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1. INTRODUCTION

Let X be a Z[Z]-homology S! x S3, that is, a smooth closed oriented 4-
manifold such that H,(X;Z) = H,(S' x §%;Z) and H.(X;Z) = H.(S%Z),
where X is the universal abelian cover of X. Denote by M*(X) the moduli
space of irreducible ASD connections on a trivial SU(2)-bundle over X. The
virtual dimension of M*(X) is —3(1 — by + b3 )(X) = 0. In fact, M*(X)
coincides with the moduli space of irreducible flat connections on X. Ac-
cording to [14], the space M*(X) is compact and canonically oriented. After
a perturbation if necessary, it is a finite collection of non-degenerate points.
A signed count of these points is an invariant of oriented diffeomorphism
type of X known as the Donaldson polynomial Dy(X) of degree zero. Fu-
ruta and Ohta [14] define! Apo(X) = Do(X)/4. We will refer to Apo(X) as
the Furuta-Ohta invariant.

The Furuta-Ohta invariant may be regarded as a 4-dimensional version of
Casson’s invariant. Associated to X, there is also a Rohlin-type invariant,
defined as the usual Rohlin invariant of a 3-manifold carrying a generator of
the 3-dimensional homology (see below, or compare [23]). Furuta and Ohta
[14] conjectured that, by analogy with Casson’s result that his invariant
gives the Rohlin invariant of a homology 3-sphere, the modulo 2 reduction
of Apo(X) equals the Rohlin invariant of X.
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1Actually they use Do(X)/2; we divide by 4 to make the definition compatible with

their conjecture, stated in the next paragraph.
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The goal of this paper is to calculate the Furuta-Ohta invariant in the

special case when
X =10,1] xX/(0,2) ~ (1,7(z))

is the mapping torus of a finite order orientation preserving diffeomorphism
T : 3 — X of an integral homology sphere 3. The mapping torus X is a
smooth 4-manifold oriented by the volume form dt A vols. It is obviously
a Z[Z)-homology S! x S3. We show that the Furuta-Ohta invariant of Xis
the equivariant Casson invariant of the pair (X, 7).

More precisely, let R*(X) be the space of irreducible flat connections in the
bundle ¥ x SU(2) modulo gauge equivalence, and let 7* : R*(X) — R*(X)
be the map induced by pulling back connections. The fixed point set of 7*
will be denoted by R7(X). After perturbation if necessary, the space R”(X)
consists of finitely many non-degenerate points which can be counted with
signs to obtain the equivariant Casson invariant A7 (X). A rigorous definition
of A7(X) for 7 having fixed points can be found in [8]. The definition of A\™(X)
for a fixed point free 7 is given in this paper; it is related to the Boyer-Nicas
invariant [4, 3] of 3 /7. Note that, if 7 = id, the equivariant Casson invariant

coincides with the regular Casson invariant A(X).

Theorem 1.1. Let 3 be an integral homology sphere and let T : 3 — X be an
orientation preserving diffeomorphism of finite order. If X is the mapping
torus of T then

Aro(X) = N (2).

We further show how to express A7(X) in terms of the regular Casson
invariant and certain classical knot invariants, compare with [8]. Once such
an explicit formula is in place, we are able to prove the following result,
verifying the conjecture of Furuta-Ohta for the mapping tori of finite order

diffeomorphisms.

Theorem 1.2. Let 7 : X — X be an orientation preserving diffeomorphism
of finite order then the modulo 2 reduction of A\"(X) equals the Rohlin in-

variant of X.

An alternate approach to the invariant App of a mapping torus is via

the ‘TQFT’ view of Donaldson-Floer theory [10]. The diffeomorphism 7
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induces an automorphism on the instanton Floer homology of ¥. Under
the assumption that the representation variety R*(X) is non-degenerate, we
prove in Theorem 3.8 that the Furuta-Ohta invariant of X equals half the
Lefschetz number of this automorphism. We conjecture that this is the case
in general, but the lack of equivariant perturbations is a non-trivial obstacle
to the proof. A comparison of this result with Theorem 1.1 gives rise to
the surprising phenomenon that a map 7 may act by the identity on R*(X%),
but still act non-trivially on the Floer homology. Examples are given in
Section 9.

The basic idea behind Theorem 1.1 is that for mapping tori, App counts
fixed points of 7%, with multiplicity 2 coming from the choice of holonomy in
the circle direction. Of course, this must properly take account of the signs
with which flat connections are counted, and of the perturbations used in
the two theories.

The authors are thankful to Fred Diamond, Chris Herald, Chuck Liv-
ingston, Tom Mrowka, and Liviu Nicolaescu for useful remarks and for

sharing their expertise.

2. SOME EQUIVARIANT GAUGE THEORY

Let A(X) be the affine space of connections in a trivialized SU(2)-bundle
P over ¥, and let A*(X) be the subset consisting of irreducible connections.
Any endomorphism 7 : P — P which lifts 7 : ¥ — ¥ induces an action on
connections by pull back. For any two lifts, 71 and 7, there obviously exists
a gauge transformation g : P — P such that 75 = 7y - g. This observation
shows that we have a well defined action 7% on B*(X) = A*(X)/G(X). The
fixed point set of 7% will be called B7(X).

2.1. Decomposing B (X). Let a be a connection on P whose gauge equiv-
alence class belongs to B7(X). Then there is a lift 7 : P — P such that
T*a = «. Since « is irreducible, the lift 7 is defined uniquely up to a
sign. Moreover, 7" is an endomorphism of P lifting the identity map hence
(7")*a = « implies that 7% = +1. This allows one to decompose B (%) into

a disjoint union [6, 31]
B =] 5 (1)
[7]
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where the 7 are lifts of 7 such that 7" = £1. The equivalence relation among
the lifts 7 is that 71 ~ 7 if and only if 7o = +¢ -7, - g~! for some gauge
transformation g : P — P.

The spaces B7(X) can be described as follows. For a fixed lift 7, let
A™(2) be the subset of A*(X) consisting of irreducible connections A such
that 7*A = A. Define G7(X) = {g € G(X) | g7 = +7g} then BT (X) =
AT(2)/G7 (D).

There is also a well defined action 7% on the flat moduli space R*(X)
whose fixed point set is R7(X) = B7(X) N R*(X). It splits as

RT(Z) =] | R7(D).
7]

We wish to ramify the above splittings for later use. Note that any
lift 7 : P — P can be written in the base-fiber coordinates as 7(z,y) =
(1(x), p(x)y) for some p : ¥ — SU(2). The lift 7 is said to be constant if
there exists u € SU(2) such that p(x) = u for all z € ¥. The rest of this

section is devoted to proving the following result.

Proposition 2.1. There are finitely many equivalence classes [T] in the

decomposition (1), and each of them contains a constant lift.

2.2. The case of non-empty Fix(7). Let us first suppose that Fix(r)
is non-empty. Then X/7 is an integral homology sphere and the projec-
tion map ¥ — X/7 is a branched covering with branch set a knot. Let
T(z,y) = (7(z),p(x)y) for some p : ¥ — SU(2). If x € Fix(r) then
T(z,y) = (z,p(x)y) and 7"(x,y) = (x,p(z)"y) = (x,%xy). This implies
that p(z)™ = 1 and, in particular, that tr p(x) can only take finitely many
distinct values. Since Fix(7) is connected, p(Fix(7)) has to belong to a single
conjugacy class in SU(2). Replacing 7 by an equivalent lift if necessary, we
may assume that p(z) = u for all z € Fix(7).

Let u : P — P be the constant lift u(z,y) = (7(z),u - y) and consider the
SO(3) orbifold bundles P/7 and P/u over ¥ /7. All such bundles are classi-
fied by the holonomy around the singular set in ¥/7. Since this holonomy
equals ad(u) in both cases, the bundles P/7 and P/u are isomorphic. Take
any isomorphism and pull it back to a gauge transformation g : P — P. It

is clear that ¥ = +¢-u- ¢~ ! and hence B7(X) = B%(X). Thus (1) becomes
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a finite decomposition

B ()= || BY®). (2)

| tr ul

2.3. The case of empty Fix(7). Now suppose that Fix(7) is empty. Then
Y./7 is a homology lens space and the projection map ¥ — ¥/7 is a regular
(unbranched) covering. The bundle P gives rise to the SO(3)-bundle P/7
on X /7. Such bundles are classified by their Stiefel-Whitney class ws(P/7)
so there are two different bundles if n is even, and just one if n is odd.
Note that the trivial bundle can be realized as the quotient bundle of of
the constant lift u(x,y) = (7(z),y), and the non-trivial bundle (in the case
of even n) as the quotient bundle of the constant lift u(x,y) = (7(x),u - y)
where u is any matrix in SU(2) such that v = —1. Any isomorphism
between P/7 and P/u, for either of the above lifts u, pulls back to a gauge
transformation g : P — P such that ¥+ = +¢-u - g~!. Therefore, the

equivalence classes of lifts 7 are classified by wa(P/7).

3. THE UNPERTURBED CASE

In this section, we prove Theorem 1.1 under the assumption that R (%)
is non—degenerate, leaving the degenerate case to later sections. We first es-
tablish a two-to-one correspondence between the flat moduli spaces M*(X)
and R7(X), then compare the non-degeneracy conditions in the two set-
tings. Finally, the orientations of M*(X) and R7(X) are compared using

the concept of orientation transport, see [22].

3.1. Identifying flat moduli spaces. Let X be the mapping torus of
7 : % — X. Denote by B*(X) = A*(X)/G(X) the moduli space of irreducible
connections in a trivial SU(2) bundle on X, and by M*(X) C B*(X) the
respective anti-self-dual moduli space. Since the bundle is trivial, a standard
Chern-Weil argument implies that M*(X) consists of flat connections. Let
i: Y% — X be the embedding i(z) = [0, z].

