
2. Derivatives

2.1. Directi onal Deriv ati ves

¥ Thr oughout thi s chapter, f denotes an n-variable scalar valued function, i.e. R -valued

function deÞned on D(f ) ! R n .

¥ A unit vector e " R n is also called a direction in R n .

¥ In 1-variable calculus, derivativesare an analytical tool that allows us to probe properties

of a functionÕsrate of change as we change its variable. We wil l develop analogous tools

for multi-v ariable functions.

¥ LetÕsstar t with a 2-variable function f whosegraph is a surface in R 3. Pick at point

X 0 " D(f ). To probe the ÒtopographyÓof the surface near X 0, one idea is to look at it s

crosssections with various vertical planes. Each such cross sect ion looks like the graph of

a 1-variable funct ion. In fact, it is the 1-variable functi on f (X 0 + te), t being the variable,

where e is a direction parallel to the plane that makes the crosssecti on in quest ion. This

function is also called the restriction of f to the line X 0 + te. The rate of change of th is

1-variable function at t = 0, is the rate of change of f at X 0 in the directi on e.

12



DeÞniti on 2.1. Let f : D (f ) # R be an n-variable function. Given an int erior point X 0

of D (f ) and a direction e, if the limi t l im t ! o
f (X 0 + t e)" f (X 0 )

t exists, then we call this limit

the directional derivative of f along e and we denote it by $ ef (X 0).

¥ We consider a directional derivative only at an interior point X 0 to ensure that D(f )

contains some ball B (X 0; ! ), so that f (X 0 + te) makes sense on an interval %! < t < ! .

¥ When computi ng th is directional derivative, it is often convenient to use some other

nonzero vector parallel to the directi on e. Let A = "e be a nonzero vector whose length is

" . Then

"
f (X 0 + te) %f (X 0)

t
=

f (X 0 + sA) %f (X 0)
s

where s = " " 1t. So, as t # 0, s # 0, and the left side has the limit " $ ef (X 0), provided

that $ ef (X 0) exists. In thi s case, we denote the right side limit by $ A f (X 0). Then, the

equalit y of limits above becomes

$ A f (X 0) = $ !e f (X 0) = " $ ef (X 0).

Note also that th is number is g#(0) where g(t) = f (X 0 + tA ).

¥ Example. Consider f (X ) = ||X ||2 on R 2. LetÕsÞnd its directi onal derivative along the

directi on e parallel to A = (3, %4), at the point X 0 = (1, 1). Put

g(t) = f (X 0 + tA ) = ||(1 + 3t, 1 %4t)||2 = (1 + 3t)2 + (1 %4t)2.

So$ A f (X 0) = g#(0) = 6%8 = %2. Since A has length 5, it follows that $ ef (X 0) = %2/ 5.

¥ Example. For a given functi on f and a point X 0 " D(f ), it can happen that $ ef (X 0)

exists for one direction e but not for another. Consider f (X ) = x
x 2 + y2 . $ E 2 f (O) = g#

1(0) =

0. But $ E 1 f (O) does not exists, for it would have been the derivative of g(t) = 1/t at

t = 0 which doesnÕt exist.
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Theor em 2.2. (A lgebra of derivati ves) Suppose that f , g are R -valued functions deÞned

on the same domain and that their directional derivatives along e exist at X 0. Then the

directional derivatives of f + g and f g along e exist at X 0, and

$ e(f + g)(X 0) = $ ef (X 0) + $ eg(X 0), $ e(f g)(X 0) = f (X 0)$ eg(X 0) + g(X 0)$ ef (X 0).

These identities are respectively called the additivi ty rule and the Leibniz rule. If f (X 0) &= 0,

then

$ e(1/f )(X 0) = %($ ef )(X 0)/f (X 0)2.

Thi s is called the quotient rule.

Proof: WeÕll prove the Leibniz rule, the other two cases being similar.

By deÞnition , (f g)(X 0 + te) = f (X 0 + te)g(X 0 + te). Di!eren tiate both sides as

functions of t at t = 0, and apply the 1-variable calculus Leibniz rule, we get the Leibniz

rule above.

DeÞniti on 2.3. The directional derivative $ E i f (X 0) along the i th standard unit vector

Ei in R n is called the partial derivative of f with respect to xi , and is denoted by f x i (X 0)

or Di f (X 0) or " f
" x i

(X 0).

