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Abstract

Orthogonal polynomials, lattice paths, and skew Young tableaux

A dissertation presented to the Faculty of
the Graduate School of Arts and Sciences of

Brandeis University, Waltham, Massachusetts

by Jordan Olliver Tirrell

We give two applications of the combinatorial theory of orthogonal polynomials developed

by Viennot and Flajolet. First we discuss the classic Chung-Feller theorem for flawed Dyck

paths, and an analog for flawed Motzkin paths found by Eu, Liu, and Yeh in 2002. Their

result states that the number of flawed Motzkin paths of length n with a fixed number of flaws

can be expressed as a linear combination of Motzkin numbers. We will give a generalization

that unifies the classic Chung-Feller theorem and the Motzkin path analog. Using orthogonal

polynomials, we will give a combinatorial interpretation for the coefficients in these linear

combinations of Motzkin numbers.

Next, we extend the bijection between Motzkin paths and Young tableaux with at most

three rows to the skew case. Amitai Regev conjectured in 2009, and Doron Zeilberger proved,

that for fixed skew part (2,1), the number of skew Young tableaux of fixed size is a difference

of two Motzkin numbers. Sen-Peng Eu showed in 2010 that for any fixed skew part and total

size, the number can be written as a linear combination of Motzkin numbers. Jong Hyun

Kim found an explicit formula for this general case which had an unexpected connection

with the Chebyshev polynomials. Again, we use insights from the combinatorial theory of

orthogonal polynomials to give a combinatorial proof. We first work with “skew-reduced”

Young tableaux, and then the regular skew Young tableaux case follows, and we obtain a

refinement of Kim’s formula.
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Chapter 1

Introduction

In this chapter, we will introduce the objects and tools we will need in Chapters 2 and 3.

In Section 1.2 we will define Young tableau and describe the famous Robinson-Schensted

correspondence between pairs of tableaux and permutations. In Section 1.3 we will show

how Young tableau correspond to certain words and lattice paths. Then we will introduce

some important examples of lattice paths: ballot paths, Dyck paths, and Motzkin paths.

In Section 1.4 we will discuss Viennot’s combinatorial interpretation of orthogonal poly-

nomials using Motzkin paths. This provides a crucial perspective for our main results in

Chapters 2 and 3. Our results in Chapter 2 emerge from applying the tools of Section 1.4 to

a 2002 result of Eu, Liu, and Yeh [8] (Theorem 2.2.5). Similarly, our main results in Chap-

ter 3 come from applying these orthogonal polynomials tools to a 2011 result of Kim [18]

(Theorem 3.0.2). In both cases, we are able to extend previous results and give simple

combinatorial explanations.

First, we will make some quick notes about our notation.
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CHAPTER 1. INTRODUCTION

1.1 Notation

All numbers are assumed to be in the set of integers, denoted Z, unless otherwise specified.

We let P denote the set of positive integers, and N denote the set of nonnegative integers. We

will use [n] to denote the set {1, 2, . . . , n}, and [k, n] to denote the interval {k, k+ 1, . . . , n},

so [n] = [1, n]. When we discuss a sequence of numbers, the reader will often see the letter

“A” followed by six digits, such as A000045. This is the “A-number”, or catalog number, of

a particular sequence in the Online Encyclopedia of Integer Sequences (OEIS) [31].

For any finite set A, we let #A denote the size of A. We will often simplify our notation

for sums by not explicitly referring to an element of the set. For example, for a statistic

stat : A → B, we may write ∑
A

xstat

instead of ∑
α∈A

xstat(α)

in cases where it is unlikely to cause confusion.

Given an alphabet A, we let A∗ denote the free monoid of words with letters in A. For

a given letter ` ∈ A, we will often use #` to denote the statistic #` : A∗ → N that counts

the number of occurences of the letter `. For example, for some B ⊆ A∗,

∑
B

x#` =
∑
β∈B

x#{i∈P:β=β1···βi−1`βi+1··· }.

We will extend this to consecutive subwords, as in

∑
B

x#`1`2 =
∑
β∈B

x#{i∈P:β=β1···βi−1`1`2βi+2··· }.

We will use semicolons in multivariate generating functions, as in f(a, b;x, y). This is

2
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CHAPTER 1. INTRODUCTION

simply meant to suggest, in this example, that f is a formal power series over x and y whose

coefficients are polynomials in a and b.

1.2 Young tableaux

In this section we introduce basic definitions for Young tableaux. Please note that in our

formal definition of skew Young tableau, we say that boxes corresponding to the skew part

are given label zero (see Figure 1.3), which is not typical in the literature.

1.2.1 Definitions

Definition 1.2.1. A partition λ of an integer n, written λ ` n, is a multiset of positive

integers whose sum is n, usually written as a tuple in descending order as in (3, 2, 2, 1) ` 8.

We want to think of these as shorthand for infinite tuples (that are eventually all zeros), so

(3, 2, 2, 1) = (3, 2, 2, 1, 0, 0, . . .). This way, we can add and subtract partitions component-

wise. Partitions are enumerated by the partition numbers A000041.

Definition 1.2.2. A Young diagram of a partition λ = (λ1, . . . , λd) ` n is a diagram of

boxes justified into a corner such that the sizes of the rows are λ1, . . . , λd. We use English

notation (matrix notation), so the corner is the top left, the rows are indexed downwards,

and the columns rightwards, as in Figure 1.1. The transpose λ> of λ is the reflection along

the diagonal, which is also a Young diagram.

Figure 1.1: Young diagrams for λ = (3, 2, 2, 1) and λᵀ = (4, 3, 1).

3
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CHAPTER 1. INTRODUCTION

A standard Young Tableau, or simply Young tableau, is a Young diagram for some

λ ` n whose boxes are labeled with unique elements of some totally ordered set such that

labels are increasing along rows and columns, as in Figure 1.2. We say two Young tableau

are the same if their boxes are given the same total ordering, so we generally assume our

labels come from [n].

1 3 4
2 6
5 7
8

1 2 3
4 6
5 8
7

Figure 1.2: Two standard Young tableau of shape (3, 2, 2, 1).

Sometimes we will remove a Young diagram, say of shape µ ` k, from a Young diagram

of shape λ ` n + k which contains it. We will call this a skew Young diagram of (skew)

shape λ/µ, and we can again fill it in with labels increasing along rows and columns. Though

these are usually drawn with the skew shape removed, it will be convenient for us later to

represent skew boxes with label 0, which we will draw as unlabeled boxes, as in Figure 1.3.