Proposition 3.1. The map i* : M*(X) — R"(X) induced by pulling back

connections is a well defined two-to-one correspondence.
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Proof. First note that, for any irreducible flat connection A on X, its pull
back i* A is also irreducible: if i* A were reducible it would have to be trivial
which would obviously contradict the irreducibility of A.

Let P be a trivialized SU(2)-bundle over ¥. Given a flat connection
A over X, cut X open along i(X) and put A into temporal gauge over
[0,1] x 3. We obtain a path A(t) of connections in P. Note that A(0)
and A(1) need not be equal but they certainly are gauge equivalent (via the
holonomy along the intervals [0,1] x {z}). Thus A(1) = 7*A(0) for some
bundle automorphism 7 : P — P lifting 7. In temporal gauge, the flatness
equation F(A) = 0 takes the form dt A A'(t) + F(A(t)) = 0 hence A(t) = «
is a constant path, where « is a flat connection over ¥. Since 7*A(0) = A(1)
we conclude that 7*a = a.

Note that, conversely, A can be obtained from « by pulling « back to
[0,1] x ¥ and identifying the ends via 7.

Now, we need to see how the above correspondence behaves with respect
to gauge transformations. Let us fix a lift 7. Suppose that A and A’ are
connections that are in temporal gauge when pulled back to [0,1] x X, and
that they are equivalent via a gauge transformation g. It is straightforward
to show that the restriction of g € G(X) to [0,1] x ¥ must be constant in .
Since g defines a gauge transformation over X, it also satisfies the boundary
condition 7g = g7. This identifies M*(X) with the space of irreducible flat
connections in P modulo the index two subgroup of G7(X) which consists
of gauge transformations g : P — P such that 7g = ¢g7. Because of the
irreducibility, this leads to a two-to-one correspondence between M*(X)
and R” ().

O

Remark 3.2. Note that the construction of a connection over X via pulling
an equivariant connection « back to [0, 1] x ¥ and then identifying the ends
makes sense for all connections o € A7(X) and not just the flat ones. We

will denote the respective map by 7 : A7(X) — A(X).

3.2. The non-degeneracy condition. The moduli space R"(X) is called
non-degenerate if the equivariant cohomology groups H!(¥;ad a) vanish for
all @« € R7(X), compare with [8]. The moduli space M*(X) is called non-

degenerate if coker(d & d}) = 0 for all A € M*(X).
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Proposition 3.3. The moduli space M*(X) is non-degenerate if and only
if R™(X) is non-degenerate.

Proof. Since ind(d &d}) = dim M*(X) = 0, proving that coker(d &d}) =
0 is equivalent to proving that ker(d’ @ djg) = 0. The connection A is
flat therefore the latter is equivalent to showing that H'(X;ad A) = 0.
The group H'(X;ad A) can be computed with the help of the LeraySerre
spectral sequence applied to the fibration X — S with fiber . The Ey—

term of this spectral sequence is
BT = HP(S', HI(S; ad a)),

where a = i*A and H?(X,ad «) is the local coefficient system associated
with the fibration. The groups E5? vanish for all p > 2 hence the spectral

sequence collapses at the second term, and
HY'(X,ad A) = H'(S', H*(Z;ad o)) @ HO(S', HY(Z;ad ).

Since « is irreducible, H%(3;ad a) = 0 and the first summand in the above
formula vanishes. The generator of m1(S') acts on H!(Z;ada) as 7* :
H(Z;ad o) — H(3;ad «), therefore, H(S1, H!(3;ad o)) is the fixed point
set of 7%, which is the equivariant cohomology H!(¥;ad a). Thus we con-
clude that H'(X;ad A) = H!(¥;ad a), which completes the proof. O

3.3. Orientation transport. Let M be a smooth closed oriented Riemann-
ian manifold and let D : C*°(§) — C*°(n) be a first order elliptic operator
such that ind D = 0. Given a smooth family h of bundle isomorphisms
hs : &€ —n, 0 <s <1, referred to as homotopy, form a family of elliptic op-
erators Dy : C°(£) — C*°(n) by the rule Dy = D + hy. All these operators
have the same symbol; in particular, ind Dy = 0 for all s € [0, 1].

Let us fix orientations on the lines det D; = det(ker D; ® (coker D;)*),
i = 0,1. The homotopy h provides an isomorphism ) : det Dy — det D;. We
say that the orientation transport along homotopy h is 1 if ¢ is orientation
preserving, and —1 otherwise. We use notation £(Dg, h, D1) = %1 for the
orientation transport, to indicate its dependence on the choice of orientations
and the homotopy h.

Once the orientations on det D;, ¢ = 0,1, are fixed, the orientation trans-

port e(Dg, h, D1) only depends on the homotopy class of h rel {0,1}. It is
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given by the following formula, see [22, page 95]. Define the resonance set

of the homotopy h as
Zp={s€]0,1] | ker Ds # 0}.

For each s € [0, 1] denote by Ps the orthogonal projection onto coker Dy. Let
L, be the derivative of the bundle isomorphism hs : £ — 1. The homotopy is
called regular if its resonance set is finite and, for any s € [0, 1], the resonance

operator
Rs = Psoh) :ker Dy —— L%*(n) —— coker Dj

is a linear isomorphism. Suppose h is a regular homotopy and set ds =
dim ker D, = dim coker D,. Then

e(Do, h, D1) =sign Ro - sign Ry - [ (—=1)%, (3)
s€[0,1)
where sign R; = £1, i = 0, 1, according to whether det R; € det(ker D; ®

(coker D;)*) is positive or negative.

3.4. Orientation of R*(X). We assume that R (X) is non—degenerate. For

any point o € R7(X), its orientation is given by

(_1)sf" (6,)

where sf7 (6, «) is the modulo 2 (equivariant) spectral flow. In fact, equi-
variant spectral flow is well defined modulo 4 when 7 # id and modulo 8
when 7 = id but the modulo 2 spectral flow will suffice for our purposes.
The definition is as follows, compare with [8].

Fix a Riemannian metric on X so that 7 : ¥ — X is an isometry, and
consider a trivialized SU(2)-bundle P over ¥. According to Proposition
2.1, there exists a constant lift u : P — P of 7 such that v*a = «a and
u™ = +£1.

Observe that u*0 = 6 where 6 is the product connection on P, and choose
a smooth path a(s), 0 < s < 1, of equivariant connections on P such that
a(0) = 0 and a(1) = a. The equivariance here means that u*a(s) = a(s)

for all s; it can be achieved by averaging because connections form an affine
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space. Associated with «(s) is a path of self-adjoint Fredholm operators

KZ(S) obtained by restricting the operators

0 d*
KOL(S) — a(s) (4)
do(s) = *da(s)

onto the space of u—equivariant differential forms (20 @ Q1) (3, ad P), where
ad P = P X,q 5u(2) is the adjoint bundle of P and d ) is the covari-
ant derivative. By u—equivariant differential forms €2} we mean the (+1)-
eigenspace of the pull back operator u* : Q* — Q* induced by the lift
ad(u) : ad P — ad P.

The one—parameter family of spectra of operators KZ(S) can be viewed as
a collection of spectral curves in the (s, A\)-plane connecting the spectrum
of Ky with that of K}. These curves are smooth, at least near zero. The
(modulo 2) spectral flow sf” (6, «) is the number of eigenvalues, counted with
multiplicities, which cross the s—axis plus the number of spectral curves
which start at zero and go down. An equivalent way to define spectral flow
is to consider the straight line connecting the points (0, —J) and (1,0) where
d > 0 is chosen smaller than the absolute value of any non—zero eigenvalue
of Kj and K. Then the spectral flow is the number of eigenvalues, counted
with multiplicities, which cross this line. The spectral flow is well defined;

it only depends on « and not on the choice of «(s).

Proposition 3.4. Let a € R7(X) and let a(s) be a path of equivariant
connections such that «(0) = 0 and a(1l) = a. Let hs = Ko — Kg then,

for any small generic § > 0,
(—1)370) = o(Ky + 6, h, KX + 9). (5)

Remark 3.5. If § > 0 is sufficiently small then both kernel and cokernel of

Kg(s) + 6 vanish at s = 0 and s = 1. This provides canonical orientations
for det(Ky + 9) and det(KY + &), which are implicit in (5).

Proof. The resonance set Z;, of hg consists of the values of s at which the
spectral curves of KZ(S) + ¢ intersect the s—axis. These are exactly the points
where the spectral curves of K(’;(s) intersect the horizontal line A = —J.

According to Sard’s theorem, these intersections are transversal for a generic
9



0 > 0. Moreover, the modulo 2 count of these intersection points equals
sf™(0, ) (due to the fact that « is non-degenerate and hence ker K = 0).