¥ Computing a partial derivative by freezing variables. Consider a functi on f whosepar-

tial derivative, say #f /# x1, exists at a point X 0 = (p1, .., pn ). This is the derivative of

f (p1 + t, p2, .., pn ) with respect to t at t = 0. This can be thought of as follows. Dif -

ferenti ate f (X ) = f (x1, .., xn ) as if it is a functi on of the variable x1, by treating other

variables x2, .., xn as the constants p2, .., pn respecti vely. When done, substi tute x1 = p1.

The result is #f /# x1(X 0). Likewise, #f /# xi (X 0) can be computed similarly by holding

x1, .., xi " 1, xi +1 , .., xn Þxed and di!e renti ating f (x1, .., xn ) with respect to the variable xi .

¥ Example. LetÕscompute the partial derivatives of sin(xy) at an arbitr ary point X =

(x, y): "
" x sin(xy) = y cos(xy), "

" y sin(xy) = x cos(xy).

¥ Some theorems of 1-variable calculus do not generalize naively to n-variable. Here is one.

If a 1-variable function has a derivative at a point, then the function is conti nuous at that
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point. But for a given functi on of 2 or more variables, existenceof all parti al derivatives

at a point is not enough to guarantee continuit y of the function at that point. Consider

f (X ) =
! xy

x 2 + y2 i f (x, y) &= O
0 i f (x, y) = O.

f is discontinuous at O (Tw o-path test. ) Freezey = 0. Then f (x, 0) = 0. So "
" x f (O) = 0.

Likewise "
" y f (O) = 0. Thus both partial derivatives exist at O, yet f is disconti nuous at

O.

¥ This example shows that the mere existence of parti al derivatives at a point is a very

weak analytical requirement on a function Ðit doesnÕt even guarantee contin uit y!

¥ Higher order partial derivatives. Consider a function of 2-variables f . If S is the subset

of D (f ) on which f x (X ) exists, then we can thi nk of th is as deÞning a new function

f x : S # R , X '# f x (X ).

In this case, S = D(f x ). Thus if S itself has an interior point X , then we can ask if the

partial derivativesof f x exist at X . If (f x )x (X ) exists, we denote it by f xx (X ) or D11f (X )

or " 2

" x 2 f (X ). If (f x )y (X ) exists, we denote it by f xy (X ) or D12f (X ) or " 2

" y" x f (X ). We

deÞne f xy (X ) and f yy (X ) in an analogous way. If exists, each of th is is called a second

(order) part ial derivative of f at X .

¥ It is clear that the notion of second parti al derivatives also works for n-variable functions.

It is alsoclear that we can iterate th is process to give the notions of thi rd and higher order

partial derivatives of an n-variable function.

Theor em 2.4. The partial derivativesof any order of a polynomial function f on R n exist

at any point. Moreover, each partial derivative of a given order of f is itself a polynomial

function.

Proof: We know that taking partial derivative is additi ve. So, it is enough to prove the

theorem for a monomial function of the form

f (X ) = axp1
1 áááxpn

n
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where p1, .., pn are given nonnegative integersand a a constant. If we freeze x2, .., xn and

treat f (X ) as a function of x1, the derivative with respect to x1 clearly exists and is

f x 1 (X ) = ap1xp1 " 1
1 áááxpn

n .

This is again, a monomial function. Likewise for all other f x i . Iteratin g th is process, we

Þnd that each partial derivative of f of a given order exists and is a polynomial functi on.

¥ Example. Compute all parti al derivativesof f (x, y) = 3x2 + xy2 of every order.

¥ Warning: partial derivatives need not commute, i.e. for a given functi on f , the values

f xy (X ) and f yx (X ), if exist, are not necessarily equal in general. But there is a su"c ient

condition that guaranteesthat they are equal.

Theor em 2.5. (Equality of mixed partials) If all second order partial derivatives of f exist

and are continuous on some ball B (X ; r ) in R 2, then f xy (X ) = f yx (X ). An analogous

statement holds for functions of n variables.

Coroll ary 2.6. If f is a polynomial function, every kth order partial derivative

f x i 1 áááx i k
(X ) can be computed by taking partial derivatives with respect to the k variables

xi 1 , .., xi k in any order whatsoever.

Proof: Weknow that polynomial functions arecontinuous and that their parti al derivatives

are polynomials, so the partial derivatives too are conti nuous. By the preceding theorem,

the order in which we compute a kth order partial derivative doesnot a!ect the result.

¥ In HW#2, problem 15 of p347, you will examine a function f on R 2, where all of its

second parti al derivativesexist everywhere, but f xy , f yx fail to be equal at a point.

