2. Derivatives

2.1. Directi onal Deriv ati ves

¥ Throughout this chapter, f denotes an n-variable salar valued function, i.e. R-valued
function dePnedon D(f) ! R".

¥ A unit vector e" R" is also called a direction in R".

¥ In l-variable calculus, derivativesare an analytical tool that allowsusto probe properties
of a functionOgate of change as we change its variable. We will develop analogots tools

for multi-v ariable functions.

¥ LetOsstart with a 2-variable function f whosegraph is a surface in R3. Pick at point
Xo" D(f). To probe the ObpographyOof the surface near X, oneideais to look at its
crosssections with various vertical planes Each sudc cross seaion looks like the graph of
a 1-variable function. In fact, it is the 1-variable function f (X, + te), t being the variable,
where e is a direction parallel to the plane that makesthe crosssedion in quegion. This
function is also called the restriction of f to the line Xy + te. The rate of change of this

1-variable function at t = 0, is the rate of changeof f at X in the direction e.
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Debniti on 2.1. Letf :D(f) # R be an n-variablefunction. Given an interior point Xg
of D(f) and a direction e, if the limit limy, "Xt T Xo) exists, then we call this limit

the directional derivative of f along e and we denote it by $ of (Xo).

¥ We consider a directional derivative only at an interior point X to ensure that D(f)
contains some ball B(Xyp;!), sothat f (X + te) makes sense on an interval %! < t < I.

¥ When computing this directional derivative, it is often convenient to use some other
nonzero vedor parallel to the direction e. Let A = "e be a nonzeo vector whose length is

" . Then
. F(Xo + te) %f (Xo) _ f(Xo+ sA) %f (Xo)
t S

wheres = ""1t. So,ast# 0,s# 0, and the left side hasthe limit " $ ¢f (X;), provided
that $ of (Xo) exists. In this casg, we denote the right side limit by $ Aof (Xo). Then, the
equalty of limits above becomes

$af(Xo) = $1ef(Xo) = "$ef (Xo).
Note also that this number is g(0) where g(t) = f (Xq + tA).
¥ Example. Consider f (X) = ||X]|? on R?. LetOsbnd its directi onal derivative along the
direction e parallel to A = (3,%4), at the point Xo = (1,1). Put
g(t) = f (Xo+ tA) = [|(1+ 3t, 1%4t)[|> = (1+ 3t)% + (1 %4t)2.
So0$ Af (Xo) = g(0) = 6%8 = %2. Since A haslength 5, it followsthat $ f (Xo) = %2/ 5.

¥ Example. For a given function f and a point Xo " D(f), it can happenthat $ f (Xg)

existsfor one direction e but not for another. Consider f (X) = x2)+(—yz $e,f(0)=giO) =

0. But $¢,f (O) does not exists, for it would have been the derivative of g(t) = 1/t at
t = 0 which doesn® exist.
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Theor em 2.2. (Algeba of derivatives) Supmsethat f, g are R-valued functions debred
on the samedomain and that their directional derivativesalong e exis at Xy. Then the
directional derivatives of f + g and f g along e exig at X, and

$e(f +0)(Xo) = $ef (Xo) + $e9(X0), $e(fg(Xo) = f(X0)$eqd(Xo) + 9(X0)$ ef (Xo).

These identities are respectively called the additivity rule and the Leibniz rule. If f (Xo) & 0,
then
$ (1 )(Xo) = %W($ f )(Xo)/f (X0)?.

This is called the quotient rule.

Proof: Wed prove the Leibniz rule, the other two cases being similar.

By debrntion, (fg)(Xo + te) = f(Xo + te)g(Xo + te). Dilerentiate both sidesas
functions of t at t = 0, and apply the 1-variable calculus Leibniz rule, we get the Leibniz
rule above. O

Debniti on 2.3. The directional derivative $ g, f (X() along the ith standard unit vector
E; in R" is called the partial derivative of f with respect to x;, and is denoted by f, (Xo)
or Dif (Xo) or =—(Xo).