Now suppose that sy € Z; and consider a smooth family ¢, such that
(Kl +6) s = Aips and Ay =0.
Differentiating with respect to s and setting s = sy, we obtain
Pgo P50 = Nag P50 — (Kit(s) +9) #hy-
The differential form (Kg( s0) T6) ¢, is orthogonal to coker(Kg( so) T0) hence
s, is an eigenform of the resonance operator

Ry, + ker(K ) +0) — coker (K, ) +6)

a(so)

with eigenvalue A} . The path a(s) was chosen so that ], # 0 hence we
can conclude that the resonance operator Ry, is a linear isomorphism. Since
this is true for all sg € Zj, the homotopy hs is regular. Since ker(Kg +6) =
ker(K¥ 4+ ) = 0 we conclude that sign Ry = sign R; = 1. The result now
follows from (3). O

3.5. Orientation of M*(X). The mapping torus X gets a canonical Rie-
mannian metric once ¥ is endowed with a Riemannian metric such that
T : % — Y is an isometry. Fix a constant lift v : P — P and denote by
P the (trivial) SU(2)-bundle over X obtained by first pulling P back to
[0,1] x ¥ and then identifying the ends via u. Given a connection A in P,

consider the respective ASD operator
Da=d}y @ d} : QY (X,ad P) — (Q° @ Q%)(X,ad P). (6)

Observe for later use that the mapping torus structure on X can be used
to identify both spaces Q'(X,ad P) and (20 & Q2 )(X,ad P) with the space
Q0 @ QY%(R x ¥,ad P) consisting of su(2)-valued 0 and 1-forms w(t, z)
on ¥ depending on the parameter ¢ in a periodic fashion, w(t + 1,2) =
uw*w(t,z). Here, u can be any lift of 7 : ¥ — 3 to the bundle P. Note
that any periodic map R — (Q° @ Q') (2, ad P) gives rise to an element of
(20 @ QY)“(R x ©,ad P). A form constructed in this way has the property

that w(t,r) = u*w(t,z); not all elements of (20 & Q)*(R x ;ad P) are of
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this kind. For any lift u such that u*A = A, the operator D4 can be viewed
as
Da: (0" @ QYR x Z,ad P) — (9 @ QYR x T, ad P).

Let Ax be the determinant bundle of D4 over B(X). This is a real line
bundle with the property that, over M*(X) C B(X), the restriction of Ax is
isomorphic to the orientation bundle of M*(X). According to [9], the bundle
Ax is trivial over B(X). Therefore, a choice of trivialization of Ax (given by
a homology orientation, that is, an orientation of H'(X;R) & H2(X;R) =
H'(X;R)) fixes an orientation on M*(X).

Since M*(X) is non-degenerate, see Proposition 3.3, it consists of finitely
many points. The above orientation convention translates into orienting
[A] € M*(X) by e(Dg, H,D,), once orientations of det D4 and det Dy are
fixed. The former has a canonical orientation because ker D4 = coker Dy =
0 due to the non-degeneracy. The isomorphisms ker Dy = H'(X;ad ) and
coker Dy = H°(X;ad 6) provide a canonical orientation for det Dy once we
fix the orientation of the base of the fibration X — S*.

3.6. Proof of Theorem 1.1. We still assume that R™(X) is non-degenera-
te. In this case, A\7(X) is defined as half the signed count of points in R" ()
(see Section 5.2), and Apo(X) as one fourth the signed count of points in
M*(X) (see Section 4). According to Proposition 3.1, the restriction map
i*: M*(X) — R7(X) is two-to-one, therefore, to prove the theorem, it is
sufficient to show that ¢* is orientation preserving.

Let o be an equivariant flat connection on ¥ and choose a constant lift
u : P — P of the diffeomorphism 7 such that o = u*a and u" = =+1.
By averaging, choose a path a(s), 0 < s < 1, connecting 6 to « such that
a(s) = u*a(s) for all s. It gives rise to a path of connections A(s) on the
product [0, 1] X X given by the formula A(s)(¢,z) = a(s)(z), € ¥, compare
with Section 3.1. These define a path of connections on the mapping torus,
called again A(s), because A(s)(1,z) = u*A(s)(0,x).

The following proposition is the main step in comparing the orientations.

Proposition 3.6. Let A € M*(X) and o = i*A € R7(X) then, for the
homotopy Hs = D 5(s) — Do and a small generic 6 > 0,

e(Dg—06,H,Dy — ) =e(Kg +0,h, Ki +9).
11



Proof. We begin by identifying ker(D 4, — d) with ker(fo‘(s) +0). Let us
fix an s, and let {1}, } be a basis of eigenforms for the operator Ky,

Ka(s) Uk = A Vg

Any differential form w on X can then be written in this basis as

w(t,z) = Z ak(t) Yr ().
k
The standard calculation shows that D 4(5) = /0t — K (s) hence the equa-
tion (D 4(s) — 0)w = 0 is equivalent to

> (a), — (M + 8) ag) ¥ =0,

k

or aj, = (A, + 6) ay for every k. Therefore, ay(t) = az(0) e+t and

wit,z) =y ap(0) M gy ().
k
Since «f(s) is irreducible, the lift u such that u*«a(s) = «a(s) is determined
uniquely up to a sign, so that the form w satisfies the periodic boundary
condition w(t +1,z) = u* w(t,x). On every eigenspace of K, with a fixed

eigenvalue )\, this translates into

ut Y ar(0) vr(x) = M0 > ag(0) Pr(2).
N=A

A=\

A9 i an eigenvalue of u*. Since u* has finite order and

This means that e
A+ 9 is a real number, we must have A + § = 0. Therefore, w belongs to
the kernel of Kg(s) + 4. Conversely, it is easy to see that ker(D 4.5 — 9) is
contained in ker(KZ(S) +9).

A similar argument using the formula DZ(S) = —0/0t — K(5) shows that
coker(Dy(5) — ) = ker(Kg(s) +9).

For a small generic § > 0, the spectral curves of K ) + 0 intersect the
s—axis transversally. Since Hs = D 4(5) — Dy = Ky — K (5) = hs, this implies
that the homotopy Hj is regular. The proof is now complete. O

Remark 3.7. A similar argument can be used to show that H!(X, ada) =

H'(X;ad A) thus providing an independent proof of Proposition 3.3.
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To finish the orientation comparison, we need to evaluate e(Dy, H, D y).
To this end, we choose a path of operators from Dy to D4 which consists of
three segments. The first segment is Dy — s -4, 0 < s < 1, connecting Dy to
Dg—4, the second is D 4(5)—¢ as in Proposition 3.6, and the last is D4 — (1—
s)-9,0 < s <1, connecting D4 —0 to D 4. Since the orientation transport is
additive, the orientation transports €(Dy, H, D 4) and &(Dy — 0, H, D4 — ¢),
for a small generic § > 0, differ by the product of orientation transports along
the first and the last segments. If ¢ is small enough, the operators in the
last segment have zero kernels, making for the trivial orientation transport.
The family Dy — s - § only has kernel at s = 0. That kernel is isomorphic
to H°(X;ad ) = su(2), with the resonance operator Ry = —6 - Id : su(2) —
su(2) so that det Ry = —63 < 0. Finally, note that in formula (3) for the
orientation transport, the product of the terms (—1)ds starts at s = 0. Since
dimker Dy = 3, we conclude that the orientation transport along the first

segment is also equal to +1, and ¢* is orientation preserving

3.7. A note on the Lefschetz number. Under certain non-degeneracy
assumptions on the character variety R*(X), one can express the Furuta-
Ohta invariant of a mapping torus in terms of the action of 7 on the Floer
homology of 3. The standing assumption we make in this subsection is as

follows (compare with Section 5):

(*) There is an equivariant admissible perturbation h such that the per-

turbed moduli space R} (3) is non-degenerate.

Note that this condition is not as strong as requiring that R*(X) be non-
degenerate, yet it is stronger than is guaranteed by the construction in Sec-
tion 5. We will see in Section 9 that condition (*) holds in some interesting
examples.

Under the above assumption, there is an action of 7% on R} (X). For an
automorphism f : V — V of a graded module V, denote by L(f,V) its
Lefschetz number. Note that this only requires a Zs—grading, and so makes
sense for the action of 7 on the Zg—graded Floer chain complex IC,(X) and

Floer homology groups I, ().

13



Theorem 3.8. Let 7 : X — X be an orientation-preserving diffeomorphism
such that the smoothness condition (*) holds. Then the Furuta-Ohta invari-
ant of the mapping torus X = S' x. ¥ is given by

1

Aro(X) = §L(7'7 I.(%))

Proof. Write R} (X) = RPURT™ where R” is the fixed point set of 7* acting
on Rj(X), and points in R? are permuted by 7*. The submodules of the
Floer chain complex IC,(X) generated by these sets will be called ICY and
IC7. They need not be sub chain complexes; however, the chain map 7y :
IC(¥) — IC.(Y) induced by T, preserves these two submodules, as well as
the grading.

It follows that (the first equality is the Hopf trace formula; the second is

just linear algebra)
L(7,I.(X)) = L(1, IC«(X)) = L(7, IC?) + L(7,ICY). (7)

Note that by construction, the diagonal entries for (7, IC%) are all 0, and
the ones for (7,IC7) are £1, which we now have to figure out.

Let us follow [10, Section 5.4] and orient every generator « in the Floer
chain complex by the respective line bundle Ay (o) ® Ay, (0), where W is
a smooth compact oriented 4-manifold with boundary ¥, and Ay («) is the
determinant bundle over the moduli space of connections on W with limiting
value a. Now, to compute the sign of 7*«, we simply attach the mapping
cylinder C' of 7 to W. Then 7*« is oriented by Awyuc(T*a) @ Awuc(6). By

the excision principle, we have
Awue(T7a) = Aw(a) ® Ao(a, 77 a)

and A\yuc(0) = Aw(0) ® 1. Thus the sign of the diagonal entry in (7, ICT)
corresponding to « is A¢(a, 7*«r), which, by excision principle, also orients
the respective point in M*(X) (compare with Section 3.5).

Taking into account the two-to-one correspondence between M*(X) and
R7(X) (given by Proposition 3.1 and, in the perturbed case, by Proposition
5.3), we obtain the result. O

Remark 3.9. The observation that a gauge-theoretic invariant of a map-

ping torus may be interpreted as a Lefschetz number occurs in several other
14



papers [11, 2, 25]. These works are concerned with mapping tori of sur-
face diffeomorphisms, rather than 4-dimensional mapping tori. Because the
moduli spaces of unitary connections (resp. solutions to the Seiberg-Witten
equations) on a surface are well-understood, the non-degeneracy assump-
tions in [11, 2]) (resp. [25]) are milder than our condition (*).