2.2. A! ne Appro ximati on

¥ In 1-variable calculus, we know that given a nice function f (say, a smooth function) ,

the line that best approximate the graph of f near a given point x0 is the line tangent to
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f at x0. This line is the graph of the 1-variable a"ne functi on f (x0) + f #(x0)(x %x0). We

now discussthe multi-v ariable analogueof thi s.

¥ Recall that an a"ne functi on on R n is the sum of a linear functi on and a constant

function. It has the form T(X ) = A áX + b, where A " R n . We can also writ e A áX

as AX if we th ink of A as a 1 ( n matrix operating on X . We will use either expression

interchangeably. Fix a point X 0 " R n . Then b = T(X 0) %AX 0, and we can wri te

T(X ) = T(X 0) + A(X %X 0).

Thus an a"ne function is determined by its value at a single point X 0 and a 1( n matrix

A. The graph of an a"n e function is the hyperplane in R n +1 deÞned by the equation

z = g(X ).

DeÞniti on 2.7. Let f a R -valued function of n-variable and X 0 and interi or point of

D (f ). We say that f is di! erentiable at X 0, if we can Þnd an a" ne function T : R n # R

such that

1. f (X 0) = T(X 0).

2. l im X ! X 0

f (X )" T (X )
|| X " X 0 || = 0.

In this case, T is called an a"ne approximation or a tangent map of f at X 0.

¥ Note that any a"ne functi on f is di!e renti ableat any point, because it is always a tangent

map of itself. That is, if f is an a" ne function, then conditi ons 1-2 hold automatically if

we set T = f .

¥ Geometr ically, say for a 2-variable function f , the graph of a tangent map of f at X 0 is

the tangent plane to the surfacez = f (X ) at the point (X 0, f (X 0)) in R 3. Seebelow.

Theor em 2.8. If f is di!er entiable at X 0, then f is continuous at X 0.

Proof: By deÞniti on the functi ons f (X )" T (X )
|| X " X 0 || and ||X %X 0|| both have the limit 0 at X 0.

So does their product f (X ) % T(X ). By cont inuity, T(X ) has the limit T(X 0) = f (X 0)
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at X 0. By additivit y of limits, the sum f (X ) % T(X ) + T(X ) = f (X ) has the limit

0 + T(X 0) = f (X 0). This shows that f (X ) has the limit f (X 0).

Prop osit ion 2.9. If exists, a tangent map of a function f at a point is unique.

Proof: Let T1(X ) = A1 áX + b1, T2(X ) = A2 áX + b2 be two such a"ne function, and

let L = T1 % T2. By 1., we see that L (X 0) = 0, so that L (X ) = L(X ) % L(X 0) =

(A1 %A2) á(X %X 0). Fir st we have

l im X ! X 0

L (X )
||X %X 0||

= 0

by 2. becauseL(X ) = T1(X ) %f (X ) %(T2(X ) %f (X )). Thi s shows that

l im X ! X 0

(A1 %A2) á(X %X 0)
||X %X 0||

= 0.

In particul ar, if we X approaches X 0 along a line X 0 + te, t > 0 (with e a unit vector) ,

then

0 = l im t ! 0+
(A1 %A2) áte

||te||
= (A1 %A2) áe.

Since th is holds for any unit vector e, it follows that A1 = A2. Hence b1 = b2.

DeÞniti on 2.10. (Total derivative) Let f be di!er entiable at X 0. As weÕveseen, its

tangent map has the form T(X ) = f (X 0) + A(X % X 0), where the 1 ( n matri x A is

uniquely determined by f . This matri x is called the total derivative of f at X 0, and is

denoted by f #(X 0).

¥ For a 1-variable function f (x), di!e rentiabi lit y at x0 is equivalent to the existenceÞrst

derivative at x0. In th is case, the tangent map of f at x0 is the function T(x) = f (x0) +

f #(x0)(x %x0). In th is case, the total derivative is the 1 ( 1 matr ix f #(x0).

Proof: Obviously T(x0) = f (x0), so condition 1. holds.

|f (x) %T(x)|
|x %x0|

= |
f (x) %f (x0)

x %x0
| %f #(x0).
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But the Þrst term on the right side has the limit f #(x0), so the whole expression has the

limit 0.

Theor em 2.11. If f , g are di!er entiable at X 0, then their sum and product are di!er en-

tiable at X 0. I f f (X 0) &= 0, then 1/f is di!er entiable at X 0.