¥ Computing a partial derivative by freeang variables. Consider a function f whosepar-
tial derivative, say #f /# x4, exists at a point Xo = (p1,.,Pn). This is the derivative of
f(p1 + t,p2,..,pPn) With respect to t at t = 0. This can be thought of as follows. Dif-
ferertiate f (X) = f(Xg,..,Xn) asif it is a function of the variable x;, by treating other
variables x5, .., X, asthe constarts py, .., p, respedively. When done, substitute x; = p;.
The result is #f /# x1(X o). Likewise #f /# x;(Xo) can be computed similarly by holding
X1,. Xi" 1, Xi+1 , .., Xn Pxed and di'e rentiating f (x1,..,Xn) with respect to the variable x;.

¥ Example. LetOscompute the partial derivatives of sin(xy) at an arbitr ary point X =
(X, y): wsin(xy) = y cogxy), =y sin(xy) = x cos(xy).

¥ Same theorems of 1-variable calculus do not generalize naively to n-variable. Hereis one.
If a 1-variable function has a derivative at a point, then the function is cortinuous at that
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point. But for a given function of 2 or more variables, existenceof all partial derivatives

at a point is not enough to guarantee continuity of the function at that point. Consider
! :
rayr I (xy)&O

FOO= 70" it xy)= 0.

f is discontinuousat O (Two-path test.) Freezey = 0. Then f (x,0) = 0. So —Xf (O) = 0.
Likewise —yf (O) = 0. Thus both partial derivatives exist at O, yet f is disconti nuous at
0.

¥ This example shows that the mere existence of partial derivatives at a point is a very
weak analytical requirement on a function Dit doesn® even guararntee contin uity!

¥ Higher order partial derivatives. Consider a function of 2-variablesf . If S is the subset
of D(f ) on which f,(X) exists, then we can think of this as debring a new function

fy :S# R, X '# f(X).

In this case S = D(fx). Thusif S itself has an interior point X, then we can ask if the
partial derivativesof fy existat X . If (fy)x(X) exists, we denoteit by f (X) or D11 (X)
or wzf (X). If (f,)y(X) exists, we denote it by f,y (X) or Diof (X) or mwf (X). We
debre f, (X) and fyy(X) in an analogows way. If exists, eat of this is called a second
(order) partial derivative of f at X.

¥ It isclearthat the notion of semnd parti al derivativ es also works for n-variable functions.
It is alsoclear that we can iterate this proces to give the notions of third and higher order
partial derivatives of an n-variable function.

Theor em 2.4. The partial derivativesof any order of a polynomial function f on R" exist
at any point. Moreover, each partial derivative of a given order of f is itself a polynomial
function.

Proof: We know that taking partial derivative is additive. So, it is enough to prove the
theorem for a monomial function of the form

f(X)= axb a8axPr

15



where py, .., pn are given nonnegative integersand a a constart. If we freeze x,, .., X, and
treat f (X ) asa function of x4, the derivative with resped to x; clearly exists and is

fr, (X) = apxbt * &aéxB

This is again, a monomial function. Likewise for all other fy, . Iteratin g this process, we
Pnd that each partial derivative of f of a given order exists and is a polynomial function.
O

¥ Example. Compute all partial derivativesof f (x,y) = 3x? + xy? of every order.

¥ Warning: partial derivatives need not commute, i.e. for a given function f , the values
fyy (X)) and fy, (X), if exist, are not necessarily equal in general. But thereis a su"c ient
condition that guaranteesthat they are equal.

Theor em 2.5. (Equality of mixed partials) If all second order partial derivatives of f exist
and are continuous on somehall B(X;r) in R2, then fy, (X) = fyx(X). An analogous
statement holds for functions of n variables.

Corollary 2.6. If f is a polynomial function, every kth order partial derivative
fx, 488, (X) can be computed by taking partial derivativeswith respect to the k variables
Xi,» - Xi, IN any order whatscever.

Proof: Weknow that polynomial functions are cortinuous and that their parti al derivatives
are polynomials, sothe partial derivativestoo are continuous. By the preceding theorem,
the order in which we compute a kth order partial derivative doesnot alect theresult.