We conjecture that the equality of Apo and the Lefschetz number hold
without any additional smoothness assumptions. It would be of some inter-
est, with regard to the conjecture of Furuta and Ohta, to see some direct

relationship between the Lefschetz number and the Rohlin invariant.

4. DEFINITION OF THE FURUTA-OHTA INVARIANT

Before we go on to prove Theorem 1.1 in general, we give a detailed de-
scription of the class of perturbations needed to properly define the Furuta—
Ohta invariant, as such a description is not detailed in [14]. The proof of
Theorem 1.1 in the next section will then amount to finding sufficiently

many equivariant perturbations in this class.

4.1. Admissible perturbations. Let X be a Z[Z] homology S' x S3.
Consider an embedding v : S' — X and extend it to an embedding 1 :
S x N3 — X where N3 is an oriented 3-manifold. Thus for each point
x € N3 we have a parallel copy ¥(S! x {z}) of 1 : St — X.

Let P be a trivial SU(2)-bundle over X, and let A(X) be the affine space
of connections in P. Given A € A(X), denote by hols((S* x {x}),s) €
SU(2) the holonomy of A around the loop (S! x {}) starting at the point
(s, ). Let II : SU(2) — su(2) be the projection given by

M(u) =u— % tr(u) -1d.
It is equivariant with respect to the adjoint action of both SU(2) and su(2),
therefore, assigning IThola((S! x {x}),s) to ¥(s,z) € X defines a section
of ad P = P x,q s5u(2) over ¢(S' x N3). Let v € Q2(X) be a self-dual
2-form supported in ¥(S! x N3) and define a section

o, A) € Qa_(X, ad P)

by taking tensor product of IThola(y(S* x {z}),s) with v over (S* x N3)

and letting it be zero otherwise. For fixed v and 1, this defines a map
15



o: AX) — Q%r(X ,ad P) which is equivariant with respect to the gauge
group G(X).

More generally, let ¥ = {4 } be a collection of embedded loops 1, :
Sl — X, k=1,...,n, with disjoint images. We will refer to ¥ as a link.
Extend ¥ to a collection of embeddings ¢y : ST x N} — X as above so
that the ¥ (S! x N?) are disjoint. For any choice of n smooth functions
fis- s fu: [=2,2] — R with vanishing derivatives at + 2, define o : A(X) —
02 (X,ad P) by the formula

n

o(A) =" Ofi- o (v, v, A), (8)

k=1

where f}, is the function f] evaluated at tr hola (¢ (S* x {z}), s), and vy, are
real valued self-dual forms on X, each supported in its respective (S x
N2). We call o an admissible perturbation relative to .

For a fixed choice of the forms vq,...,v,, denote by Fg the space of
admissible perturbations relative to ¥ with the C3-topology given by the

correspondence o +— (f1,..., fn)-

4.2. Perturbed ASD connections. Let o : A(X) — Q2 (X,ad P) be an
admissible perturbation and define ¢, : A(X) — Q2 (X, ad P) by the formula

(o(A) = Fi(A) + o (A).

A connection A is called perturbed ASD if (,(A) = 0. The moduli space of
perturbed ASD connections will be denoted by M, (X) so that M,(X) =
C1(0)/9(X).

If 0 = 0 then M,(X) coincides with the flat moduli space M(X). Since
m1(X) is finitely presented, M(X) is a compact real algebraic variety. Ac-
cording to [14], reducible flat connections form a connected component in
M(X), therefore the moduli space M*(X) of irreducible flat connections
is also compact. We are only interested in irreducible connections hence
we will not perturb the reducible part of M(X). Note that small enough
perturbations do not create new reducible connections. Denote by M} (X)

the moduli space of irreducible perturbed ASD connections.
16



The local structure of M} (X) near a point [A] € M¥%(X) is described by
the deformation complex

da d}+Do(A)

Q(X,ad P) —=— QY(X,ad P) 0% (X, ad P).

We call M’ (X) non—degenerate at [A] € M%(X) if the second cohomol-
ogy of the above complex vanishes, that is, HZ , (X;ad A) = coker(d}; +
Do(A)) = 0. Since A is irreducible, an equivalent condition is vanishing of
coker(D ), where D§ = D + Do(A) is the perturbed ASD operator (6).
We call M} (X) non-degenerate if it is non-degenerate at all [A] € M} (X).
If M} (X) is non-degenerate, it consists of finitely many points oriented
by the orientation transport e(Dg,H,D§) = e(Dg, H,D§), compare with
Section 3.5.

4.3. Abundance of perturbations. We wish to show that we have enough
admissible perturbations ¢ to find a non-degenerate M} (X). A link ¥ =
{9y } will be called abundant at an ASD connection A if there exist self dual
2-forms vy, supported in (S x N ,i’) such that the sections o (v, ¥, A) span
the vector space H7 (X;ad A). Note that if a link ¥ is abundant at A it is

also abundant at any ASD connection gauge equivalent to A.
Lemma 4.1. There exists a link U which is abundant at all [A] € M*(X).

Proof. That there is a link which is abundant at any given [A] € M*(X) is
immediate from Lemma (2.5) of [9]. Abundance is an open condition with

respect to A hence existence of the universal link W follows from compactness

of M*(X). 0

Proposition 4.2. For a small generic admissible perturbation o, the moduli

space M} (X) is non-degenerate.

Proof. Let us fix an abundant link ¥ and consider the map ¢ : B*(X)xFg —
02 (X,ad P) given by the formula

(A, f)=Fr(A)+ ) 0fr- ok, tbr, A)

k=1
where f = (f1,..., fn) € Fy. The partial derivative of this map with respect
to A has cokernel H2 (X;ad A), while the partial derivative with respect to

f is onto H2(X;ad A) according to Lemma 4.1.
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Therefore, ® is a submersion; in particular, ®~1(0) is locally a smooth
manifold. Consider projection of ®~1(0) ¢ B*(X) x Fy onto the second
factor. By the Sard—Smale theorem, this projection is a submersion for
a dense set of f within a sufficiently small neighborhood of zero in Fy.
Since the pre-image of f is the moduli space M (X) with o(A4) =3 Of; -
o(Vk, Yx, A), we are finished. O

4.4. Definition of the invariant. The Furuta—Ohta invariant is defined
as one fourth of the signed count of points in a non-degenerate moduli
space M7 (X). That it is well defined follows from the standard cobordism
argument : for any generic path of small admissible perturbations o(t), t €

[0, 1], the parametrized moduli space

M) = | Mg (X) x {t}
te[0,1]
is a compact oriented cobordism between M7 (X) and M:(l)(X ). The
cobordism M " (X) is compact because the condition H,(X;Z) = H,(S%;7Z)
ensures that the reducible connections are isolated in the flat moduli space,
see [14].

5. THE PERTURBED CASE

In this section, we prove Theorem 1.1 without assuming that R7™(X) is
non—degenerate. We begin by recalling the definition of the equivariant
Casson invariant, which was defined in [8] for finite order diffeomorphisms
7 having fixed points, and then extending it to cover the fixed point free 7
(still of finite order). Theorem 1.1 follows after matching perturbations in

the two theories.

5.1. Perturbing R7(X). The decomposition (2) splits R7(X) into a union
of R*(X) = R"(X)NBY%(X) each of which consists of (the gauge equivalence
classes of) flat connections « such that u*a = «, for a constant lift u :
P — P. Clearly, it is sufficient to do perturbations on each of the B*(X)
separately, hence we will fix a constant lift u from the beginning.

Let {v;} be a link in ¥, that is, a collection v; : S x D? — ¥,
j =1,...,n, of embeddings with disjoint images. For any a € A(X), de-

note by holy (7;(S* x {z}),s) € SU(2) the holonomy of a around the loop
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7; (St x {2}) starting at the point v;(s,z). Let n(z) be a smooth rotation-
ally symmetric bump function on the disc D? with support away from the
boundary of D? and with integral one, and let f; : SU(2) — R be a collec-
tion of smooth functions invariant with respect to conjugation. Define an
admissible perturbation h : A*(X) — R by the formula

h(a) = 2_:1 /D2 fi(hola(7;(S" x {2}), 5)) n(2) d*=. (9)

The conjugation invariance of the f; ensures that the function h does not
depend on s. The action of the gauge group only changes holonomies around
(St x {z}) within their SU(2) conjugacy classes. Therefore, the admissible
perturbation h is well defined on B%(%).

Suppose that the link { v; } is invariant with respect to the action of 7 and
that f; = f,, whenever 7,v; = ;. Then formula (9) defines an admissible
perturbation h such that h(7*a) = h(a) for any lift 7. We will call h an

equivariant admissible perturbation. The formula
Gi(a) = = F(a) + Vh(a),

where Vh is the L?-gradient of h, defines a map ¢ : A%(X) — QL (3, ad P)
where w € QL(X,ad P) if and only if u*w = w, see Section 3.4.

A connection o € A*(X) is called perturbed flat if (o) = 0. The moduli
space of the perturbed equivariant flat connections will be denoted by R}!(X)
so that R¥(X) = (¢*)~1(0)/G*(X). If h = 0 then R¥(X) coincides with the
moduli space R*(X) of equivariant flat connections.

The moduli space R} (X) is called non-degenerate if H, }1L7T(E; ad ) van-
ishes for all [a] € R} (X). After a minor modification to cover the case of
empty Fix(7), the argument of [8], Section 3.8, shows that there exist small
equivariant admissible perturbations h : A(¥) — R making all the moduli
spaces Rj'(X) non-degenerate. For such a perturbation, the space R} (¥),
which is a union of the R}(X), is smooth compact manifold of dimension

Z€ero.