Proof: (Sketch) Clearly, th is is about using the tangent maps of f and g, to give the

tangent maps of f + g, f g, 1/f . The tangent maps of f + g, f g, are f (X 0) + g(X 0) +

(f #(X 0) + g#(X 0))( X % X 0). and f (X 0)g(X 0) + (g(X 0)f #(X 0) + f (X 0)g#(X 0))( X % X 0)

respecti vely. If f (X 0) &= 0, then T = 1
f (X 0 ) % 1

f (X 0 )2 f #(X 0)(X % X 0) is the tangent map

of 1/f . Condition 1 for tangent map is tr ivial to check in each case. Condit ion 2 is a lot

more technical already in the caseof the product function, involving estimatin g the error

f (X )g(X ) %T(X ). We will omit it here.

Corol lary 2.12. Polynomial functions are di!er entiable everywhere.

Proof: A linear function is a"ne function, which we know is di! erentiab le everywhere. A

monomial function is a product of linear functions, and so it too is di!eren tiab le every-

where. A polynomial function is a sum of monomial functi ons,and soit too is di!e rentiabl e

everywhere.

Theor em 2.13. (Necessary condition for di! erentiability) If f is di!er ential at X 0, then

the directional derivative (hence all Þrst partial derivatives) of f exists and $ ef (X 0) =

f #(X 0)e = f #(X 0) áe, for any choice of direction e.

Proof: Consider the di!e rence of f (X 0 + se)" f (X 0 )
s and f ! (X 0 )( se)

s as s # 0. Use condit ion 2

for the tangent map T to show that thi s limit is zero. But the second term obviously has

the limit f #(X 0)e, imply ing that the Þrst term also has the samelimit. By deÞnition of

$ ef (X 0), th is is the limit of the Þrst term.

¥ Existence of all direct ional derivatives is a necessary but not a su" cient condition for

di! erentiab ili ty. For example, the functi on f (X ) =
! xy

x 2 + y2 i f X &= O
0 i f X = O

on R 2 has all its
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directi onal derivatives at O, but it is not di!e renti able at X = O, since it disconti nuous

at O (Tw o-path test. )

¥ LetÕswork out each entry of the 1( n matrix f #(X 0), assuming it exists. By the preceding

theorem, its i th entr y is $ E i f (X 0) = " f (X 0 )
" x 1

. Therefore,

f #(X 0) = [f #(X 0)E1, ..., f #(X 0)En ] = [
#f (X 0)

#x1
, ..,

#f (X 0)
#xn

] = [f x 1 (X 0), .., f x n (X 0)].

This is also called the gradient vector of f at X 0, and is denoted by $ f (X 0).

¥ The preceding theorem impl ies that at a point X 0, if weknow that f is di!eren tiab le, then

the directional derivatives of f along the n standard directions E1, .., En (or equivalently

the gradient vector) are all that we need to Þnd the direct ional derivative along any other

directi on e.

Theor em 2.14. (Su" cient condition for di! erentiability) I f all Þrst partial derivatives of

f exist and are continuous on someball B (X 0; r ), then f is di!er entiable at X 0.

¥ If we know that f is di! erenti able at X 0, then we also know that the tangent map of f

at X 0 must be

T(X ) = f (X 0) + (f x 1 (X 0), .., f x n (X 0)) á(X %X 0).

It is also obvious th is a"ne function satisÞescondition 1 of the di!eren tiab ilit y deÞnition .

The hard part is the prove that it satisÞescondition 2 aswell. One needs to usecontinuit y

of the f x i to estimate |f (X ) %T(X )|. The detai ls are complicated and is beyond the scope

of th is course.

¥ Existence and continuit y of Þrst partial s on a ball give a su"c ient but not a necessary

condition for di!eren tiab ilit y of f at X 0. For example, the function

f (x) =
!

x2 sin(1/x ) if x &= 0
0 if x = 0

on R is di!ere ntiabl e everywhere, but f #(x) is dis-

contin uous at x = 0.
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¥ Example. Where is f (X ) = ||X || di! erentiab le? LetÕs consider its direct ional derivatives.

In HW#2, we Þnd that given a direction e,

$ ef (X ) = eáX / ||X ||.