5
1

2 3
4

0 0 5
0 1
2 3
4

5
1

2 3
4

Figure 1.3: A skew Young tableau drawn three different ways

We need a more formal definition of skew Young tableau to use later.

Definition 1.2.3. A skew (standard) Young tableau (S, L) is a finite set S ⊂ P × P

together with a labeling L : S → N such that the following properties hold.

• Standard: L gives a total ordering on the non-skew part S ′ := S \ L−1(0)

4



CHAPTER 1. INTRODUCTION

• Rows nondecreasing1: if (i, j), (i, k) ∈ S, j ≤ k, then L(i, j) ≤ L(i, k)

• Columns nondecreasing: if (i, j), (k, j) ∈ S, i ≤ k, then L(i, j) ≤ L(k, j)

• Justified upwards: for i, j ∈ P, if (i+ 1, j) ∈ S, then (i, j) ∈ S

• Justified leftwards: for i, j ∈ P, if (i, j + 1) ∈ S, then (i, j) ∈ S

We call K := L−1(0) and its associated partition the skew part. We say (S, L) has skew

size #K = k, non-skew size #S = n, and total size n+k. Note that K and S correspond

to Young diagrams for partitions, say µ and λ. We say (S, L) has skew shape λ/µ. We

consider two skew Young tableaux of the same skew shape to be equal if the partial order

given by their labellings are the same, so we typically assume that L : S ′ → [n]. The

transpose (S>, L>) is given by S> = {(i, j) : (j, i) ∈ S} and L>(i, j) = L(j, i), and is a

skew Young tableau of shape λ>/µ> by symmetry.

Definition 1.2.4. We denote the set of skew Young tableaux of shape λ/µ by either

SYT(λ/µ)

or

SYTµ(λ− µ)

where λ − µ denotes component-wise subtraction. Note that λ − µ is not necessarily a

partition. The notation SYTµ(λ− µ) may seem awkwardly redundant, but for most of our

results we will fix the non-skew size (the size of λ − µ). We denote the set of skew Young

1Note that we say rows and columns are nondecreasing instead of increasing because the skew part may
have multiple boxes, which are all labeled zero. For the non-skew part, rows and columns are strictly
increasing.

5



CHAPTER 1. INTRODUCTION

tableaux with skew part µ ` k and non-skew size n by

SYTµ(n) =
⋃

λ`n+k

SYTµ(λ− µ).

Please keep in mind that n is the non-skew size, not the total size. Also note that we can

restrict the union above to µ ≤ λ, because otherwise the set is empty. We denote the set of

skew Young tableau with skew part µ, non-skew size n, and at most d rows by

SYTµ
d(n) =

⋃
λ=(λ1,...,λd)`n

SYTµ(λ− µ).

In Chapter 3 we will enumerate SYTµ
2(n) and SYTµ

3(n). We will use this subscript d notation

to avoid writing double parenthesis when referencing specific λ. That is, we write

SYTµ
d(λ′1, . . . , λ

′
d) = SYTµ(λ− µ)

when λ− µ = (λ′1, . . . , λ
′
d).

2 In all the above, we omit µ from our notation in the non-skew

case, equivalent to µ = (0).

1.2.2 Young’s lattice

It is natural to think of standard Young tableaux as saturated chains in a certain poset.

Definition 1.2.5. Young’s lattice is the poset of partitions ordered by inclusion of Young

diagrams. That is, λ ≤ µ iff each of µ1 ≤ λ1, µ2 ≤ λ2, et cetera, where λ = (λ1, λ2, . . .) and

µ = (µ1, µ2, . . .).

A Young tableau corresponds to a chain in Young’s lattice that starts with the trivial

2This differentiates between the set SYT(n) of Young tableau with size n and the set SYT1(n) = SYT((n))
of Young tableau with shape (n).

6



CHAPTER 1. INTRODUCTION

partition (0) ` 0 and is saturated (the chain is a sequence of coverings µ l λ, i.e., there

is no µ′ such that µ < µ′ < λ). Specifically, for a Young tableau of shape λ ` n, there is a

chain of partitions λ0, λ1, . . . , λn, where λi is the partition corresponding to all boxes of the

Young tableau with labels at most i. See Figure 1.4 for an example.

(0) l l l l l l l l

Figure 1.4: A chain in Young’s lattice corresponding to the tableau on the left in Figure 1.2.

Similarly, a skew Young tableau corresponds to a saturated chain in Young’s lattice that

starts at its skew shape. See Figure 1.5

l l l l l

Figure 1.5: A chain in Young’s lattice corresponding to the skew tableau in Figure 1.3.

1.2.3 The Robinson-Schensted correspondence

The Robinson-Schensted correspondence between permutations and pairs of standard Young

Tableaux of the same shape was first described in 1938 by Robinson [26], and again in 1961

by Schensted [29]. In 1970, Knuth [21] gave a generalization which is now commonly known

as the RSK correspondence.

There are many different descriptions of the Robinson-Schensted correspondence. Schen-

sted’s insertion algorithm [28, 29] is usually given as the first definition. Fomin’s growth di-

agrams [27] and Viennot’s geometric construction [35] (also called shadow lines, and related

7



CHAPTER 1. INTRODUCTION

to the matrix-ball method) are alternatives that highlight certain properties. The following

description of the Robinson-Schensted correspondence is due to Curtis Greene [16].

Definition 1.2.6. Given a word ω = ω1 . . . ωn on n letters from some totally ordered set,

we will associate it to a partition λ(ω) = (λ1, . . . , λn). Define λ1 to be the size of the largest

nondecreasing subsequence of ω. For i > 1, define λi to be the maximum (combined) size

over all i disjoint nondecreasing subsequences in ω, minus λi−1. Note that λ(ω) ` n.

For example, given the word 28371456, the largest nondecreasing subsequence 23456 is

of size 5, the largest pair of disjoint nondecreasing subsequences 237, 1456 is of total size 7,

and the largest triple of disjoint nondecreasing subsequences 237, 8, 1456 is of total size 8.

This gives us the partition λ(28371456) = (5, 2, 1).

Definition 1.2.7 (RS). Let Sn denote the set of permutations of size n. Given π ∈ Sn,

say in one-line notation π = π1π2 · · · πn, let P(π) denote the Young tableau corresponding

to the chain

0̂ l λ(π1) l λ(π1π2) l · · ·l λ(π1π2 · · · πn).

Then let Q(π) = P(π−1) and define

RS(π) = (P(π),Q(π)).

For an example, see Figure 1.1.

Theorem 1.2.8. The map RS defined above is a bijection

Sn
RS−→

⋃
λ`n

SYT(λ)× SYT(λ).