5.2. Definition of the equivariant Casson invariant. Let R7(X) be the
equivariant flat moduli space, and choose (if necessary) a small equivariant

admissible perturbation h such that R} (X) is non-degenerate. Define the
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equivariant Casson invariant by the formula

=g 3 (e,

aER;’L(E)

where p™ () is the equivariant spectral flow of the perturbed odd signature
operators K}, o, as in Section 3.4. If 7 has fixed points, this invariant

coincides with the equivariant Casson invariant defined in [8].

Proposition 5.1. The invariant \™(X2) is well defined as an integer valued

invariant of the pair (X, 7).

Proof. This was proved in [8] in the case when 7 has fixed points. For a
fixed point free 7, the result is immediate from Theorem 7.3, which expresses

A7(X) in terms of the Boyer—Nicas type invariants of ¥/7. O

5.3. Matching the perturbations. Let X be the mapping torus of 7 :
Y — X. If M*(X) happens to be degenerate then so is the flat moduli
space R7(X), see Proposition 3.3. Our goal in this section will be to perturb
M*(X) and R7(X) in a consistent manner so as to keep the two-to-one
correspondence between them which existed in the unperturbed case.

Let us fix a constant lift  : P — P and let P be the trivial SU(2)-bundle
over X obtained by pulling P back to [0, 1] x ¥ and identifying the ends via
u. The maps 7 : A*(X) — A*(X), see Remark 3.2, can be included into the

commutative diagram

Ay 2 0ls ad P)
[ g
Ax(x) 2D 03 (X ad P)

where p is defined as follows. Given w € QL(¥,ad P), pull the 2-form *w
back to [0,1] x ¥ and identify the ends via u*. The form p(w) is then the
self-dual part of this 2-form. The zero set of x F'(«) is the flat moduli space
R*(X), and 7 establishes a one-to-two correspondence between the union of
all the R*(X) and the moduli space M*(X), see Proposition 3.1.
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Proposition 5.2. There exists an equivariant admissible perturbation h and

an admissible perturbation o such that, for every u, the diagram

Avx) S o1y ad Py
lﬂ lp (10)
A(x) T 02 (X ad P)

commutes, and both moduli spaces R} () and M} (X) are non—degenerate.

Proof. We start with an equivariant admissible perturbation h : A*(X) — R
and evaluate explicitly (j'(a) = * F(a) + Vh(a). Write each of the f; :
SU(2) — R as fj = f; otr for a smooth function f; : [-2,2] — R. Then,
according to [16], the gradient Vh(«) is the 1-form

Vh(a) = Z fj'-(trhola(’yj(Sl x {z},5))) - TTholy (v, (S* x {2}),s)n(z) ds

j=1

where each of the summands is understood to have support in its respective
copy of v;(S* x D?). Next, each orbit of the Z/n—action induced by 7 on
{~; } gives rise to a copy of S'x S x D? and hence to the link ¢, : S'x N3 —
X with S'-direction corresponding to v;(S* x {0}) and N} = S! x D?. For
any connection A over X set v, = p(n(z) ds) and define o as in (8). An easy
calculation shows that hol () (v%(S* x {(£,2)}),s) = hola(v;(S* x {z}), s),
for a respective j in the Z/n—orbit which gives rise to 1. Therefore, o
makes the diagram (10) commute.

The second statement follows from the fact that p* : H %7T(E;ad a) —
HZ  (X;adm(a)) is an isomorphism. This follows via a minor modification
of the proof of Proposition 3.6, the crucial observation being that D9 =
0/0t — K}, o, compare with Remark 3.7. O

Let us fix h and o as in Proposition 5.2. The following result is a perturbed

analogue of Proposition 3.1.

Proposition 5.3. The map m provides a one-to-two correspondence between
R;(E) and M} (X).

Proof. We only need to check that all connections in M (X) are of the form
m(a), up to gauge equivalence. Given a connection A over X, put it into

temporal gauge over [0,1] x ¥ so that A = { A(¢) }. The connections A(0)
21



and A(1) will be gauge equivalent (via the holonomy along [0,1] x {x })
although not necessarily equal. Let d(«) be the pull-back of * Vh(a) over
each of the product regions [0, 1] x v;(S* x D?), and zero otherwise. Then
0(A) = 0(A)+ so that the connection A is perturbed ASD if and only if
Fi(A)+6+(A) =0.

We wish to show first that A is perturbed flat, that is, F'(A) + §(A) = 0.

To this end, calculate

|F(A) +6(A)|? = — /Xtr(F(A) +8(A)) A*(F(A)+46(4))
_ /X tr(F(A) + 6(A)) A (F(A) + 8(A))

- / tr(F(A) A F(A)) +2 / tr(F(A) A d(A))
X

X
since 0(A) Ad(A) = 0. The first integral vanishes by the Chern-Weil theory.
To compute the second, pull back to X x I where we write F(A) = A'(t) A
dt + F(A(t)) so that F(A) A§(A) = A'(t) A §(A) A dt. First we integrate
over X to obtain

/ tr(F(A) AN6(A)) = / tr(A'(t) A * VRh(A(t))) = %h(A(t)) dt.
by pX
Integration with respect to ¢ now yields

1
d
/ tr(F(A) A S(A)) = / S h(A() dt = h(A() ~ h(A(0) =0
b's 0

since h is invariant with respect to gauge transformations.

Now, since A is perturbed flat, it satisfies the equation dt A A'(t) +
F(A(t)) + *x Vh(A(t)) = 0 over [0,1] x ¥ with periodic boundary condi-
tions. Therefore, A(t) = « for all ¢, where a € A%(X) is a perturbed flat

connection, so that A = m(«) after a gauge transformation if necessary. O

5.4. Proof of Theorem 1.1. Choose perturbations h and ¢ as in Proposi-
tion 5.2, then M} (X) and R} (X) are in two-to-one correspondence and are
both non-degenerate. Moreover, in temporal gauge, D% = /0t — K}, ()
where K 4(4) is the perturbed operator K 4(;). The same argument as in the
unperturbed case now shows that that the corresponding points in M} (X)
and R} (X) are counted with the same sign. This completes the proof of

Theorem 1.1.
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6. THE EQUIVARIANT CASSON INVARIANT: Fix(7) # ()

In the case of non—empty Fix(7), the equivariant Casson invariant can be
easily evaluated using an explicit formula proved in [8]. In this case, the
quotient space ¥’ = X /7 is an integral homology sphere, and the projec-
tion ¥ — Y is an n—fold branched cover with branch set a knot k& C X'.

According to Theorem 1 of [§],
1 n—1
A(B) =n M)+ ¢ mZ::O sign™/™ k, (11)

where sign® k is the Tristram-Levine equivariant knot signature, defined as
the signature of the Hermitian form (1 —exp(27ia)) S + (1 —exp(—27ia)) St

for any choice of a Seifert matrix S of k.

7. THE EQUIVARIANT CASSON INVARIANT: Fix(7) =0

In this section, we obtain a formula for A7(X) in the case of a fixed point
free 7. We first express A7 (X) in terms of certain Boyer-Nicas type invariants
(which extend invariants of [3] and [4]), and then identify the latter via
topology. As a matter of convenience, we switch to the SO(3)-gauge theory
on X : since ¥ is an integral homology sphere, the SO(3)— and SU (2)-gauge

theories are essentially equivalent.

7.1. Identifying moduli spaces. Let P be a trivialized SU(2)-bundle
over Y. According to Section 2.3, the equivalence classes of lifts 7 : P —
P are classified by the group H?(X';Z/2). The equivalence class of lifts
corresponding to w € H?(%';Z/2) will be denoted by 7,,. The decomposition
(1) then takes the form

B'(2) = | BL(®),

where B],(X) consists of irreducible connections A € A(X) such that 7/ A =
A modulo the group of gauge transformations g : P — P such that g7, =
+7,9. Since H?(X';7Z/2) is trivial if n is odd and is equal to Z/2 if n is
even, we have at most two different equivalence classes of lifts, 79 and 7.
We will fix constant lifts within each class so that 7o(z,y) = (7(z),y) and
T1(x,y) = (7(z),u - y) where u € SU(2) is such that u™ = —1, see Section

2.3.
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For any choice of 7, the quotient bundle P/ = P/, over ¥ = X/7 is
an SO(3)-bundle with wy(P),) = w. It has a natural smooth structure such
that the quotient map 7 : P — P, is a smooth bundle morphism. Denote by
B (X') the space of the gauge equivalence classes of irreducible connections
in P. Let R (X)) C B (X) and R], C B],(X) be the respective moduli

spaces of irreducible flat connections.

Proposition 7.1. The pull back of connections via © induces a homeomor-
phism between R:(X) and RI,(X).

Proof. This essentially follows from the discussion in Section 2.3, after we
check that the pull back 7*a’ of an irreducible flat connection o/ in P, is
irreducible. Let o : m(X') — SO(3) be the holonomy representation of «'.
Its pull back via m(X) — m1(X’) is the holonomy representation of 7*c/.
Suppose that 7/ is reducible, then 7*a/ is trivial because X is an integral
homology sphere. This means that o/ factors through m (X')/m1(2) = Z/n

and hence is also reducible, a contradiction. O

Remark 7.2. If n is odd, we have just one SO(3)-bundle on ¥’ which
is trivial and hence admits a unique SU(2)-lift. In this case, Proposition
7.1 also establishes a bijective correspondence at the level of flat SU(2)—

connections.

7.2. The Boyer-Nicas type invariants. Let X' = ¥ /7 as before and fix a
w € H?(X';7/2). Evidently, ¥/ is cyclically finite in the terminology of [4],
i.e., every cyclic cover of ¥/ is a rational homology sphere. In this situation,
Boyer and Nicas defined an integer valued invariant, by counting irreducible
SU (2)-representations, with signs defined using a Heegaard splitting as in
Casson’s original work. We will give a definition of the signs in terms of
spectral flow, as in Taubes’ work [30].

