6. Stoke’s Theorem

Stoke’s Theorem is a generalization of the Fundamental Theorem of Calculus in 1-
variables to several variables. In 1-variable, one version of it says that if g : [a,bfj ! R
is differentiable and @' is continuous, then @' is integrable over [a,b] and its integral is

determined by the values of g(X) at the end points a,b in some specific way, namely

9(d) " g(a).

There are many versions in the several variable case. They are all of the form that the
integral of a certain derivative of a vector function F over some region D is determined by

the values of F on the boundary of D in some specific way.

We first review line integrals. These are generalizations of arclength — we integrate a
function other than just the length function ||C(t)|| along a curve. One version of Stoke’s

theorem says that if D is a domain in R? and C is a closed curved bounding D, then

/diVF:j{FéN
D c

Here F is a vector field in D and N is the outward unit normal vector field on the boundary

curve C.

We then study surface integrals. These are generalizations of line integral — we inte-
grate a function defined on a surface. The area integrals we saw is one such example. One

version of Stoke’s theorem says that if D is a domain in R® and S is a surface bounding

D, then
/div F :%FéN.
D s

Here N is the outward unit normal vector field on S.
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There is a third version which is a hybrid of the two above. One has a surface S with

boundary curve C in R3, and a vector field defined along S. Then

(%kcuﬂ F)aN :l%mF ar,
S C

where curl F is a new vector field obtained from F via certain derivatives. Here N is the

unit normal vector field to S and T is the unit tangent vector field to C.

6.1. Line Integrals

¥ Let C be a curve in R?. Then there is a parameterization ! : [a,b] ! C where the

tangent vector ! *(t) exists and is nonzero.

¥ We have a notion of arclength:

b
©) = [ @i

This number is independent of parameterization, as long as it traces the curve once.

¥ Now let f : C! R be a function defined on the curve. Then we partition C into short

arcs P : Cq,..,Cn, and define upper and lower sums as before:
U(P)=> supf(Ci) I(Ci), L(P)=> inff(Ci)I(Ci).
We say that f is integrable over C if for every " > 0, there exists a partition P such that
UP)" L(P)< ™

In this case, by the Completeness of the Reals, there is a unique number, denoted by fc f
and called the line integral of f over C, such that U(P) # ¢.f # L(P) for all P. When
C is an interval on the x-axis, this is our old definition of 1-variable integral. When f =1,
this is reduced to the arclength |(C).

¥ Here we write §. f to distinguish it from [ f which would be zero. (Why?)

99



¥ There are two types of functions on a curve we frequently deal with. First you must
choose an orientation of the curve C. This means declaring which of the two tangent
directions is our unit tangent. Once this is chosen, they are two very special vector fields
on C. Namely the unit tangent vector field T (X ), and the unit normal vector field N (X ).
By definition, N (X ), T (X ) must follow the right hand rule.

¥ Notation: If T = (u,Vv) then N = (v," u). From now on, for any vector X = (u,v) $ R?,
we write X = (v," u). We call this the conjugate of X . For the reader who knows complex
numbers, if you regard R? as the complex plane in the usual way, then you will recognize

that conjugation of a vector in R? is the same is complex conjugation of a complex number.

Lemma 6.1.

¥ The two most common function on C we deal with is this. Fix an orientation of C. Fix a

continuous vector field F defined in a domain including C. We will consider the functions:

Lemma 6.2.

fﬁﬁ:fFﬂ:fﬁm.
C C C

In particular, the tangential line integral of one vector beld F can be recovered from the
normal line integral of the conjugate vector bPeldF, and vice versa.

¥ If we choose the opposite orientation of C, then f above changes sign because T changes

sign.

¥ A parameterization ! : [a,b] ! C is said to be orientation preserving if ! '(t) is always

parallel to T(! (t)). We say that the parameterization is faithful if ! is one-to-one, except
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at finitely many points, ie. there is a finite subset S % [a,b] such that ! : [a,b\S! C is

one-to-one. This means that the parameterization traces C just once.

Theorem 6.3. If I is faithful and orientation preservingthen

b
ﬁFﬂ:Ameaum

74 F &N :/bF(! (t)) & (t)dt

Proof: (Sketch) We will consider the first case. Since f := F &T is a continuous function
on C, given ", we can find a partition P : Cq,..,Cy of C so that supf (Cj)" inff (Cj) < "
for all i. It follows that U(P)" L(P) < " I(C). This shows that f is integrable on C i.e.
fc F AT exists. So to prove the first formula, it suffices to show that for any partition
P :Cyq,..,C\ of C we have

b
@ L(P)#/a E( ()& (t)dt # U(P).