See [28] for a proof of Robinson-Schensted, and [16] for a proof that this definition is

8



CHAPTER 1. INTRODUCTION

0̂ l l l l l l l l

0̂ l λ(2) l λ(28) l λ(283) l λ(2837) l λ(28371) l λ(283714) l λ(2837145) l λ(28371456)

P(28371456) =
1 2 4 7 8
3 6
5

0̂ l l l l l l l l

0̂ l λ(1) l λ(21) l λ(231) l λ(2314) l λ(23145) l λ(231456) l λ(2371456) l λ(28371456)

Q(28371456) =
1 3 4 5 6
2 7
8

Table 1.1: Finding RS(π) = (P(π), Q(π)) for π = 28371456

equivalent. Note that this is a bijective proof of the formula

n! =
∑
λ`n

(# SYT(λ))2.

Our definition leads to the following properties.

Proposition 1.2.9. Given π = π1 · · · πn ∈ Sn with RS(π) = (P ,Q), we make the following

observations.

(1) The map RS takes the inverse to the reverse pair, i.e., RS(π−1) = (Q,P).

(2) The length of the longest nondecreasing subsequence of π is equal to the length of the

first row of P(π) (and of Q(π)).

(3) The length of the longest decreasing subsequence of π is equal to the length of the first

column of P(π) (and of Q(π)).

9



CHAPTER 1. INTRODUCTION

Proof. The first two follow immediately from the definition, and the third follows from

Dilworth’s theorem.

In fact, we can extend the third property above (see [32]).

Lemma 1.2.10. The maximum (combined) size over all i disjoint decreasing subsequences

in π ∈ Sn is equal to the (combined) size of the first i columns of P (π) (and of Q(π)).

We are primarily interested in the restriction of RS to involutions (which correspond to

partial matchings).

Definition 1.2.11. Let In ⊂ Sn denote the set of involutions of n. Let RS* denote the map

In
RS*

−−→ SYT(n)

defined by RS*(π) = P(π) = Q(π).

Note that for π ∈ In, π = π−1, so Q(π) = P(π−1) = P(π). Thus, applying RS to an

involution gives a pair of identical tableau, and RS* gives just one of the tableau.

Theorem 1.2.12. The map RS* is a bijection. Moreover, it takes involutions in In with

d fixed points, longest nondecreasing subsequence of length k, and longest decreasing subse-

quence of size d to standard Young tableaux of shape λ = (λ1, . . . , λd) ` n with d odd columns,

λ1 = k, and λd > 0.

This theorem follows from the properties stated above, plus the additional property that

in the RS* case, fixed points correspond to odd columns.

1.2.4 Young tableaux with a limited number of rows

Recall from Definition 1.2.4 that SYTd(n) denotes the set of Young tableau of size n with

at most d rows.

10
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By RS*, we know there is a bijection

In((d+ 1)d · · · 321)
RS*

−−→ SYTd(n)

where In((d + 1)d · · · 321) denotes the set of involutions in In avoiding the pattern (d +

1)d · · · 321, i.e., with no decreasing subsequence of size d + 1. We can also classify these

involutions by their nestings.

Definition 1.2.13. An involution π ∈ In is said to have a (2k)-nesting if there exists

i1, i2, . . . , ik ∈ [n] such that

i1 < i2 < · · · < ik < π(ik) < · · · < π(i2) < π(i1).

Similarly, π is said to have a (2k+1)-nesting if there exists i1, i2, . . . , ik, ik+1 ∈ [n] such that

i1 < i2 < · · · < ik < ik+1 = π(ik+1) < π(ik) < · · · < π(i2) < π(i1).

Remark 1.2.14. Note that an odd nesting implies the existence of all smaller nestings, but

an even nesting only implies the existence of smaller even nestings.

Lemma 1.2.15. The set In(d · · · 321) of involutions of size n with no decreasing subsequence

of size d is exactly the set of involutions of size n with no d-nesting or larger nesting.

Proof. Suppose π ∈ In has a d-nesting, say i1 < i2 < · · · < ik ≤ π(ik) < · · · < π(i2) < π(i1)

(where k = dd/2e), then this is a d · · · 321 pattern. Conversely, suppose π ∈ In has a d · · · 321

pattern, say i1 < i2 < · · · < id with π(i1) > π(i2) > · · · > π(id). We will show that π has a

d-nesting or a larger nesting. Setting k = dd/2e, if ik < π(ik) then we have

i1 < i2 < · · · < ik < π(ik) < · · · < π(i2) < π(i1),

11



CHAPTER 1. INTRODUCTION

which is a d-nesting if d is even and a d + 1 nesting if d is odd. Otherwise, ik ≥ π(ik) and

we have

π(id) < π(id−1) < · · · π(ik) ≤ ik < · · · < id−1 < id,

which is a (d+ 2)- or (d+ 1)-nesting if d is even, and a d- or (d+ 1)-nesting if d is odd.

Trivially, we have # SYT1(n) = #In(21) = 1. Regev [23] showed in 1981 that

# SYT2(n) = #In(321) =

(
n

bn/2c

)

and

# SYT3(n) = #In(4321) =

bn/2c∑
k=0

(
n

2k

)
ck,

where ck = 1
k+1

(
2k
k

)
are the Catalan numbers A000108, which we will discuss further in

Section 1.3.2. The numbers
(

n
bn/2c

)
are sometimes known as the central binomial coefficients

A001405 (although that name is frequently used for their subsequence
(

2n
n

)
A000984). The

numbers
∑bn/2c

k=0

(
n
2k

)
ck are the Motzkin numbers A001006, which we will discuss further in

Section 1.3.3.

Gouyou-Beauchamps [15] showed in 1989 that

# SYT4(n) = #In(54321) = cb(n+1)/2ccd(n+1)/2e

and

# SYT5(n) = #In(654321) = 6

bn/2c∑
k=0

(
n

2k

)
ck

(2k + 2)!

(k + 2)!(k + 3)!
.

These are the sequences A005817 and A049401, respectively. In 1990, Gessel [12] found

generating functions in terms of hyperbolic Bessel functions of the first kind, which can be

used to find explicit formulas for larger cases like A007579, A007578, and A007580.

12
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In Sections 3.1.2 and 3.3.3 we will generalize the formulas for # SYT2(n) and # SYT3(n)

to skew Young tableaux and refine them by the number of odd columns.

1.3 Lattice paths

In Section 1.3.1, we will introduce Young words and Young paths. In Section 1.3.2, we

will discuss the special cases of ballot paths and Dyck paths. Finally, in Section 1.3.3, we

will discuss Motzkin paths, which will provide a combinatorial interpretation of orthogonal

polynomials, as we will see in Section 1.4.