The definition, slightly extended to the case of SO(3) bundles, is as fol-
lows. Consider the moduli space R, (X’) of the (gauge equivalence classes of)
irreducible flat connections in an SO(3)-bundle P), over ¥’ having wa(P),) =
w. We say that R (X') is non-degenerate if, for every a € R% (X'), the co-

homology group H'(¥';ad ) vanishes. If R (X') is non-degenerate, define
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the Boyer-Nicas type invariant

M) =5 X (D, (12)

o/ €ERE (X
where p(a’) is the spectral flow of the odd signature operator (4) along a
generic path connecting 6, to o/. Here, 6 is the product connection in the
trivial bundle Pj, and 6; is the (non-trivial) flat reducible connection in P

with holonomy

() —— Hi(2:2/2) =22 —— S0(3),

where 3 maps the generator of Z/2 to the diagonal matrix diag(1,—1,—1) €
SO(3). If RE (X') fails to be non-degenerate, we first use admissible pertur-
bations of type (9), compare with [30], and then define A\, (X') as above.

Theorem 7.3. The invariants Ay, (X') are well defined, and \o(X') equals
n times the Boyer-Nicas invariant of . Moreover, their sum over w &€

H2(Y/;Z/2) equals the equivariant Casson invariant \™(X).

Proof. Since Y/ is cyclically finite, all reducible flat connections in the flat
moduli space are isolated. This also remains true after a small admissible
perturbation. Therefore, we can use the standard cobordism argument to
show the well-definedness. Namely, for a generic path of small admissible

perturbations h(t), t € [0, 1], the parameterized moduli space

U Ronw®) x{t}
te[0,1]
gives a compact oriented cobordism between the perturbed moduli spaces
R;h(o)(z/) and R*w’h(l)(E’). This allows us to conclude that the signed
count of points in R} ,(¥') is independent of h. A minor modification of
Taubes’ argument [30] shows that Ag(X') equals n times the Boyer-Nicas
invariant of X.

To prove the final statement, we use the identification (Proposition 7.1)
between the moduli spaces R7,(X) and R} (X'). If necessary, both spaces
can be perturbed by using admissible perturbations (9) on ¥ and their pull-
backs to X, so that the perturbed moduli spaces still match (the argument

is completely similar to that in Section 3.8 of [8]). Note that, since ¥’ is
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cyclically finite, the perturbations may be chosen so that they do not affect
the reducible solutions.

Given o/ € Ry, ;(¥') and a generic path of connections o/(t) connecting
0, to o/, lift it to a path 7*a/(t) of connections over ¥ equivariant with
respect to a certain constant lift v : P — P and connecting 6 to 7*«’. Then
u™(r*a’) = p(a’) due to the commutativity of the following diagram

K:rt*a’(t)

Q@ Q) (Z,ad P) Qe 0, (Z,ad P)

5 T+
(

K
(@) (X ad P — (09 QY)(S,ad PL).

1%

O

7.3. The formula. Recall first that any homology lens space ¥’ such that
H{(X';Z) = Z/n can be obtained by (n/q)-surgery along a knot k in an
integral homology sphere Y, where ¢ is relatively prime to n and 0 < ¢ < n,

see for instance [3].

Proposition 7.4. Suppose that ¥ =Y + (n/q) - k. Denote by A(Y) the
(regular) Casson invariant of Y, and by A(t) the Alexander polynomial of
k C Y normalized so that A(1) =1 and A(t) = A(t™'). Then, if n is even,
n—1
1
n - s em/n q An _
AE)==AY)+ 3 Z_: sign™/™ k + 1 A"(1), e=0,1,
m= ;n(aod 2)
and, if n is odd,
1 n—1
M(E) = nA(Y) + 5 mgo sign™" k + 2 A"(1).

By sign® k we mean the Tristram—Levine equivariant knot signature, see

Section 6. The following result is immediate from Theorem 7.3 and Propo-

sition 7.4.

Corollary 7.5. For any n > 1, the equivariant Casson invariant can be
expressed by the formula
n—1
1 q
T — - s e m/n kN
AN(X)=nAY)+ g mgzo sign™/™ k 4+ 5 A"(1). (13)
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Remark 7.6. Boyer and Lines [3] inquired whether the invariant of the
homology lens space ¥ =Y + (n/q) - k defined by the formula

n—1

! Z sign™/™ k + 21 A"(1)
m=0 n

AE) =A) + o

coincides with the Boyer-Nicas invariant (1/n) - A\g(X'), see Question 2.24
of [3]. Proposition 7.4 implies that indeed n - A(X') = A\o(X') if n is odd;
however, n - A(X') = M\g(X') + A1 (X') if n is even.

The rest of this section is devoted to the proof of Proposition 7.4. Given
a space X, we reserve notation R(X) for an SO(3)-flat moduli space on X,
and use R(X,SU(2)) for the SU(2)-moduli space.

7.4. Small scale perturbations. Let X = Y\ N(k) be the knot k exterior,
and m and £ be the canonical meridian and longitude on 0X. Let P =
R(0X,SU(2)) be the SU(2) pillowcase with coordinates (¢, 1) such that the
holonomies along m and ¢ equal exp(i¢) and exp(it)), respectively, shown
in Figure 1. The inclusion 0X — X induces a natural restriction map

r: R(X,SU(2)) — P whose image is generically one-dimensional.

(4

FIGURE 1

Technically, it is more convenient to work with double covers of the above
as in [17]. More precisely, if we fix the maximal torus U(1) = {exp(ip) } C
SU(2) then the space of flat U(1)-connections on dX modulo U(1)-gauge

group is a natural double cover P = T2 of P branched at the central orbits.
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It gives rise to the double cover R(X, SU(2)) and the restriction map 7 :
R(X,SU(2)) — P. The 2-torus P will be depicted as the square P =
{(p, )]0 < ¢ < 27,0 < ¢ < 27} with properly identified sides; the
double covering P — P then corresponds to the quotient map by the action
o1(p, ) = (27 — ¢, 21 — @) (which is geometrically a 180° rotation of the
square P about the point (m,7)). The image of 7 : R(X,SU(2)) — P is
invariant with respect to this action. For instance, if k£ is the left-handed
trefoil, the image of R(X, SU(2)) in P consists of the circle {¢) = 0} and

two open arcs limiting to it, as shown in bold in Figure 2.

A

(0
2w

O\

FIGURE 2

We will perturb the flat moduli space if necessary using admissible pertur-
bations (9) built from a link {v; } in X. A connection « is called h-perturbed
flat if it satisfies the equation * F, + Vh(a) = 0. The moduli space of h-
perturbed flat connections will be denoted by Ry, (X, SU(2)), and its double
cover by Ry (X, SU(2)).

According to [16], for a generic admissible perturbation h, the perturbed
flat moduli space Ry (X, SU(2)) consists of two central orbits, two smooth
open arcs of abelian orbits with one non-compact end limiting to each central
orbit (together with the central orbits, they form a circle), and a smooth
1-dimensional manifold of irreducible orbits with finitely many ends, each
limiting to a different point on the abelian arc. If a point on the abelian arc
with coordinate ¢ is the limiting point of an irreducible arc then exp(2ip)

is a root of A(t). Since (see Section 8) the n—fold cyclic branched cover of
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k C Y is an integral homology sphere, A(exp(2mim/n)) # 0 for m € Z, and

we can conclude that

(a) no irreducible arc limits to a point on the abelian arc with coordinate
© = mim/n.

Furthermore, the restriction map r : Ry,(X,SU(2)) — P, which is well
defined because h is supported away from N(k), is an immersion taking
the 1-dimensional strata of 7~€h(X ,SU(2)) into the part of P away from the
branching points. The map r restricted to the circle of reducible orbits is
an embedding with image {1 = 0}. The image of the irreducible part
of Ru(X,SU(2)) in P will be denoted by C (compare with Figure 2). By
using another small admissible perturbation if necessary, one can ensure the

following :

(b) the intersections of C with all of the circles S(wm/n) C P given
by the equation ¢ = mm/n, 0 < m < 2n, are transverse (see [17],
Lemma 5.1);

(¢) the intersection of C with the circle 1) = 7 is transverse, and the
p—coordinates of the intersection points are different from wm/n,
0 < m < 2n. This can be achieved by additional perturbations on
loops v which are contained in a collar neighborhood of 9.X and have
the property that lk(v,¢) # 0 (see [16], page 408);

(d) the intersections of C with the curve 1) = —(n/q) - ¢, and also with
the curve v = m — (n/q) - ¢ if n is even, are transversal (using
the loops v as in (c) again). These intersections correspond to the

respective R (¥'), as we will explain below.

Note that, after all the admissible perturbations, C remains invariant with
respect to the involution o7y.

The above will be enough to deal with the case of odd n. To handle the
case of even n, we need to further ensure that the above picture is equivariant
with respect to the involution oa(a) = a ® x where a € R(X;SU(2)) and
X is the flat SU(2) connection with holonomy m1(X) — Hy(X;Z) = Z —
Z/2 = {£1}. Note that this involution restricts to P as the 180° rotation
about the vertical axis ¢ = 7 /2 in Figure 1, and to P as the shift ¢ — p+7.

The action of oy on the irreducible part of R(X, SU(2)) and hence on C is

free due to the lack of binary dihedral representations m X — SU(2). The
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latter follows from the observation that, since n is even, the double branched
cover of Y with branch set k is an integral homology sphere. An argument
similar to that of [24, Lemma 5.9] shows that we do not lose any generality

by assuming that, for even n,

(e) all the perturbations used to ensure (b), (c), and (d) are equivariant

with respect to os.

The equivariance asserted in (e) comes from the observation that a pertur-
bation h supported along a link {7;}, each of whose components has even
linking number with k, will automatically be oo-equivariant. The lemma is
established by showing that there is a good perturbation A supported along

such a mod-2 trivial link.