Let a = tp < t; < &A< ty = bbe the times where ! : [tj» 1,ti] ! Cj. On each Cj, we
have inf f (C;) # F (! (1)) g}z # supf (C) for ti- 1 # t # t;. Multiply all three terms
by '1'(t)" and integrate over [t~ 1,ti]. We get

I(Ci) inff (Ci) # /ti F(I(t)& ' (t)dt # 1(C;) supf (Cp).

ti—1

Summing over i = 1,..,N, we get (*). O

¥ Remark: One can, in fact, avoid the use of upper-lower sums and arclength in defining
a line integral. In this case, one simply declares the formula in the preceding theorem
to be our definition of line integral. Omne then proceeds to prove that this definition is
independent of the choice of parameterization ! : [a,b]! C. This is a consequence of the

change-of-variable formula for Riemann integrals.

¥ If | is faithful but orientation reversing, then there is an extra signs, because both T

and N changes sign.
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¥ If ! is not faithful but covers C K times, and is preserving orientation, then we need an
extra 1/k factor on both RHSs.

¥ In the definition of line integrals, one could also avoid the machinery of upper and lower

sums by first introducing the notion of differential forms.

¥ Notation: sometimes one writes
7{ F aT :]{(pdx+qdy)
c c

]iF aN :f[é(qu " pdy)

when F = (p,q), to indicate the fact that ! ' = (dx/d t, dy/dt).

¥ A curve C is called piecewise smooth, if it is smooth except at finitely many points.
In this case, we can parameterize each smooth segment C; of C as before. So if F is a

continuous vector field along C, then we define

j{FédSZZf{ F ads.
C i i

¥ eg. Fig 10.9

Theorem 6.4. |§. FaT|[# M I(C)if [[F(X)||# M for all X $ C.

Proof: Use the preceding theorem plus Schwarz’ inequality.

¥ Line integrals also have the expected formal properties of integration: positivity, linearity

etc.

¥ EVERYTHING EXCEPT STATEMENTS INVOLVING N, OF THE ABOVE MAKES
SENSE FOR CURVES IN R2 OR HIGHER. The reason N has to be excluded is because

in dimension higher than 2, a curve has no well-defined normal.
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6.2. Stok eOsTheorem in the Plane

Debnition 6.5. We say that a region D in R? is SIMPLE if it is BOTH a type | and
a type Il region where the debning graphs are piecewise di'er entiable, ie. diler entiable
everywhee exept at Pnitely many points.

¥ eg. Picture

Theorem 6.6. Let D be a simple region. Let F be a continuous vector beld debPnel on

D. Then
7{ div F :]4 F aN.
D c

where C is oriented counterclockwise (so that N is the outward normal).

Proof: Consider the case F is of the form (0, (), so that div F = q,. As a type I, D is

represented by
a# x# b, h(x)# y# g(x)
where h, g are differentiable. So
b ,g b
fav = [ [ atyayo— [ lax g00)" ax hoo)x
a a

Since F = (0,q) has zero horizontal component, and N is horizontal along a vertical
segment of C, it follows that F aN = 0 along this segment. Hence the vertical segments

of C do not contribute to the line integral ¢, F aN .
Now on the top segment of C, we can choose the clockwise parameterization
F'(x)=(x,9(x)), a# x# b.

Then
H(x)=(Ld(x), X =(gx),"1),

So this segment contributes

ﬁmp FaN =" /:" q(x, g(x))dx.
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Note that the sign is because our parameterization is orientation reversing. On the bottom

segment of C, we can choose counterclockwise parameterization
'(x) = (x,h(x)), a# x# b.

Then
() = (L), ) = (W'(x)," 1).

So this segment contributes

b
j{ F aN :/ " q(x, h(x))dx.
C bottom a

Adding the contributations from all 4 segments of C:

b
fFM=/mmw»wmmwm
C a

Now repeat in the case F is of the form (p,0), so that div F = (px,0), but regard D
as a type II region:

c#Hy#d G(y)# x# H(y).

The result is

d
fDdiV F =/ P(G(y),y)" p(H <y>,y>]dyzjch an.

Now the in the general case, we can write F = (p,q) = (p,0) + (0,q). Both sides of

our asserted formula is linear in F. So the assertion follows. J

Corollary 6.7. Under the same hypothesis, we have

/divlf:j{FéT.
D c

Proof: We have
fFaT:flféN:/divlf. 0
c c D
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Theorem 6.8. SupmseDi,D, are simple regions in R? suchthat D, ( D, is a line
seggment along their boundaries. Put D = D;) D,. Then the sameformula holds for D
and its counterclockwise boundary curve C.