¥ In HW#2, problem 15 of p347, you will examine a function f on R?, where all of its
second parti al derivativesexist everywhere, but fy, ,fyx fail to be equal at a point.

2.2. Al ne Appro ximati on

¥ In l-variable calculus, we know that given a nice function f (say, a smooth function),
theline that best approximate the graph of f near a given point Xq is the line tangent to
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f at xo. This line isthe graph of the 1-variable a'ne function f (xg) + f (Xo)(x %Xo). We
now discussthe multi-v ariable analogue of this.

¥ Recall that an a"ne function on R" is the sum of a linear function and a constart
function. It hasthe form T(X) = A4aX + b, where A " R". We can also write A aX
as AX if wethink of A asa 1( n matrix operating on X. We will useeither expression
interchangeably. Fix a point Xo " R". Then b= T(Xy) %AX o, and we can write

T(X) = T(Xo) + A(X %Xo).

Thus an a'ne function is determined by its value at a single point Xo and a 1( n matrix
A. The graph of an a"n e function is the hyperplane in R"*! debred by the equation
z = g(X).

Debniti on 2.7. Let f a R-valued function of n-variable and X and interior point of
D(f). We saythat f is di! erentiable at X, if we can Pndan a" ne function T : R" # R
suchthat

1. f (Xo) = T(Xo)

f(X)" T(X) _

LI e o

In this case, T is called an a"ne approximation or a tangentmap of f at Xg.

¥ Note that any a"ne functionf isdile rentiableat any point, becuseit is always atangert
map of itself. That is, if f is an a" ne function, then conditi ons 1-2 hold automatically if
wesetT = f.

¥ Geomarically, say for a 2-variable function f , the graph of a tangent map of f at X is
the tangent plane to the surfacez = f (X) at the point (Xo,f (Xg)) in R3. Seebelow.

Theor em 2.8. If f is diler entiable at X, thenf is continuous at Xg.

Proof: By depriti on the functi ons% and ||[X %X ]| both have the limit 0 at Xo.

Sodoestheir product f(X) %T(X). By continuity, T(X) hasthe limit T(Xo) = f(Xo)
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at Xo. By additivit y of limits, the sumf(X) % T(X) + T(X) = f(X) has the limit
0+ T(Xo) = f(Xp). This showsthat f (X) hasthe limit f (Xo). O

Prop osition 2.9. If exists, a tangent map of a function f at a point is unique.

Proof: Let T;(X) = AjaX + b, To(X) = A, aX + bp be two such a"ne function, and
let L = Ty %T,. By 1., we seethat L(Xp) = 0, sothat L(X) = L(X) %L(Xp) =
(A1 %A) &(X %Xg). First we have

. L(X)
lim — =0
XY X0 X 06X o]

by 2. becauseL (X) = T1(X) %f (X) % (T2(X) %f (X)). This shows that

(A1 %A2) &X %Xo) _

0.
|IX % Xol|

limx1 x,

In particul ar, if we X approaches X along a line Xy + te, t > 0 (with e a unit vector),

then
(A1 %A)) ate

0= ”mt! o+ ”te”

= (A]_ %Az) ae.

Since this holds for any unit vedor e, it follows that A; = A,. Hencelby = b,. O

Debniti on 2.10. (Total derivative) Let f be diler entiable at X,. As weOveseen, its
tangert map has the form T(X) = f(Xo) + A(X % Xyp), where the 1 ( n matrix A is
uniquely determined by f. This matrix is called the total derivative of f at X, and is
denoted by f X ).

¥ For a l-variable function f (x), dile rentiability at xo is equivalent to the existenceprst
derivative at Xg. In this case the tangent map of f at X is the function T(x) = f (Xp) +
f #(x0)(X %Xo). In this cae, the total derivative is the 1 ( 1 matrix f %(xo).

Proof: Obviously T(xg) = f (Xp), socondition 1. holds.

If (x) %T(x)| _
X %Xo|

f (x) %f (Xo)

%f (o).
X %6Xo | %f (X0)
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But the brst term on the right side hasthe limit f #(xq), so the whole expression has the
limit 0. O

Theor em 2.11. If f,g are diler entiable at X o, then their sum and product are di'er en-
tiable at Xo. If f (Xo) & O, then U/f is diler entiable at X.