7.5. Large scale perturbations. Recall that ¥’ is given by (n/q) Dehn
surgery along a knot £ C Y, i.e. by adding a solid torus to X. Parameterize
this solid torus by 7 : S' x D? — ¥, and write k' for its core S* x {0}.
Let f: SU(2) — R be a smooth function which is invariant with respect to
conjugation. Such a function is determined by a function f : [0,7] — R by
the formula f(t) = f(exp(it)). Note that the smoothness of f requires that
f’ vanish at ¢ = 0 and ¢ = 7. We will extend f to a function on [0, 2] by the
rule f(t) = f(2r —t) for m < t < 2m. Let hg be the admissible perturbation
given by the formula (compare with (9))

ho(a) = - F(hola(y(S" x {z}), 5)) n(z) d*2. (14)

Notice that the knot exterior X is naturally a subset of ¥'. Any per-
turbed flat connection over 0X is actually flat hence it is determined by
two parameters a, b where, in a suitable parametrization, exp(ia) is the ho-
lonomy around meridian (the boundary of the disc D?) and exp(ib) is the
holonomy around the longitude (a curve parallel to k). The following is a

minor modification of Lemma 4 of [5].

Lemma 7.7. For sufficiently small € > 0, restriction to X defines a one-

to-one correspondence between

(a) the gauge equivalence classes of (hg + eh)—perturbed flat connections

on Y, and
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(b) the gauge equivalence classes of eh—perturbed flat connections on X

satisfying the equation a = f'(b).

The extension condition (b) in Lemma 7.7 (i.e. the equation a = f(b))
defines a curve in P. In the case that f = 0, this curve would be the
line v = —(n/q) - ¢, using coordinates (¢,?) dual to the meridian and
longitude of k, which differ from those of k’. A more realistic example, may
look as shown in Figure 3. The figure shows, for (n/q) = (2/1), the curves

v =—(n/q) - ¢ and a = f'(b). Note that the curve a = f'(b) is invariant

with respect to o7.

v A
2m

| Y =—(h/q) ¢
TN N e 0
0 s 2

FIGURE 3. n=2,¢=1

7.6. The case of even n. Let us place C in general position as in Section
7.4, then R§(X') is in one-to-one correspondence with the orbits of the group
(Z,/2)* generated by oy and o9 acting on C N {¢ = —(n/q) - ¢ }. Note that
this action is free, so each such orbit has 4 elements. Taking into account
the 1/2 factor in the definition (12) and the orientations set in Section 7.8,
the invariant \g(X') equals one eighth times the intersection number of C
with the curve ¢y = —(n/q) - ¢. This can be proved along the same lines
as [17, Theorem 7.1]. The heart of that proof is a spectral flow calculation
that does not require that ¥’ be an integral homology sphere.

The curve 1) = —(n/q) - ¢ wraps n times around P in the ¢-direction, and
the points of intersection with the curve @) = 0 separate it into n segments

given by 2mjq/n < ¢ < 27(j + 1)q/n where j =0,...,n — 1. By choosing
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a suitable function f, one can deform each of these segments in a (Z/2)%-
equivariant manner into a graph a = f'(b) which lies arbitrarily close to the
union

S(2mjq/n) U S2n(j + 1)a/n) U {¢ =7},
as shown in Figure 3. With orientations set as in Section 7.8, we see that
the intersection number of C with the curve 1 = —(n/q) - ¢ is the sum of
two terms. The first one is the intersection number of C with the union of

the circles S(2mj/n) over j =0,...,n — 1. According to [17], it equals

n—1 n—1
1 fon27/m fonm/n
4n-)\(Y)—|—§ ]z:;) sign®/m k= 4n - M(Y) + m§::0 sign™/™ k.

meven
The second term equals ¢ times the intersection number of C with the circle
{4 = 7 }; this is given by —2 A”(1). Up to an overall sign, this can be seen
as in [17, Proposition 7.2] using the gauge theoretic description of A”(1)
given in [19]; the sign is then fixed with the help of the Casson surgery
formula A(Y — k) = A(Y) — (1/2) A”(1). This proves the formula for A\o(X').

To prove the formula for A;(X'), we consider the intersection C N {1 =
m—(n/q) - ¢} and deform the curve v» = 7 — (n/q) - ¢ again as shown
in Figure 4. The rest of the proof follows the lines of the above proof for
Mo(X'). To express A;(Y') as the intersection number in P, we again refer
to the proof of [17, Theorem 7.1], where the trivial connection should be

replaced with 601, see Figure 4.

wll

Y=m—(n/q) ¢

FIGURE 4
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7.7. The case of odd n. The proof is similar to that for \o(X’) in the
even case, without the additional symmetry given by the involution o,.
The invariant A\o(X') equals one fourth times the intersection number of
C with the curve ¢ = —(n/q) - ¢ (after fixing orientations). Deforming
¥ = —(n/q) - ¢ as shown in Figure 3, we see that the above intersection
number equals the sum of two terms. The first one is the intersection number
of C with the union of the circles S(27j/n) over j = 0,...,n— 1. According
to [17], it equals

n—1 n—1
1 - 2j/n 1 soom/n
dn - AY) + 5 JE_O sign“/" k= 4n - A\(Y) + 5 mg_o sign™/" k

(we used the fact that sign®k = sign'*® k). The second term as before
equals ¢ times the intersection number of C with the circle {1 = 7 }, which

equals —2 A”(1). This completes the proof.

7.8. Orientations. The tangent space of P is canonically isomorphic to
H'(0X;R) and hence is canonically oriented after we orient dX as the
boundary of X. We adopt the convention that an outward normal vector
followed by an oriented basis for T, (0X) gives an oriented basis for T, X
(this is opposite to the convention used in [17]).

Orientations of various curves in the above construction depend on an
orientation of H'(X;R) or, equivalently, a choice of meridian. Once it is
fixed, the circles {¢» = 0} and {¢ = 7} are naturally oriented by the
parameter ¢. The circles S(«) are oriented by the requirement that the
intersection number of {4 = 0} with S(«) be one; the same requirement
orients the curves {¢ = —(n/q)- ¢} and {1 = 7w — (n/q) - ¢ }. The curve C
is oriented as described in [17], Section 2.

Note that both o preserves the orientation on H'(X;R) and and o9

reverses it; however, both preserve the intersection numbers.

7.9. Examples. Let p, q, and r be pairwise relatively prime positive inte-

gers, and consider the Brieskorn homology sphere
Y(p,q,r) ={aP +yI+2"=0} N S°cC3

The map 7(z,y,2) = (z,y,€>™/"2) defines a Z,action on X(p,q,r) whose

fixed point set is the singular fiber k, = 3(p,q,7) N {z = 0}. The quotient
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of ¥(p,q,r) by this action is S3, with branch set the right-handed (p,q)-
torus knot k. In particular, if we write ¥X(p,q,7) = X U N(k,) where X is
the knot exterior, then the action on N(k,) = S* x D? will be given by the
formula (s, z) — (s,e2™/72).

The Brieskorn homology sphere X(p, q,r + pq), obtained from (p,q,r)
by (—1)-surgery along k., admits a free Z,—action which extends the action
on X to S' x D? by the formula (s, z) — (e>™/7s, >/ 2). If %(p,q,7 + pq)

is viewed as a link of singularity, this action is given by
T(a;,y, Z) — (627riq/rx7 e27rip/7“y7 e27ri/r2). (15)

Corollary 7.5 can be used to compute the equivariant Casson invariant of
Y(p, g, + pq) with respect to the action (15) as follows.

Let Y/ be the quotient manifold of X(p, ¢,7+pq). It is immediate from the
above description that ¥’ can be obtained from S3 by (—r)-surgery along
the (p, ¢)—torus knot k. Therefore,

r—1
1=
N (S(p,a,7+pa)) = 5 D sign™" k — 2 AY(1), (16)
m=0

where

| =

r—1
Z sign™" k = A" (S(p,¢q,7)), by (11),
m=0
= AX(p,q,7)), according to [§],

and AJ(1) = A} (1) = (p? —1)(¢*—1)/12, see [21]. Now, the right hand side
of (16) equals A(X(p,q,7)) — (1/2) A} (1), which coincides with A\(3(p, ¢, +

pq)) by Casson’s surgery formula. Therefore,

N (2(p,q,7 +pq)) = ANZ(p, g, + pq)).

Another way to see this would be using the fact that 7 can be included into

the natural S'-action on the link X(p, ¢, + pq) given by
(z,y,2) — ((9TTPDy Prpa)y 4pa)

and is therefore isotopic to the identity.
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8. THE ROHLIN INVARIANT

Our next goal is prove that \™(X) equals the Rohlin invariant of ¥ modulo
2, and thus verify Theorem 1.2. This is a known fact when Fix(7) # 0,
see [8]. In the case of Fix(7) = (), we will achieve our goal by identifying the
right hand side of (13) with p(¥) modulo 2.

8.1. Reduction to the Arf-invariants. Let Y, be the n—fold branched
cover of Y with branch set the knot k; the preimage of k£ in Y,, is a knot
which we call k,,. Observe that ¥ =Y, + (1/q) -k, so that Y}, is an integral
homology sphere. According to (11),

n—1
1
n M)+ 3 n;) sign™" k = X7 (Y;)
is the equivariant Casson invariant of Y,, whose modulo 2 reduction is
known [8, Theorem 2] to equal p(Y;,). Since (1/2) A”(1) = arf(k) (mod 2),
we only need to show that p(X) = p(Y,,) + ¢ - arf(k) (mod 2). Now, p(X) =
p(Yy)+q-arf(k,) (mod 2) by Rohlin’s surgery formula. Therefore, the proof

will be complete after we show the following.