Proof: (Sketch) Because D1, D, intersect along a line segment,

]{ div F = div F + div F.
D D1 D

Let Cq,C, be the counterclockwise boundaries of D1, D, respectively. Then by the pre-

fdiVF:% Fé.N—i—jg F aN.
D C, Cso

Now C; has two oriented segments: say C!l and C', and C, has two oriented segments:

ceding theorem

say C5 and C". Here the underlying sets C' and C" are the share line segment. But they
have opposite orientations. This means that fC, FAaN =" 550 . F aN. Note also that Cj

and Cj together form C, the counterclockwise boundary of D. So

j{divF:]{ FéN+j§
D c/ C

Fé.N:fFéN. O
C

/
2

Corollary 6.9. If D can be partitioned into simple regions suchthat any two suchsimple
regions either do not meet or meet along a line segment, then the same formula holds for
D and its counterclockwise boundary curve C.

¥ eg. Picture.
¥ eg. Physical interpretation of Stoke’s theorem: F is the velocity field of 2d fluid.
¥ ex. la. p553. Compute both sides.

¥ ex. 5. p5h4. divergence free vector field.
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¥ eg.1 pH46. Computing line integral via double integral.

6.3. Homew ork 10

p540: 7, 10, 11, 16

pd53: 1h, 2, 7

6.4. Surface Integral

¥ Surface integrals are 2d version of line integrals, the same way surface area is the 2d

version of arclength.

¥ In the previous chapter, we have already defined the notion of the surface area of a
surface. To recap: Consider a parameterized surface # : D ! S % R® where D is a

domain in R?. We say that # is nondegenerate if the 3* 2 matrix-valued function

#00) =[5 3]

is rank two everywhere. We say that # is faithful if # is 1-1 in the complement of a zero

area subset of D. Recall that

$#,, $#,,. S# $# $# . $#,
A (X)) = \/$x $y (3x $y)_$x $_y'

Recall that the area of S is then
Area(S) = j{ A-
D
for any given choice of nondegenerate and faithful parameterization #.
¥ Given a surface S, a list Sy, .., Sk of subsets of S is called a partition of S, if each S

is a surface having a smooth, nondegenerate, faithful parameterization and if all overlaps

Si (S have zero area.

106



¥ Let f be any function defined on S. For any partition P of S, we defined the upper and

lower sums of f as before:

=Y supf (S) A, L(P) =Y inff(S)AS).

Again, we say that f is integrable on S if

inf{U(P)|P} =sup{L(P)|P}.

In this case, this number is denoted as §Sf and called the surface integral of f over S.
When S is a domain in the Xy-plane with then fs f is the usual Riemann integral. When
f =1, this reduces to the surface area A(S).

¥ There are two types of functions on a surface we frequently deal with. First you must
choose an orientation of the surface S. This means declaring which of the two normal
directions is our unit normal. Unfortunately, unlike curves, a surface need not have an

orientation. The famous Mobius band is such an example.

¥ We say that S is orientable if there is a continuous unit normal vector field N (X ) on S.
Equivalently, it is a choice of ordered basis B1(X ), B2(X ) of the tangent plane of S which
is continuous in X . Then we can set N = B1* B, so that det[N (X ),B1(X),B2(X)] =1
for all X $ S. We will always assume that S is orientable, and that we have choosen an

orientation N.

¥ The most common function on S we deal with is this. Fix a continuous vector field F

defined in a domain including S. We will consider the functions:

f(X)=F(X)aN (X).

¥ If we choose the opposite orientation of S, then f above changes sign.

¥ A parameterization # : D ! S is said to be orientation preserving if

N+ — $# $# ”$# $#
$x

$x ”
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at each point (X,y) $ D. From now on, we shall consider only smooth, nondegenerate,

faithful, orientation preserving, parameterizations.

Theorem 6.10. o4 o
FaN = F+#)a(—* —).
A | Fmacgs &)

Note that the integrand on RHS is det[F +#, &, %],

¥ Remark: One can, in fact, avoid the use of upper-lower sums and surface area in defining
a surface integral. In this case, one simply declares the formula in the preceding theorem
to be our definition of surface integral. One then proceeds to prove that this definition is
independent of the choice of parameterization # : D ! S. This is a consequence of the

change-of-variable formula for Riemann integrals.
¥If F =N on S, then this formula reduces to

LN N
Area(S)_jil_ X 3y _/DA.