Proof. (Sketch) Clearly, this is about using the tangert maps of f and g, to give the
tangent mapsof f + g,fg,/f . The tangert maps of f + g, fg, are f (Xo) + g(Xo) +
(FAXo) + g(X0))(X % Xo). and f (Xo)g(Xo) + (9(Xo)f {(Xo) + f (X0)g(X0))(X % Xo)
repedively. If f (Xo) & 0, thenT = f(;o) %f(xlo)zf#(xo)(x %X ) is the tangent map
of /f . Condition 1 for tangent map is trivial to ched in each cag. Condition 2 is a lot

more technical already in the caseof the product function, involving estimatin g the error
f(X)g(X)%T(X). Wewill omit it here.

Corollary 2.12. Polynomial functions are diler entiable everywhere.

Proof: A linear function is a"ne function, which we know is di! erertiable everywhere. A
monomial function is a product of linear functions, and so it too is dilerentiable every-
where. A polynomial function is a sum of monomial functions,and soit toois dile rentiabl e
everywhere. [J

Theor em 2.13. (Necessay condition for di! erentiability) If f is diler ential at X, then
the directional derivative (hence all brst partial derivatives) of f exists and $ ¢f (Xo) =
f#(Xo)e= f4Xo) ae, for any choice of direction e.

ass# 0. Usecondition 2

Proof: Consider the dile rence of and

f (X o+ se)" f(Xo) f'(Xo)(se)
s S

for the tangent map T to show that this limit is zero. But the second term obviously has
the limit f#Xg)e, implying that the Prst term also has the samelimit. By deprition of
$ of (X0), this is the limit of the brstterm. O

¥ Existence of all directional derivativesis a necesgary but not a su" cient condition for

Xy H
di! erertiability. For example, the function f (X) =  x**y* it X&0

2 -
0 if X =0 on R< hasall its
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directional derivatives at O, but it is not dile rentiable at X = O, since it disconti nuous
at O (Two-path test.)

¥ LetOsvork out each entry of the 1( n matrix f#(X ), assiming it exists. By the preceding
theorem, its ith entry is$ g, f (Xo) = %Xl") Therefore,

#f (Xo)  #f (Xo)

f%(Xo) = [f(X0)E1, ...f (Xo)En] = [ e

]: [fxl(XO)! "’an (XO)]

This is also called the gradient vedor of f at X, and is denoted by $ f (Xy).

¥ The preceading theorem impliesthat at a point X, if weknow that f is dilerentiable, then
the directional derivatives of f along the n standard directions E;, .., E,, (or equivalertly
the gradient vector) are all that we need to Pnd the directional derivative along any other
direction e.

Theor em 2.14. (Su" cient condition for di! erentiability) If all Prst partial derivatives of
f exig and are continuous on somehall B(X;r), thenf is diler entiable at X.

¥ If we know that f is di! erertiable at X, then we also know that the tangent map of f
at Xg must be

It isalso obviousthis a'ne function satisbescondition 1 of the dilerentiabilit y deprition.
The hard part is the prove that it satisPescondition 2 aswell. One needsto usecontin uity
of the f, to estimate |[f (X) %T (X )|. The details are complicated and is beyond the scope
of this course.

¥ Existence and continuity of prst partials on a ball give a suc ient but not a necessary

condition for dilerentiability of f at Xo. For example, the function

|

_ xZsin(A/x) if x&O0
P = 0 if x=0

cortinuousat x = 0.

on R is dilere ntiabl e everywhere, but f #(x) is dis-
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¥ Example. Whereisf (X) = ||X || di! erertiable? Let& consider its directional derivatives.
In HW#2, we Pnd that given a direction e,

$f (X) = eaX/||X]].