1.3.1 Young words

Definition 1.3.1. A Young word is a finite word in the alphabet P such that in any initial

segment, no letter i ∈ P appears more frequently than a smaller letter j < i. A skew Young

word is a word µω1ω2 · · ·ωn whose first letter µ = (µ1, µ2, . . . , µd) is a partition, and whose

remaining letters ω1ω2 · · ·ωn are in P, such that 1µ12µ2 · · · dµdω1ω2 · · ·ωn is a Young word.3

Given a Young tableau (S, L) ∈ SYT(n), we associate it with the Young word ω1 · · ·ωn ∈

P∗ where ωi is the row in S that has label i. For example, 1121231 and 1213423 are the

words corresponding to
1 2 4 7
3 5
6

and
1 3
2 6
4 7
5

, respectively.4 Similarly, the skew words (2, 1)1231

and (2, 1, 1)423 correspond to
1 4

2
3

and 2
3

1

, respectively.

Proposition 1.3.2. This gives a correspondence between skew Young tableau and skew

Young words.

3Using parentheses to indicate a skew part in our skew words should not be ambiguous, even though we
may write (12)3 = 121212, we would not write (2)2213 except to indicate a skew part (2) = (2, 0, 0, . . .).

4Our examples will be small, so our notation does not require double digit numbers.

13
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Young words appear in the literature under many different names, including Yamanouchi

words, ballot words, lattice words, and lattice permutations. We prefer the term Young word

because we will frequently talk about a Young tableaux and its corresponding Young word

and vice-versa, without explicitly referencing the map between them.

Proposition 1.3.3. We make the following observations about Young words.

(1) (Initial Segments) Any initial segment of a Young word is a Young word.

(2) (Concatenation) The concatenation of any Young words is also a Young word.

(3) (Prime Factorization) Every Young word has a unique factorization into the concate-

nation of a sequence of prime Young words, each of which cannot be written as the

concatenation of two nontrivial Young words.

Proof. Both 1 and 2 follow directly from the definition of Young word. Item 3 is not

hard to prove directly. It also follows immediately from [14, Lemma 3], because 1 implies

Schützenberger’s criterion [30,34].

Definition 1.3.4. A lattice path in Zd of length n can be defined either as

• a sequence of vertices v0, . . . , vn ∈ Zd, with corresponding steps s1, . . . , sn ∈ Zd

defined by the differences si = vi − vi−1, or

• an initial vertex v0 and a sequence of steps s1, . . . , sn ∈ Zd, with corresponding vertices

defined by the partial sums vi = v0 +
∑i

j=1 sj.

We often want to enumerate lattice paths with a fixed initial vertex v0 and steps restricted

to some set S. In this case, we will also say the lattice path is the word s1 · · · sn ∈ S∗.
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Definition 1.3.5. Define the unit vectors ε1, ε2, . . . by εi = (δi1, δi2, . . .) where δii = 1 and

δij = 0 for i 6= j. A skew Young path in Nd is a lattice path with steps in {ε1, ε2, . . .}

where each vertex v = (x1, . . . , xd) satisfies x1 ≥ x2 ≥ · · · ≥ xd. Note that this region, as

a poset, is exactly Young’s lattice. A Young path is a skew Young path starting at the

origin.

Definition 1.3.6. A skew Young word µω1 · · ·ωn for a skew Young tableau with at most

d rows corresponds to the skew Young path starting at v0 = (µ1, . . . , µd) ∈ Zd with steps

εω1 , . . . , εωn .

1.3.2 Ballot paths and Dyck paths

Given a Young tableau with at most two rows, say of shape (k, i), its Young path is a lattice

path in N×N from (0, 0) to (k, i), using steps ε1 and ε2, that stays below the diagonal. We

will associate this Young word to a different lattice path using the correspondence

1↔ up step U = (1, 1)

2↔ down step D = (1,−1)
.

We call this lattice path a “ballot path”.

Definition 1.3.7. A ballot path is a lattice path on N × N starting at (0, 0) with steps

U = (1, 1) and D = (1,−1). See Figure 1.6 for an example. We let Ballot(k, i) denote the

set of ballot paths ending at (k + i, k − i) (which have k up steps and i down steps). The

height of a vertex in a ballot path is the second coordinate (the difference between the two

coordinates in the corresponding Young path).
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Thus, we have a correspondence

Ballot(k, i)↔ SYT2(k, i).

These are enumerated by the ballot numbers A009766, which we denote by bk,i:

bk,i := # Ballot(k, i) = # SYT2(k, i) =
k − i+ 1

k + 1

(
k + i

k

)
. (1.1)

See [25] for proofs of this formula.

The ballot numbers refine the central binomial coefficients
(

n
bn/2c

)
(A001405) we saw in

Section 1.2.4. ∑
k+i=n

bk,i =

(
n

bn/2c

)

Figure 1.6: The Young path and Ballot path corresponding to Young word 1121122212

Definition 1.3.8. A Dyck path of semilength n is a ballot path that ends at (2n, 0). See

Figure 1.7. That is, it has exactly n up steps and n down steps, and corresponds to a Young

tableau of shape (n, n). We write

Dyck(2n) := Ballot(n, n).
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Dyck paths are enumerated by the Catalan numbers A000108, which we denote by cn:

cn := # Dyck(2n) = # SYT2(n, n) =
1

n+ 1

(
2n

n

)
.

Figure 1.7: The 5 Dyck paths of semilength 3

Ballot paths have a natural decomposition into a sequence alternating between Dyck

paths and up steps. In particular, we decompose each ballot path in Ballot(n + k, n) by

isolating the last up steps to heights 1, 2, . . . , k. This gives us the unique decomposition in

Figure 1.8.

Figure 1.8: Decomposition of a ballot path

We thus have

Ballot(n+ k, n) =
⋃

2n0+2n1+···+2nk=2n

⋃
Y0∈Dyck(2n0)

· · ·
⋃

Yk∈Dyck(2nk)

Y0UY1U · · ·UYk

↔
⋃

2n0+2n1+···+2nk=2n

Dyck(2n0)×Dyck(2n1)× · · · ×Dyck(2nk).

We will let Dyck(k)(2n) denote the set of k-tuples of Dyck paths with total size 2n, so we

have a correspondence Ballot(n+ k, n)↔ Dyck(k+1)(2n) and we define

c(k)
n := # Dyck(k)(2n).

17
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Then we have

c(k)
n = bn+k−1,n =

k

n− k

(
2n+ k − 1

n

)
.