We know that the numerator and the denominator are continuous functions on R n , so

$ ef (X ) is continuous away from O, where the denominator vanishes. By the preceding

theorem, f is di!eren tiab le at X &= O. Since the formula is not valid at O, we canÕtuseit

to consider directional derivativesof f at O. We must consider the limit deÞnition :

f (te) %f (O)
t

=
||te||

t
= sign(t)

which hasno limit at t = 0, for any choiceof direction e. Sof hasno directional derivative

of f at O along any direction. In particular , the Þrst parti al derivatives of f at O do not

exist, let alone being continuous. So, we can not apply the su"cie nt conditi on for di!e r-

entiab ilit y above to f at O. But we can apply the necessary condition for di!e renti abilit y

above: f is not di!eren tiab le at O becausenot all its directi onal derivatives at O exist.

¥ Example. Numerical approximation. Example 5 on p355.

Theor em 2.15. (Chain rule I ) Let f be an n-variable function which is di!er entiable

at X 0, h be a 1-variable function which is composable with f , and is di!er entiable at

t = f (X 0). Then the composition h ) f is di!er entiable at X 0 and

(h ) f )#(X 0) = h#(f (X 0)) f #(X 0).

Proof: WeÕll sketch a proof.

To show that h ) f is di!ere ntiabl e at X 0, we must produce its tangent map. The

right candidate is h ) T, where T is the tangent map of f at X 0. This exists, since f

is assumed di! erenti able at X 0. Condition 1 for tangent map holds for h ) T because

h(T(X 0)) = h(f (X 0)). To show that condition 2 also holds, one can usethe fact that h(t)

is di!e rentiabl e at t = f (X 0) to show that

[h(f (X )) %h(T(X ))] / |f (X ) %T(X )|
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is bounded by a constant as X # X 0. Then Squeeze theorem implies that h ) T satisÞes

condition 2 as well.

To prove the asserted identit y, note that it is an identi ty of 1 ( n matrices. So, it

su"c esto prove that both sides are equal when applied to each of the standard unit vectors

e = Ei . LetÕsjust consider the case of e = E1. Put g(t) = f (X 0 + te). Consider the 1-

variable function h(g(t)). Thi s is the composition of two 1-variable funct ions which are

di! erentiab le (becauseh is di! erentiab le at g(0) and g is di! erenti able at t = 0,) henceit

too is di! erentiab le at t = 0. By the 1-variable chain rule, its derivative at t = 0 is given

by

(h ) g)#(0) = h#(g(0))g#(0) = h#(f (X 0))$ E 1 f (X 0).

Now by the Necessary condition for di! erentiab ili ty, applied to both h ) f and f , thi s

identit y becomes

(h ) f )#(X 0)E1 = h#(f (X 0)) f #(X 0)E1

as desired.

2.3. Directi on of St eepest Descent (Ascen t)

DeÞniti on 2.16. Supposethat f an n-variablefunction which is di! erentiableat X 0. The

tangent plane of f at X 0 is deÞned to be the graph in R n +1 of the tangent map T at X 0.

Theor em 2.17. (Normal to tangent): The vector [f #(X 0), %1] " R n +1 is a normal vector

to the tangent plane at X 0.

Proof: LetÕs prove thi s for n = 2. The tangent plane of f at X 0 = (x0, y0) is the graph of

the tangent map T at X 0. So,it sdeÞning equation is theplanez = f (X 0)+ f #(X 0)(X %X 0)

in R 3. This planepasses through the point (x0, y0, z0) = [X 0, f (X 0)], and its equation has

the form

N á[(x, y, z) %(x0, y0, z0)] = 0

where N = [f #(X 0), %1].
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¥ Example. Find the tangent plane of f (x, y) = x2 + y2 at (1, 1). A normal to th is tangent

plane at any given point X 0 = (x0, y0) is N = (2x0, 2y0, %1). So an equation of th is plane

is

2x0(x %x0) + 2y0(y %y0) %(z %z0) = 0.

For (x0, y0) = (1, 1), z0 = f (1, 1) = 2. So, the tangent plane at th is point is given by

2(x %1) + 2(y %1) %(z %2) = 0.

¥ Problem: Supposea heat seeking bug is crawling on a planeon which temperature varies

from point to point according to a temperature functi on f (X ). Suppose also that f is

di! erentiab le everywhere. When the bug sits at a point f (X 0), what direction should it

move to Þnd the best temperature?

Theor em 2.18. (Steepest descent) Supposethat f is di!er entiable at X 0 and f #(X 0) &= O.

Then the directional derivative $ ef (X 0) (viewed as a function of directions) achieves a

maximum along the direction of the gradient vector $ f (X 0) = f #(X 0), and a minimum in

the opposite direction.

