 U U2))+,

H7,(C)+ @ HE 7, (C)y @ H" (p23) C Hp(Q' (U1 U Ua))4,
H7, (C)y @ Hyyq, (C) 4 ® H" (p12) € HE(Q'(Ms))4

with a subspace of Ker(). It is easy to check that these subspaces intersect pairwise

trivially and account for all of Ker(¢). To summarize, we have proved

Theorem 7.17. For M = CP? and T = S! x St as above, HA(Q'(M)) is linearly

1somorphic to

3 3
(DH:,(C): @ Hiyr, (M) D (D H (C): @ Hyyr (O).  (T.00)

As in the case of the case G = G1 x G5 for G1, G5 simple, the vertex algebra structure
of H(Q'(M)) may be deduced from Theorem 7.17. Let A = H¥(Q'(M)), and B =
H:(Q'(Uy @ Usy)) @ HY(Q'(Us)), and let f: A — B be the map

H7(Q'(M)) — H7(Q' (U1 & U)) & Hy(Q'(Us))
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appearing in (7.9). Clearly the conditions of Lemma 7.1 are satisfied. As usual, the
product o_; on H%(Q'(M))[0] = H}(M) is classical, and the vertex algebra structure of
B is determined by Lemma 7.16 and the structure of HY, (Q'(CP"')) given by (7.6). By
Lemma 7.1, the vertex algebra structure of HY.(Q'(M)) is uniquely determined from this

data.

Corollary 7.18. H.(Q'(M)) is generated as a vertex algebra by @721:0 H:(Q'(M))[n].

Proof: This is immediate from the vertex algebra structure of H3.(Q'(M)) and the struc-

ture of H.(C). O

For a general torus T, if M is a T-manifold of finite orbit type (ie, only a finite
number of subtori 7/ C T can occur as isotropy groups for points in M), we expect that
H’.(Q'(M)) will be generated as a vertex algebra by @szo H.(Q'(M))[n] for some N.
Note that a similar statement for H,(Q'(M)) when G is nonabelian is out of reach because

it is not known if Hf,(C) is a finitely generated vertex algebra.

8. Concluding Remarks and Open Questions

Our descriptions of H (Q'(M)) and HE(Q(M)) are given relative to the family of
vertex algebras Hj,(C) for various connected normal subgroups K C G. An important
open question in this theory is to describe Hf,(C) for any G. Note that for g = g1 @ - -® gy,
we have H;(C) = H (C) ® --- ® Hy, (C), where Gy, ...,G, are compact, connected
Lie groups with Lie algebras g1,...,g,, respectively. We already know how to describe

HZ,(C) when G is abelian, so it suffices to assume that G is simple.

Question 8.1. Recall from [10] that for simple G, the weight-one subspace HE(C)[1] is
isomorphic to Homg(g, S(g*)), which is finitely generated as a module over H},(C)[0] =
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S(g*)¢ by a theorem of Kostant. Is there is a similar representation-theoretic description
of H5(C)[n] for any n, and is H5(C)[n] finitely generated as an S(g*)%-module?

Question 8.2. Is H}(C) finitely generated as a vertex algebra? Can we find a set of

generators?

Question 8.3. Can we compute the character x(G) = 3, dim H,(C)n] 2Pq"# Does
X(G) have any nice properties (modularity, relations to other objects from classical Lie
theory, etc.)?

Question 8.4. For compact M, can we compute x(G, M) =3 dim H¢,(Q'(M))[n] zPq" ¢
How is x(G, M) related to other known invariants of M ¢

Recall that for a topological G-space M, H (M) is defined by the Borel construction
H{ (M) = H*((M x E)/G), where E is a contractible space on which G acts freely. When
M is a smooth G-manifold and our coefficient ring is R, this definition agrees with the de

Rham-theoretic definition HE (M) = Hy, . (W(g) ® Q(M))?

bas

Question 8.5. Is there a vertex algebra valued equivariant cohomology HE (M) for any
topological G-space M which coincides with HE(Q'(M)) when M is a smooth G-manifold?
In particular, we must have H (pt) = HE(C); what is the topological interpretation of
HE(C)?
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