We know that the numerator and the denominator are continuous functions on R", so
$ of (X) is continuous away from O, where the denominator vanishes By the preceding
theorem, f is dilerentiable at X & O. Since the formula is not valid at O, we canOtuseit
to consider directional derivativesof f at O. We must considerthe limit deprition :

f (te) %f (O) _ |[te]]
t t

= sign(t)

which hasno limit at t = 0O, for any choice of direction e. Sof hasno directional derivative
of f at O along any direction. In particular, the brst partial derivatives of f at O do not
exist, let alone being cortinuous. So, we can not apply the su“cie nt conditi on for dile r-
entiability aboveto f at O. But we can apply the neassary condition for di'e rentiability
above: f is not dilerentiable at O becausenot all its directi onal derivatives at O exist.

¥ Example. Numerical approximation. Example 5 on p355.

Theor em 2.15. (Chain rule I) Let f be an n-variable function which is di'er entiable
at Xo, h be a 1-variable function which is composabke with f, and is diler entiable at
t = f (Xp). Thenthe composition h) f is di'er entiable at X, and

(h) £)Xo) = h(f (Xo))f (Xo).

Proof: Wed) sketch a proof.

To show that h) f is dilere ntiable at X, we must produce its tangent map. The
right candidate is h) T, where T is the tangert map of f at Xo. This exists, since f
is assumed di! erertiable at Xy. Condition 1 for tangent map holds for h) T because
h(T (X)) = h(f (Xp)). To show that condition 2 also holds, one can usethe fact that h(t)
is dile rentiable at t = f (X() to show that

[h(f (X)) %h(T(XNI/]F (X) %T(X)]
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is bounded by a constant as X # Xg. Then Squeez theorem implies that h) T satisbes

condition 2 aswell.

To prove the asserted identity, note that it is an identity of 1 ( n matrices. So, it
su"c esto provethat both sides are equal when applied to each of the standard unit vedors
e= E;. LetOgust consider the caee of e = E;. Put g(t) = f (X, + te). Consider the 1-
variable function h(g(t)). This is the composition of two 1-variable functions which are
di! erertiable (becauseh is di! erertiable at g(0) and g is di! erertiable at t = 0,) henceit
too is di! erertiable at t = 0. By the 1-variable chain rule, its derivative at t = 0 is given
by

(h) 9)%(0) = h(g(0))g%0) = h(f (Xo))$ &, f (Xo).

Now by the Necessary condition for di! erertiability, applied to both h) f and f, this
identit y becones
(h) £)(X0)E1 = h(f (Xo))f (X0)E1

asdesired. O

2.3. Directi on of Steepest Descent (Ascen t)

Debniti on 2.16. Supmsethat f an n-variablefunction whichis di! erentiableat Xo. The
tangert plane of f at Xg is debned to be the graphin R"*! of the tangentmap T at X,.

Theor em 2.17. (Normal to tangent): The vector [f 4 Xg),%1]" R"*! is a normal vector

to the tangent plane at X.

Proof: Let® prove thisfor n = 2. The tangent planeof f at X = (Xo, Yo) is the graph of
thetangert map T at Xgo. So,itsdebning equation istheplanez = f (X o)+ f #(X o)(X %X o)
in R3. This plane passe through the point (Xq, Yo, Zo) = [Xo,f (Xo)], and its equation has
the form

N a[(x,y, z) %(Xo,Yo0,20)] = O

where N = [f {X,),%1]. O
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¥ Example. Find the tangent plane of f (x,y) = x?+ y? at (1,1). A normal to this tangent
plane at any given point Xg = (X, Yo) IS N = (2Xo, 2yo, %1). Soan equation of this plane
is

2Xo(X %Xo) + 2yo(y %Yo) %(z %2o) = 0.

For (xo0,Yo0) = (1,1), zop = f(1,1) = 2. So, the tangent plane at this point is given by
2(X % 1)+ 2(y %1) %(z%2) = 0.

¥ Problem: Supposea heat se&ing bug is crawling on a plane on which temperature varies
from point to point according to a temperature function f (X). Supposealso that f is
di! erertiable everywhere. When the bug sits at a point f (X(), what direction shoud it
move to Pnd the bed temperature?