The Catalan number generating function C(x) =
∑

n∈N cnx
n satisfies C(x) = 1+xC(x)2,

because we can decompose a nonempty Dyck path Y as Y = UY ′DY ′′, where Y ′ and Y ′′

are Dyck paths. This formula can be solved to obtain the explicit formula

C(x) =
1−
√

1− 4x2

2x2
.

Note that we have

C(x)k =
∑
n∈N

c(k)
n xn

and ∑
n,k∈N

bn,kx
nyk =

C(x)

1− yC(x)
.

There are many other famous objects enumerated by Catalan numbers. Richard Stanley’s

book [33] on Catalan numbers lists over two hundred. A few examples are listed below.

(1) Nonnesting matchings of [2n], i.e., partitions of [2n] with all parts of size two and

no nestings {i, i′}, {j, j′} such that i < j < j′ < i′

(2) Noncrossing matchings of [2n], i.e., partitions of [2n] with all parts of size two and

no crossings {i, i′}, {j, j′} such that i < j < i′ < j′

(3) Full binary trees with n+ 1 leaves

(4) Ordered trees with n vertices

(5) Permutations avoiding any fixed pattern of length three

(6) Nonnesting partitions of [n]

18
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(7) Noncrossing partitions of [n]

We are particularly interested in (1) and (2) above, and we will describe their bijections

with Dyck paths.

Definition 1.3.9. We map Dyck paths of length 2n to nonnesting matchings of 2n as follows.

For k = 1, 2, . . . , n

Let i be the index of the kth up step

Let j be the index of the kth down step

Match i and j

Remark 1.3.10. Nonnesting matchings of [2n] correspond to involutions in In(321) with no

fixed points.

Example 1.3.11. The Dyck paths in Figure 1.7 correspond to the nonnesting matchings

(14)(25)(36), (13)(24)(56), (13)(25)(46), (12)(35)(46) and (12)(34)(56), respectively.

Definition 1.3.12. We map Dyck paths of length 2n to noncrossing matchings of 2n as

follows.

For k = 1, 2, . . . , n

Let i be the index of the kth up step, say between heights h, h+ 1

Let j be the index of the first down step not yet matched between heights h+

1, h

Match i and j

Example 1.3.13. The Dyck paths in Figure 1.7 correspond to the noncrossing matchings

(16)(25)(34), (14)(23)(56), (16)(23)(45), (12)(36)(45) and (12)(34)(56), respectively.

We will see in the next section that these have natural analogs for Motzkin paths. See [1]

for more general bijections with crossings and nestings.
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1.3.3 Motzkin paths

Definition 1.3.14. Motzkin paths of length n are lattice paths on N × N from (0, 0) to

(n, 0) with up steps U = (1, 1), down steps D = (1,−1), and flat steps F = (1, 0). See

Figure 1.9 for examples.

Figure 1.9: The 9 Motzkin paths of length 4

We write Motz(n) for the set of Motzkin paths of length n, and set

mn := # Motz(n).

These are the Motzkin numbers A001006.

The set of Motzkin paths with n up steps, n down steps, and ` flat steps is exactly the

set of Dyck paths of semilength n shuffled with ` flat steps. That is, removing the ` flat

steps from such a Motzkin path results in a Dyck path of semilength n. Also, inserting ` flat

steps anywhere in a Dyck path of semilength n results in such a Motzkin path. This gives

us the formula for Motzkin numbers

mn =

bn/2c∑
k=0

(
n

2k

)
ck,

which as we saw in Section 1.2.4, also enumerates SYT3(n).
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Many results for Dyck paths extend to Motzkin paths, such as our bijections with nonnest-

ing and noncrossing matchings.

Definition 1.3.15. Define the map Motz(n)
nn−→ In by s1s2 · · · sn

nn7−→ π where

π(i) =


j, such that sj is the kth up step if si is the kth down step

j, such that sj is the kth down step if si is the kth up step

i if si is a flat step.

(1.2)

Note that this is an extension of Definition 1.3.9 for Dyck paths. We can define a map

Motz(n)
nx−→ In analogously with Definition 1.3.12, but nn will be important in Section 3.2

so we will focus on it for now. See Figure 1.10 for an example.

Theorem 1.3.16. The map nn ia a bijection Motz(n)
nn−→ In(4321) on its image.

Proof. Note that an involution is a matching (as a permutation) shuffled with fixed points in

the same way a Motzkin path is a Dyck path shuffled with flat steps. This theorem follows

from Lemma 1.2.15 and the fact that Definition 1.3.9 is a bijection. See Figure 1.10.

1 2 3 4 5 6 7 8 9

Figure 1.10: An example of the map nn : FUFUUDFDD 7→ 163892745

We can refine the Motzkin numbers by keeping track of the number of flat steps to obtain

the numbers A055151, which are coefficients of the following polynomials (see Table 1.2).

mn(a) :=

bn/2c∑
k=0

an−2k

(
n

2k

)
ck

21
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n 0 1 2 3 4 5 6

mn(a) 1 a a2 + 1 a3 + 3a a4 + 6a2 + 2 a5 + 10a3 + 10a a6 + 15a4 + 30a2 + 5

Table 1.2: The Motzkin numbers refined by number of flats

In Chapters 2 and 3, we will enumerate objects using Motzkin numbers, with methods

we will outline in Section 1.4. Most of our results are refined with the polynomials mn(a),

so the Motzkin numbers and Catalan nunbers are natural special cases for a = 1 and a = 0.

We can obtain a formula for the Motzkin number generating function

M(a;x) :=
∑
n∈N

mn(a)xn

by decomposing a Motzkin path according to its first step (see Figure 1.11).

Figure 1.11: Decomposing a Motzkin path by its first step

We thus obtain

M(a;x) = 1 + axM(a;x) + x2M(a;x)2. (1.3)

which we can solve to obtain

M(a;x) =
1− ax−

√
1− 2ax+ (a2 − 4)x2

2x2
. (1.4)

Note that setting a = 0 gives us the generating function C(x2) = M(0;x) for Catalan

numbers, while setting a = 1 gives us the generating function M(1;x) for (unrefined) Motzkin

numbers.

Definition 1.3.17. Riordan paths are Motzkin paths with no flat steps at height zero.

Riordan paths are enumerated by the Riordan numbers A005043.
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We can obtain the generating function for Riordan numbers similarly, as

R(a;x) = 1 + x2M(a;x)2.

Before we move on, we will define Motz(k)(n) and m
(k)
n (a) analogously to Dyck(k)(2n) and

c
(k)
n , which we will need for the upcoming sections.