¥ If # is faithful but orientation reversing, then there is an extra signs, because N changes

sign.

¥ If # is not faithful, but ”covers” S K times and is preserving orientation, then we need
an extra 1/k factor on both RHSs.

¥ eg. Fig 10.9

Theorem 6.11. |[§ FaN|# M A(S)if |[F(X)|# M for all X $ C.

Proof: Use the preceding theorem plus Schwarz’ inequality.

¥ Surface integrals also have the expected formal properties of integration: positivity,

linearity etc.
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6.5. Stok eOsTheorem for Surfaces

¥ Given a differentiable vector field F = (f1,f2,f3), define a new vector field by the

following symbolic formula:

€1 € €3

* _ | # #

, F =curl F .= B Fxs B
fq1 fo fs

where the RHS is expanded along the first row.

Debnition 6.12. A surface S in R" is said to be simple if there is a smaoth, nondegen-
erate, faithful, orientation preserving, parameterization # : D ! S wher D is a simple
region in R2. We call such a parameterization of S a simple parameterization.

¥ Exercise. Show that if D is a simple region on R? and f : D! R is a smooth function,

then the graph of f in R® is a simple surface.

¥ Exercise. Show that the unit 2-sphere with 1 point removed is a simple surface. (Hint:

use the stereographic projection.)

¥ Exercise. Show that for any differentiable vector field F : R® ! R3, and any fixed
vectors A, B $ R3, we have

(curl F)aA* B) = (F'A)aB " (F'B)éA.
This is a basic formula in the theory of “differential forms”. It says that curl F is actually

a “2-form”. (Hint: Do it for F = (p,0,0) first.)

Theorem 6.13. Let S be a simple surface in R3 with boundary curve C. Let F be a
diler entiable vector belddebnel on S. Then

j{(curl F) aN :f F &r.
S C
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Proof:

¥ Idea: Choose a simple parameterization # : D ! S. Transfer the formula to D and its
boundary $D, and recognize that the asserted formula is nothing but Greens’ formula on

the simple region D.

¥ Choose a faithful orientation preserving parameterization %: [a,b ! $D. Then the
composition

a0 $D % D! S %R3

defines an faithful orientation preserving parameterization ! : [a,b]! C.

¥ Hence

b
7{ FaT :/ F+!(t)a '(t)dt
C a
By Chain Rule, the RHS integrand is

(F+h)a'=(F+#+%a# +%9% ="(F +# +%# +%%.

¥ Define a new vector field
G:D! R? X -l Y(F+#)(X)#(X).

Then )
]{F AT :/ G (%)) 4% (t)ct.
C a

¥ Thus, by Green’s formula

]{FéT:j{ GéT(z):/div G.
C #D D

Here T®@) is the unit tangent on $D (to be distinguished from the unit tangent T on C);

div is divergence in R?.
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¥ Plugging in the definition of G, we get

div G = div {(F +#)#'

. $  $#
=div ((F +#) & o ,(F +#) 4 $y)
. $  $#
=div ((F +#) & Sy’ " (F +#) a$_x)
$ $# . $ L $#
$ $# $  $#
$X(F +#)a sy $—(F +#) a5y (product rule)
S#_,BH# ! $#.  $# .
= [(F' ) gx) a—y [(F +#)$y]a$x (chain rule)
S# . S# . .
= [(curl F) +#] ($x $y) (previous exercise).
¥ We conclude that
S# . $#

J{FéT:/D[(curl F)+#] ($x $y) i(curl F)aN.

This completes the proof. [

¥ In the same way Green’s formula holds for more nonsimple regions, the preceding theorem
holds for a nonsimple surface S which we can partition into simple surfaces Sy, .., Sk such

that any two of them meet along a subset of zero area.

¥eg. F = (p,gq,0) independent of z, and S a region in the Xy-plane. This reduces to

Green’s formula.
¥ ex. 9, pb68

¥ ex. 14, p569
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6.6. Stok eOsTheorem in 3d B Div ergence Theorem

¥ A surface S in R3 is said to be closed if S is closed and bounded set with no boundary.

In this case S encloses a solid region D in RS.

Theorem 6.14. Let S be a (piecewise) smooth closal orientable surface in R3, and D
be the region it encloses. Let N be the outward unit normal vector beldon S. If F is a
continuous vector bPelddebne on D, then

/diVF:fFé.N.
D S

¥ If D is simple region in R3 (define simple region for yourself), then the theorem can be
proved by imitating Green’s formula. More general regions can be handled by partition it

into simple regions.

¥ex. 1 ph67
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