Proof: By the Necessary condition of di!e rent iabli ty,

$ ef (X 0) = f #(X 0) áe = ||f #(X 0)||cos $

where 0 * $ * %is the angle between f #(X 0) and e. The RHS is maximum at $ = 0 and

minimum at $ = %.

¥ The proof shows that the maximum and minimum values of the directi onal derivative

are respectively $ ± ef (X 0) = ±| |f #(X 0)||, where e = f #(X 0)/ ||f #(X 0)||. Since $ ef (X 0)

measures the rate of changeof f in the directi on e at X 0, the maximum value tells us that

the functi on f has the steepest rise and drop in value along ± e. Thus, the heat seeking

bug would move in the directi on e to Þnd the best temperature.

¥ We now discussanother geometr ically fact about the gradient vector $ f (X 0) of a dif-

ferenti able funct ion. First , we recall the notion of a curve in R n .
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¥ We call an R n -valued function h : I # R n , deÞned on an interval I , a (parameterized)

curve. Assume that it is di!e rentiabl e at a point t0, i.e. the components h1, .., hn are

di! erentiab le at t0. Put

h#(t0) = (h#
1(t0), .., h#

n (t0)) .

This is called the tangent vector of h at t0. Geometrically, h#(t) is a vector which, when

translated to the point h(t0), is tangent to the imageI m(h) in R n .

¥ Example. Consider h(t) = (sin t, cos t). Then h#(t) = (cos t, %sin t). The image I m(h)

is the unit circle centered at (0, 0), and h#(t) is a vector tangent to the the circle at the

point h(t).

Theor em 2.19. (Chain rule I I) Let h be a curve which is di!er entiable at t0 " R . Let f

be an n-variable function which is di!er entiable at h(t0) " R n . Then

(f ) h)#(t0) = f #(h(t0)) áh#(t0).

Proof: (Sketch) f has a tangent map T at h(t0). The key idea here is to use T(h(t)) to

approximate f (h(t)).

f (h(t)) %f (h(t0))
t %t0

=
f (h(t)) %T(h(t))

t %t0
+

f #(h(t0))( h(t) %h(t0))
t %t0

.

The 2nd term goesto f #(h(t0))h#(t0) by linearit y of limits. WeÕll show that the Þrst term

goesto zero. We have

f (h(t)) %T(h(t))
t %t0

=
! f (h( t )) " T (h( t ))

|| h ( t ) " h( t 0 ) || á|| h( t ) " h( t 0 ) ||
t " t 0

i f h(t) &= O
0 otherwise

= F (h(t))
||h(t) %h(t0)||

t %t0

whereF (X ) = (f (X ) %T(X )) / ||X %h(t0)|| if X &= X 0, 0 otherwise. We know that F # 0

as X # X 0. Since T satisÞesconditi on 2 of tangent map, we know that F (X ) # O as

X # h(t0). We also know that h(t) # h(t0) as t # t0. So, F (h(t)) # 0 as t # t0. On the

other hand, since h is di!e rentiabl e

hi (t) %hi (t0)
t %t0

# h#
i (t0).
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This shows that ||h(t) %h(t0)||/ (t %t0) is bounded in parti cular. By Squeeze theorem, it

follows that
f (h(t)) %T(h(t))

t %t0
# 0.

¥ Let f be an n-variable function. Given a constant c " R , the set

{ X " D(f )|f (X ) = c}

is called the level set of f at level c. It is denoted by f " 1(c). Geometrically, this is the

crosssection of the graph z = f (X ) in R n +1 , wit h the horizonal plane z = c, where z is

the last coordinate of R n +1 .

¥ Let h : I # R n be curve which is di!e rent iable at each point t " I . Supposethe image

I m(h) lies in a given level set f " 1(c), i.e.

f (h(t)) = c

for all t " I . We can regard both sides as 1-variable functions. Taking derivative at t0 " I

by Chain rule I I, we get

0 = f #(h(t0)) áh#(t0).

Geometrically, this saysthat the tangent vector h#(t0) to curve I m(h) in the levelset f " 1(c)

is alwaysorthogonal to the gradient vector f #(h(t0)) . In particul ar, the direction of steepest

descent or ascent, which is parallel to ± f #(h(t0)) when nonzero, is always normal to the

level set.

¥ Example. f (x, y) = xy.

¥ Example. f (X ) = ||X ||2 in R 3.
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