Definition 1.3.18. Define

Motz(k)(n) :=
⋃

n1+···+nk=n

Motz(n1)× · · · ×Motz(nk)

and

m(k)
n (a) =

∑
Motz(k)(n)

a#F ,

so M(a;x)k =
∑

n∈Nm
(k)
n (a)xn.

1.4 Orthogonal polynomials

1.4.1 Definitions

Definition 1.4.1. A polynomial sequence is a sequence of polynomials (πn)n∈N such that

deg(πn) = n.

Definition 1.4.2. A polynomial sequence (πn)n∈N is called pseudo-orthogonal with re-

spect to an inner product 〈 , 〉 if, for n, k ∈ N,

〈πn, πk〉 = 0 if n 6= k.

Definition 1.4.3. Given a pseudo-orthogonal polynomial sequence (πn)n∈N with respect to
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〈 , 〉 in the variable u, we call u an umbra. We define the corresponding linear functional U

on any polynomial q in the variable u by

U(q) = 〈q, 1〉,

and we call the sequence

(un)n∈N, where un := U(un),

the moment sequence.

Proposition 1.4.4. An inner product 〈 , 〉, its corresponding linear functional U, and its

corresponding moment sequence (un)n∈N are each uniquely determined by any one of the

others.

Thus we will say a polynomial sequence is pseudo-orthogonal with respect to either an

inner product, a linear functional, or a moment sequence. We prefer to talk about pseudo-

orthogonality with respect to a linear functional U, defined by a moment sequence. That is,

we will start with a moment sequence (un)n∈N and define our linear functional by

U : un 7→ un.

Symbolically, U looks like a superscript-to-subscript operator, from the nth power of a formal

variable to the nth term in a corresponding sequence. Classical techniques with this kind

of operator were developed as the umbral calculus before they were formalized. See [13] for

classical umbral calculus techniques. We will give a combinatorial interpretation to linear

functionals in Section 1.4.2.

Proposition 1.4.5.

(1) A polynomial sequence (πn)n∈N is pseudo-orthogonal with respect to a linear functional
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U : un 7→ un iff it is pseudo-orthogonal with respect to the linear functional cU : un 7→

cun for a nonzero constant c.

(2) The polynomial sequences (πn)n∈N and (cnπn)n∈N, for nonzero constants c0, c1, . . . have

the same moment sequence.

We now come to one of the key results for orthogonal polynomials and moments.

Theorem 1.4.6. Given a sequence (un)n∈N, there is a unique monic polynomial sequence

(πn)n∈N which is pseudo-orthogonal with respect to the moments (un)n∈N.

Definition 1.4.7. A polynomial sequence (πn)n∈N in the variable u is called orthogonal

with respect to a linear functional U : u 7→ un if, for n, k ∈ N,

πnπk
U7−→ 0 iff n 6= k.

That is, orthogonality is pseudo-orthogonality together with U(π2
n) = 〈πn, πn〉 6= 0

Theorem 1.4.8 (Favard). If (πn)n∈N is a monic polynomial sequence in u, then it is orthog-

onal iff

πn =


1 if n = 0

u− β0 if n = 1

(u− βn−1)πn−1 − γn−1πn−2 if n ≥ 2

(1.5)

for some sequences (βn)n∈N and (γn)n∈P where each γn 6= 0.

Note 1.4.9. Linear functionals provide an elegant language to express our results, but we

could also describe many of our results in the language of Hadamard products (as in [19])

or the Ω operator (which removes all terms in a formal power series with negative powers in

a certain indeterminate).
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1.4.2 Motzkin path interpretation

The combinatorial theory of orthogonal polynomials was developed by Viennot and Flajo-

let [9, 10, 36]. It allows us to interpret the moments of any orthogonal polynomials through

the continued fraction expansion of the moment generating function as Motzkin paths with

up and flat steps weighted according to their height.

Definition 1.4.10. For a Motzkin path s1s2 · · · sn ∈ Motz(n), define the weight of a step

by

w(si) =


βh if si is a (flat) step from height h to height h

γh if si is a (down) step from height h to height h− 1

1 if si is an up step.

Define the weight of the path by w(s1s2 · · · sn) = w(s1)w(s2) · · ·w(sn), as in Figure 1.12.

λ1 β0

β1
λ2

λ1

Figure 1.12: A Motzkin path Z with w(Z) = β0β1λ
2
1λ2

Theorem 1.4.11. If (πn)n∈N is an orthogonal polynomial sequence with (βn)n∈N and (γn)n∈N

as in Theorem 1.4.8, then the moments (un)n∈N are given by

un =
∑

Z∈Motz(n)

w(Z).
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We can write out the generating function for the moments as a continued fraction.

∑
n∈N

unz
n =

1

1− β0z −
γ1z

2

1− β1z −
γ2z

2

1− β2z −
γ3z

2

. . .

(1.6)

Theorem 1.4.12. We can enumerate Motzkin paths starting with up steps and ending with

down steps using a product of orthogonal polynomials as in

πkπiu
n U7−→

∑
Z∈MotzU

k;D i
(n)

w(Z), (1.7)

where MotzU
k;D i

(n) denotes the set of Motzkin paths of the form U kω1 · · ·ωnD i ∈ Motz(n+

k + i).

In particular, note that Theorem 1.4.12 gives us a combinatorial interpretation for or-

thogonality: πkπi = 0 iff k 6= i, since MotzU
k;D i

(0) is empty unless k = i.

In the next section we will focus on a particular sequence of orthogonal polynomials and

describe a combinatorial interpretation. We will prove several results in the remainder of

this chapter similar to Theorem 1.4.12 for the case of our specific orthogonal polynomials.

1.4.3 A variant of the Chebyshev polynomials

Definition 1.4.13. Let M be the linear functional on the umbra m whose moments are the

refined Motzkin numbers mn(a). That is,

M : mn 7→ mn(a).
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We will also use the special cases

M0 : mn 7→ mn(0) =

cn/2 if n is even

0 otherwise

and

M1 : mn 7→ mn(1).

Setting βi = a and γi = 1 in Theorems 1.4.8 and 1.4.11, we obtain the monic orthogonal

polynomials pn = pn(a;m) with respect to M : mn 7→ mn(a), as in Table 1.3, which satisfy

pn =


1 if n = 0

m− a if n = 1

(m− a)pn−1 − pn−2 if n ≥ 2.