Proposition 8.1. Let Y be an integral homology sphere and w:Y, — Y be
its n—fold cyclic branched cover with branch set a knot k. Let k,, be the knot
7 Yk) in Y,. If Y, is an integral homology sphere then arf(k,) = arf(k)
(mod 2).

8.2. An algebraic lemma. Proposition 8.1 be deduced from a purely al-
gebraic lemma, using Levine’s theorem [18] connecting the Arf invariant
and the Alexander polynomial. A polynomial A(t) € Z[t,t™!] is said to be
symmetric and normalized if A(t) = A(t~!) and A(1) = 1. Note that this
implies that A(—1) =1 or 5 (mod 8). Levine showed that if the Alexander
polynomial of a knot is symmetric and normalized, the Arf invariant of the
knot is 0 if A(—1) =1 (mod 8) and is 1 if A(—1) =5 (mod 8).

Lemma 8.2. Suppose that A(t), D(t) € Z[t,t'] are symmetric, normalized

th root of unity.

polynomials. For an integer n, denote by w a primitive n
Assume that D(t") = H?:_& A(wit). If n is even, then D(—1) = A(=1) =1
(mod 8). If n is odd, then D(—1) = a - A(—1) where a € Z is congruent to

1 (mod 8).
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Proof. Write n = 2p+1if nis odd, and n = 2p if n is even. If £ is a primitive
20" root of unity, then " = —1. Write v = A(&)A(£3) --- A(€2P~1). Note
that the symmetry of A means that A(EF) = A(€2"F). If n = 2p, this
means that the last term in v is A(E®~2PH) = A(€2PF). Likewise, if

n = 2p + 1, then the last term is A(£2P3). Now compute

n—1
D(—1) = [T AEY*) = A©A(E®) - AP THAEPT) - A€
j=0
V2, n even,

VEA(E2PHL) ) n oodd.

Now D(—1), being congruent to D(1) (mod 2) is odd, as is A(—1). We claim
that v, which is a priori an algebraic integer, is actually an integer. In the
case that n = 2p + 1 is odd, A(£?P*H1) = A(—-1), so v? will necessarily be
the square of an odd integer, and therefore congruent to 1 (mod 8). In the
case that n is even, we get by the same argument that D(—1) is congruent
to 1 (mod 8).

To see that v is an integer, we use a little Galois theory. By definition,
v € Z(§), which is the ring of integers in the cyclotomic field Q(£). We
need to show that v is fixed by every element of the Galois group of the
field extension Q(£)/Q. This group is the (multiplicative) group of units
Z3,, where r € Z acts by & — £I7. Note that the set of odd numbers
{1,3,...,2n — 1} C Zy, is invariant under j — —j (mod 2n). If n is even,
the orbits all have two elements, one < 2p — 1 and one > 2p + 1. If n
is odd, there is one orbit, namely 2p + 1, with one element while all the
others have two elements. Consider the action of r € ZJ on the exponents
appearing in v, namely F := {1,3,...,2p — 1}; note that r preserves orbits
since r(—a) = —ra. Now if ra € FE then —ra ¢ E, and so rE consists

of one element of each orbit (except 2p + 1 if n is odd). It follows that
r-v=r- HaEE A(Ea) = HaEE A(Era) = HaEE A(g:l:a) =V
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For odd n, we are finished, but for n even, we still have to show that
A(—=1) =1 (mod 8). In fact, A(—1) = 1, by the following argument :

for some 7. Now the Galois group of Q(w)/Q permutes the elements w?,
and no element w’ for j # p gets sent to —1. So the Galois group preserves
n. Hence n € Z, so A(—1)|D(1). Since D(1) = 1 and A is symmetric and
normalized, it follows that A(—1) = 1. O

Remark 8.3. The final argument is clearly equivalent to (and is inspired
by) the fact that there is a branched cover Y, — Y3, so the hypothesis that

Y, be a homology sphere implies that Y5 is one also.

8.3. Proof of Proposition 8.1. If k£ is a knot in the homology sphere
Y, and the n-fold cyclic branched cover Y;, is a homology sphere, then the
Alexander polynomials of k and k,, are related as in Lemma 8.2, see [13].

Levine’s theorem implies that their Arf invariants must be the same.

Remark 8.4. Chuck Livingston has pointed out a more geometric proof
of Proposition 8.1 that has the additional advantage of applying to Zs ho-
mology spheres. Here is an outline of the argument. Livingston observes
that the Arf invariant of a knot in a Zy homology sphere Y can be defined
as the spin-bordism class of a Seifert surface for the knot, using the unique
spin structure induced from Y. This spin structure, restricted to the knot
complement, pulls back under the branched covering, and clearly gives the
same spin structure on a lift of the Seifert surface. By obstruction theory, if
the branched cover is also a a Zy homology sphere, this lifted spin structure
(or one that is identical in a neighborhood of the lifted Seifert surface) can
be extended over the branched covering. Hence the Arf invariant upstairs is

the same as the Arf invariant downstairs.
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9. APPLICATIONS

The relations between the equivariant Casson invariant on one hand, and
Donaldson polynomials and Floer Lefschetz numbers, on the other, lead to

several interesting applications which we describe in this section.

9.1. Invariant \"(X) as a function of 7. Let ¥ be an oriented integral ho-
mology sphere, and 7 : X — ¥ be an orientation preserving diffeomorphism
of finite order. Theorem 1.1 identifies A\"(X) with twice the degree—zero
Donaldson polynomial of the mapping torus of 7.

If 7 is (smoothly) isotopic to the identity, then the mapping torus of 7
is diffeomorphic to the product S' x . Since the degree-zero Donaldson
polynomial is an invariant of diffeomorphism, we conclude that \"(X) =
A(X). It is not clear if this result can be obtained directly from the definition
of A7(X). In the case that 7 is contained in a circle action, this was shown

by direct calculation in [8].

9.2. Plumbed manifolds. The equivariant Casson approach to the Floer
Lefschetz number allows one to actually compute that number in several
interesting examples.

Given a plumbed homology sphere X, there is a preferred class of orienta-
tion preserving involutions 7 which represent 3. as a double branched cover of
S3 with branch set a Montesinos knot k., see [29]. The knots corresponding
to different involutions from this class are related by a sequence of muta-
tions. Since the knot signature is a mutation invariant, this construction
ends up in a well defined integer valued invariant (X)) = (1/8) - sign(k,)
called the fi—invariant, see [20] and [29]. It is immediate from (11) that
(%) = X7 (%),

More can be said if ¥ is a Seifert fibered homology sphere ¥ (aq, ..., a,).
In this case, 7 is induced by complex conjugation on X(aq,...,a,) viewed as
a link of complex singularity. According to [28], there exists an equivariant
admissible perturbation h such that assumption (*) of Section 3.7 holds
(whether the same holds for arbitrary homology spheres remains to be seen).

Therefore, we have the following result.
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Proposition 9.1. The j—invariant of a Seifert fibered homology sphere
Y(aq,...,ay) equals half the Lefschetz number of 7, : L.(X(aq,...,a,)) —
I*(E(al, ‘e ,an)).

According to [12], the group I(X(a1,...,ay)) is trivial if k is even, and

is free abelian group of rank, say, by if k is odd.

Proposition 9.2. The map 7, : Ix(E(aq,...,an)) — I(E(ai,...,ay)) is
identity if k =1 (mod 4) and minus identity if k =3 (mod 4). In particu-
lar, the Floer Lefschetz number of T, equals —by + bg — bs + b7.

Proof. The generators « of the Floer chain complex of X(aq,...,a,) can be
chosen so that all of them have odd Floer index and are preserved by the
action induced by 7, see [28]. According to [26] and [28], the equivariant
spectral flow for these generators is given by the formula u™(a) = 1 (u(a) +
1) (mod 4). The result is now immediate from the following calculation,

compare with Section 3.7 :
Te(@) = (=) @) o — (—1)(n=D/2
O

9.3. Akbulut cork. Another situation when the Floer Lefschetz number
can be computed explicitly is that of the Akbulut cork. By Akbulut cork
we mean the smooth contractible 4—manifold W obtained by attaching a
two-handle to S' x D3 along its boundary as shown in Figure 5. It can
be embedded into a blown up elliptic surface E(n)#(—CP?) in such a way
that cutting it out and re-gluing by an involution on ¥ = 0W changes the
smooth structure on E(n)#(—CP?) but preserves its homeomorphism type,
see [1] and [15].

The involution 7 : ¥ — ¥ simply interchanges the two link components,
k1 and ko; this is best seen when the link is drawn in a symmetric form as

in Figure 6. Note that X is a hyperbolic homology sphere.

The Floer homology of ¥ is trivial in even degrees, and is a copy of Z in
each of the odd degrees, see [27]. Therefore, 7, : I,(X) — I,,(X) is necessarily
plus or minus identity for each n. It turns out that the exact answer can be

obtained from computing the Lefschetz number of 7, keeping in mind that
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FIGURE 5

FIGURE 6 FI1GURE 7

condition (*) of Section 3.7 is satisfied because the character variety R*(X)
is non-degenerate, see [27].

The manifold ¥/7 is obtained from S3 by surgery on the knot k* which
is the image of the link kq U ko, see Figure 7. Notice that the canonical
longitudes of k1 and ks project onto a longitude of k* whose linking number
with £* equals one. The dotted line in Figure 7 represents the branch set k.

This picture can be viewed as a surgery description of the knot k in
¥ /7 = S3. A little exercise in Kirby calculus shows that & is obtained from
the left-handed (5, 6)—torus knot on six strings by adding one full left-handed
twist on two adjacent strings. The signature of k£ can differ by at most
two from the signature of the left-handed (5,6)-torus knot, which equals
16. Since sign k must be divisible by eight, we conclude that sign k = 16.
Therefore the Lefschetz number of 7, equals 2. This implies that 7, = —id :

L(5) - L(%).
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