Solutions to Homework 14

Section 7.3.

Problem 6. Solving the equation f4(\) =0 gives eigenvalues HETN The corresponding eigenvectors are
. 3 . 3
v1:[4+\/§]andv2=[4\/§].
2 2
1 1 1
Problem 8. The eigenvalues are A = 1,2, 3 with eigenbasis | 0 |, 1], 2
0 0 1
Problem 14. The eigenvalues are 0 and 1, with 1 being a double root of the equation. When we solve for
0 1 0
eigenvectors, we find that the eigenspace for 1 is 2-dimensional, and we get abasis | 1 |, | =5 |, | 2
0 0 1

Problem 18.  The eigenvalues are Ay = Ay = 0 (ie 0 is a double root) and A3 = Ay =1 (ie 1 is a
double root). The eigenspace Fy is 2-dimensional, with basis the vectors €1, 3. But the eigenspace F; is
1-dimensional, with basis €5. This is only 3 vectors, so there is no basis of eigenvectors.

Problem 22. We want A such that Ae; = 7€; and Aés = 7é5. The only such matrix is A = [(7) (7)] .

Problem 26. The constant term of f4()) is given by (—1)¢det(A) which is negative by assumption. So
f4(0) < 0. On the other hand the leading term is A, so fa()) is positive if \ is very large. So somewhere
between 0 and very large, there must be a A where the graph goes through the z-axis.

Problem 34. (a) Note that SB = AS, so if Z is in the kernel of B, then ASZ = SBZ =0, so SZ is in the
kernel of A.

(¢) The book intended part (b) as an intermediate step to getting (c), but here it is done from first prin-
ciples. By assumption, S is invertible. So if #1,..., &) is a basis for ker(B), then S¥1,..., S¥) are linearly
independent elements of ker(A). Thus dim ker(A4) > dim ker(B). Now apply the same argument as in (a) to
show that for any element 7 in ker(A), the vector S~17is in ker(B). Again, if 71, ..., % is a basis for ker(A),
then S713,..., S~ 14, are linearly independent elements of ker(B). So dim(ker(B)) > dim(ker(A)). After
all that we conclude that in fact dim(ker(B)) = dim(ker(A)), and so the ranks are the same (by rank +
nullity theorem). In case you're worried, that’s more involved than I’d intended, or would put on the exam.

Problem 44. a. a1 = .7 means that 70% of the pollutant in Lake Silvaplana is there a week later; some is
carried down to Lake Sils by the river, and some is absorbed or evaporates. Similarly for the other diagonal
entries. The matrix is lower triangular, since everything either evaporates or goes downstream.

0 0 1
b. The eigenvalues of A are 0.8, 0.6, 0.7, with corresponding eigenvectors | 0 |, 1 , 1 . The
1 —1 -2
100 0 0 1
initial vector Z(0) = 0 is written with respect to this basisas 100 { 0 | —100 | 1 |[+100] 1
0 1 -1 -2

So, applying the matrix A ¢ times gives Z(¢) = 100(0.8)* | 0 | —100(0.6)* | 1 | +100(0.7)*| 1 |. The
1 -1 —2
levels of pollutant in each lake are the three components of this vector, ie x1(t) = 100(0.7)!, z2(t) =



—100(0.6) 4+ 100(0.7)%, and x3(t) = 100(0.8)* + 100(0.6)* — 200(0.7)t. All of these eventually decrease
exponentially towards 0 as t — oo.
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Section 7.4.
Problem 2. Diagonalizable. The eigenvalues are 2,3, with associated eigenvectors [ (1) } , [ 1 } If
! s . . [2 0
S = {O 1}, then S™'AS is the diagonal matrix o 3]
Problem 12. Diagonalizable. The eigenvalues are 2,1,1 (double root) with associated eigenvectors
1 0 -1 1 0 —1] 2 00
01, 1 |, and 0 |.IfS=1{0 1 O |, then S™'AS is the diagonal matrix {0 1 0].
0 0 1 00 1] 0 0 1
2 1
Problem 16. Diagonalizable. The eigenvalues are 3,2,1 with associated eigenvectors| 0 |, 0 |, and
1 1
0
1
0