(1.8)

p0 1
p1 −a+ m
p2 a2 − 1− 2am + m2

p3 −a3 + 2a+ (3a2 − 2)m− 3am2 + m3

p4 a4 − 3a2 + 1 + (−4a3 + 6a)m + (6a2 − 3)m2 − 4am3 + m4

p5 −a5 + 4a3 − 3a+ (5a4 − 12a2 + 3)m + (−10a3 + 12a)m2 + (10a2 − 4)m3 − 5am4 + m5

Table 1.3: The orthogonal polynomials pn(a;m) whose moments are mn(a)

We can use this three-term recurrence to construct the generating function.

P (x) = P (a,m;x) :=
∑
n≥0

pn(a;m)xn =
1

1−mx+ ax+ x2
(1.9)

These polynomials are related to the Chebyshev polynomials of the second kind by

pn(a;m) = U(n, (m− a)/2).

The coefficients of pn(1;m) are also known as the inverse Motzkin triangle numbers A104562

(see Table 1.4).
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p0 1
p1 −1 + m
p2 −2m + m2

p3 1 + m− 3m2 + m3

p4 −1 + 2m + 3m2 − 4m3 + m4

p5 −4m + 2m2 + 6m3 − 5m4 + m5

p6 1 + 2m− 9m2 + 10m4 − 6m5 + m6

p7 −1 + 3m + 9m2 − 15m3 − 5m4 + 15m5 − 7m6 + m7

Table 1.4: The orthogonal polynomials pn(1;m) whose moments are mn(1)

Example 1.4.14. Observe that p2p3 = m5−5m4 + 7m3−m2−2m (for a = 1), and applying

the our functional gives us p2p3
M17−−→ m5 − 5m4 + 7m3 −m2 − 2m1, which we know is zero

by orthogonality, and can easily verify (21) − 5(9) + 7(4) − (2) − 2(1) = 0. The power of

the umbra is that it allows us to work with polynomials like p3 = 1 + m− 3m2 + m3, which

are simply weighted enumerations of sequences. Through the linear functional, we can then

draw conclusions about linear combinations of Motzkin numbers like m0 +m1 − 3m2 +m3.

1.4.4 Cancellation of flats and peaks

In this section we will describe our combinatorial interpretation for orthogonal polynomials

with respect to the linear functional M. We will give several results that lay the groundwork

for our combinatorial interpretations in later sections and chapters.

Our polynomial generating function
∑

n∈N pn(a;m)xn = (1−mx+ax+x2)−1 enumerates

all sequences of monominoes weighted m or −a, and dominoes weighted −1. We call these

objects “blanks” m , negative flats F , and negative peaks UD , respectively. We will denote

this set PSeq = Seq(m ,F ,UD ) as follows and we’ll draw its elements as in Figure 1.13.
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Definition 1.4.15. Define PSeq =
⋃
n∈N

PSeqn where

PSeqn := {s1s2 · · · sn : for i ∈ [n], si ∈ {m ,F ,U ,D }, si = U iff si+1 = D , s1 6= D }.
(1.10)

−a
?

m

?

m
−1
−a

?

m

Figure 1.13: The element FmmUDFm ∈ PSeq has length 7 and weight −m3

This interpretation gives a formula for pk(a,m).

pk(a;m) =

bk/2c∑
i=0

(
k − i
i

) k−2i∑
j=0

(
k − 2i

j

)
(−1)k−i−jak−2i−jmj (1.11)

The coefficients of pn(0;m) are then given by

pk(0;m) =

bk/2c∑
`=0

(−1)`
(
k − `− 1

`

)
mk−2`. (1.12)

We call the objects denoted by our umbra m blanks because we can interpret the linear

functional mn M7−→ mn as “filling in the blanks” with a Motzkin path of appropriate size. The

umbra provides an efficient way to express this operation, which we will now define.

Definition 1.4.16. Given some S = s1 · · · sn ∈ PSeqn with k blanks m and some Z =

z1 · · · zk ∈ Motz(k), define

S n Z := r1 · · · rn

where

ri :=

zj, if si = m is the jth m in s1 · · · sn
si, if si 6= m .

30



CHAPTER 1. INTRODUCTION

We will abuse our notation and use the symbol M for our combinatorial interpretation of

our linear functional M. For S ∈ PSeqn, define

M(S) :=
⋃

Z∈Motz(k)

S n Z,

where k is the number of blanks in S. We then extend this to sets Q ⊂ PSeq by

M(Q) :=
⋃
S∈Q

M(S).

Note that because our alphabet for PSeqn and Motz(k) are distinct, there are no multi-

plicities. We can recover S from S n Z by simply replacing every U , D , and F with an m .

In particular, we have the following.

Lemma 1.4.17. M(PSeq) is the set of all Motzkin paths with some flats marked as negative

flats and some peaks marked as negative peaks.

Proof. A Motzkin path with flats and peaks inserted is still a Motzkin path. That is, given

S ∈ PSeq, it follows from the definition that SnZ is a Motzkin paths with some flats marked

as negative flats and some peaks marked as negative peaks. Similarly, a Motzkin paths with

some flats marked as negative flats and some peaks marked as negative peaks is S n Z for

some unique S and Z. In particular, S is the path with steps U , D , and F all replaced with

m , and Z is the path with the negative flats and peaks removed.

The key fact in this proof is that we can insert or remove flats and peaks anywhere in a

Motzkin path and it will still be a Motzkin path.

Note 1.4.18. This approach would not work for Schröder paths, which are like Motzkin paths

except their flat steps are twice as long. The length of a Schröder path and the number of
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steps are not the same A flat step has length 2 but a peak or flat cannot be inserted into

the middle of it.

Lemma 1.4.19. Our map M applied to S ∈ PSeq corresponds to our linear functional M

on our usual weights. That is, given S ∈ PSeqn with k blanks weighted m, i negative flats

weighted −a, and j negative peaks weighted −1, the set M(S) enumerated with negative flats

weighted −a, flats weighted a, and negative peaks weighted −1 is exactly

M((−1)i+jaimk) = (−1)i+jaimk(a).

Proof. This follows from the fact that S n Z is the product of the weights of S and Z with

m k removed. Summing over Z ∈ Motz(k), which is enumerated by mk(a), gives us our

result.

For example, in Figure 1.14 we see that

M(FmmUDFm ) = {FFUUDFD ,

FUFUDFD ,

FUDUDFF ,

FF FUDFF }

which is a combinatorial interpretation of

−a2m3 M7−→ −a2m3(a) = −a2(3a+ a3).