Theor em 2.18. (Steepestdes@nt) Supposethat f is diler entiable at X o and f #(X () & O.
Then the directional derivative $ f (Xo) (viewed as a function of directions) achieves a
maximum along the direction of the gradient vector $ f (X) = f#X,), and a minimum in
the opposite direction.

Proof: By the Necessary condition of di'e rentiablity,
$ ef (Xo) = f7(Xo) &&= |If (Xo)llcos $

where0* $* %is the angle between f 4(X,) and e. The RHS is maximum at $= 0 and
minimum at $= % O

¥ The proof shows that the maximum and minimum values of the directi onal derivative
are respectively $ . of (Xo) = | |f A Xo)||, where e = A Xo)/||f (X o)||. Since $ f (Xo)
measures the rate of changeof f in the direction e at X, the maximum value tells us that
the function f hasthe steged rise and drop in value along + e. Thus, the heat se&ing
bug would move in the direction e to bnd the best temperature.

¥ We now discussanother geometrically fact about the gradient veaor $f (X) of a dif-
fererti able function. First, we recall the notion of a curvein R".
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¥ We call an R"-valued function h: | # R", debred on an interval |, a (parameterized)
curve. Assume that it is dile rentiable at a point tg, i.e. the componerts hy,..,h, are
di! erertiable at tp. Put

h(to) = (h(to), .., hj (t0)).

This is called the tangert vector of h at to. Geometrically, h*(t) is a vector which, when
translated to the point h(tp), is tangen to the imagel m(h) in R".

¥ Example. Considerh(t) = (sin t, cost). Then h*(t) = (cos t, %sin t). Theimagel m(h)
is the unit circle centered at (0,0), and h*(t) is a vector tangert to the the circle at the
point h(t).

Theor em 2.19. (Chain rule Il) Let h be a curve which is di'er entiable at to " R. Let f
be an n-variable function which is diler entiable at h(tg) " R". Then

(f ) h)to) = f*(h(to)) &*(to).

Proof. (Sketch) f hasa tangent map T at h(tp). The key idea hereis to use T (h(t)) to
approximate f (h(t)).
F(h(®)) %f (h(to)) _ f(h(V) %T(h(t) . f#(h(to))(h(t)%h(to))_
t %to t %to t %to
The 2nd term goesto f #(h(to))h*(to) by linearity of limits. WeQlshow that the brst term
goesto zero. We have

! " " .
f(h() %T(h() _ HO T I MG if (t) & O

t %tq 0 otherwise

= (ny IO 26

whereF (X) = (f (X)%T(X))/||X %h(to)]| if X & X, O otherwise. We know that F # O
as X # Xp. Since T satisbescondition 2 of tangert map, we know that F(X) # O as
X # h(tp). Wealsoknow that h(t) # h(tg) ast# to. So, F(h(t)) # Oast# tg. On the
other hand, since h is dile rentiabl e

hi (t) %h;(to)

# h(to).
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This shows that ||h(t) %h(to)]||/ (t %to) is bounded in particular. By Squeeze theorem, it

follows that
f (h(t)) %T (h(t))

4 0.
%t =

¥ Let f be an n-variable function. Given a constant ¢c" R, the set
{X " D()If(X)=¢c}

is called the level set of f at level c. It is denoted by f" 1(c). Geometrically, this is the
crosssection of the graph z = f (X) in R"*1, with the horizonal plane z = ¢, where z is
the last coordinate of R"*1 .

¥leth:1 # R" becurve which is dile rentiable at ead point t " |. Supposethe image
I m(h) liesin a given level setf " 1(c), i.e.

f(h(t) = ¢

forall t" 1. We canregard both sides as 1-variable functions. Taking derivative at to " |
by Chain rule I, we g&
0= f*(h(to)) &*(to).

Geometrically, this saysthat the tangent vector h*(tg) to curve I m(h) in the levelsetf " 1(c)
is alwaysorthogonal to the gradient vector f {(h(tg)). In particul ar, the direction of steepest
desent or asent, which is parallel to +f #h(tg)) when nonzem, is always normal to the
levd set.

¥ Example. f (x,y) = xy.

¥ Example. f (X) = ||X||? in R3.
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