Definition 1.4.20. Given T,K ⊆ P, define an involution ηT,K on M(PSeq) as follows. If

there exists an i ∈ T such that ri ∈ {F ,F } or an i ∈ K such riri+1 ∈ {UD ,UD }, let i be
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Figure 1.14: M(FmmUDFm ) “fills in the blanks” as in Definition 1.4.16

minimal and define

ηT,K(r1 · · · rn) :=


r1 · · · ri−1F ri+1 · · · rn, if ri = F

r1 · · · ri−1F ri+1 · · · rn, if ri = F

r1 · · · ri−1UD ri+2 · · · rn, if riri+1 = UD

r1 · · · ri−1UD ri+2 · · · rn, if riri+1 = UD

(1.13)

Otherwise, set

ηT,K(r1 · · · rn) := r1 · · · rn.

We write ηM = ηP,P.

Definition 1.4.21. Given T,K ⊆ P, define ιT,K : 2M(PSeq) → 2M(PSeq), where 2A = {B ⊆ A}

is the power set of A, by

ιT,K(R) := {R ∈ R : ηT,K(R) = R or ηT,K(R) /∈ R}

Lemma 1.4.22. If R ⊆M(PSeq) is closed under ηT,K, then ιT,K(R) and R have the same
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weighted enumeration.

Proof. This follows from the fact that R and ηT,K(R) have the same weights, except for

opposite signs if they are distinct. The map ιT,K corresponds to cancellation of their terms

in the weighted enumeration.

We now come to our main theorem of this section. This theorem gives us a combinatorial

interpretation of the linear functional M as “filling in the blanks” and then canceling certain

elements with opposite signs by the involution ηM.

Definition 1.4.23. Given sets T ⊂ [n] and K ⊂ [n− 1], define

PSeqn(T,K) := {s = s1s2 . . . sn ∈ PSeqn :

si = F =⇒ i ∈ T, and sjsj+1 = UD =⇒ j ∈ K}. (1.14)

That is, PSeqn(T,K) is the subset of PSeqn with indices of negative flats and negative peaks

restricted by T and K, respectively.

Theorem 1.4.24.

ιT,K(M(PSeqn(T,K))) = {Z ∈ Motz(n) : i ∈ T =⇒ zi 6= F and j ∈ K =⇒ zjzj+1 6= UD }

Moreover, our weighted enumerations of M(PSeqn(T,K)) and ιM(M(PSeqn(T,K))) are

equal.

Proof. Note that M(PSeqn(T,K)) is closed under ηT,K and ιT,K removes exactly the elements

with flats at indices in T and peaks at indices in K.
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1.4.5 Motzkin paths starting with up steps

In this section we will give several applications of Theorem 1.4.24. Recall the definition of

P (x) from (1.9).

Corollary 1.4.25. Setting T = [n] and K = [n− 1], we have

PSeqn = PSeqn(T,K)
ιT,K◦M7−−−−→

Motz(0), if n = 0

∅, otherwise,

Proof. If we simply take all sequences in PSeqn, applying ιT,K ◦M enumerates Motzkin paths

with no peaks or flats, of which there is only one (the empty path).

Thus,

pn
M7−→

1, if n = 0

0, otherwise

and P (x)
M7−→ 1.

Corollary 1.4.26. Setting T = [n+ k] and K = [n+ k − 1] \ {n}, we have

PSeqn ·PSeqk = PSeqn+k(T,K)
ιT,K◦M7−−−−→

{U nD k}, if n = k

∅, otherwise.

Proof. If we look at products AB of sequences A ∈ PSeqn, B ∈ PSeqk, we get almost all

of PSeqn+k, except that we can’t have a negative peak straddling the delimiter. Applying

ιM ◦M enumerates Motzkin paths (really Dyck paths) with no flats and at most a single

peak (at n), i.e., those of the form U nD k (which implies n = k, see figure 1.15).
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This gives us a combinatorial proof of orthogonality,

pnpk
M7−→

1, if n = k

0, otherwise.

Or, with generating fucntions,

P (x)P (y)
M7−→ 1

1− xy
. (1.15)

· · ·

Figure 1.15: Motzkin paths U nD k, enumerated by M(pnpk)

In Corollary 1.4.26 we enumerated Motzkin paths of length n+ k with no flats or peaks

in the first n or last k places. The only cases are U nD k for n = k. If we set n = k and

enumerate Motzkin paths with no flats peaks or peaks in only the first n places, we get the

same paths U nD n.

Corollary 1.4.27. Setting T = [n] and K = [n− 1], we have

PSeqn ·mn = PSeq2n(T,K)
ιT,K◦M7−−−−→ {U nD n}

Proof. In a Motzkin path with n up steps followed by n steps, the latter n steps must be

down steps.

So we have a combinatorial proof that

pnm
n M7−→ 1, (1.16)
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or with generating functions,

P (mx)
M7−→ 1

1− x
. (1.17)

This is a special case of the following Corollary.

Corollary 1.4.28. Setting T = [k] and K = [k − 1], we have

PSeqk ·mn = PSeqk+n(T,K)
ιT,K◦M7−−−−→ MotzU

k

(n)

where MotzU
k

(n) denotes the set of Motzkin paths of length k + n starting with U k.

Proof. By Theorem 1.4.24, applying ιT,K ◦ M to PSeqk ·mn = PSeqk+n(T,K) gives all

Motzkin paths with no flats or peaks within the first k steps. The only possibility is for

the first k steps to all be up steps.

For any Motzkin path ω ∈ MotzU
k

(n), there is a unique decomposition

ω = U kω0Dω2D . . .Dωk

where each ω0, . . . , ωk is a Motzkin path, obtained by cutting around the last down steps

from heights k, . . . , 1 (see Figure 1.16).

Figure 1.16: Decomposition of a Motzkin path starting with k up steps

Lemma 1.4.29. This decomposition gives a bijection

MotzU
k

(n)↔ Motz(k+1)(n− k). (1.18)
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And so

pk(a;m)mn M7−→ m
(k+1)
n−k (a). (1.19)

We can write the generating function as

P (y)

1−mx
=
∑
k,n∈N

pkm
nykxn

M7−→
∑
k,n∈N

m
(k+1)
n−k (a)ykxn

=
∑
k∈N

M(a;x)k+1(xy)k =
M(a;x)

1− xyM(a;x)
. (1.20)

Note that there are many terms in P (y)/(1−mx) with a higher power of y than x, which

our functional sends to zero. This corresponds to the identity pkm
n M7−→ 0 when k > n.In

our combinatorial interpretation, this identity corresponds to counting Motzkin paths which

begin with k up steps and then have fewer than k remaining steps, which is impossible. We

can avoid these terms by throwing in an extra weight of m for every y, as follows.

P (my)

1−mx
=
∑
k,n

pkm
n+kykxn

M7−→
∑
k

M(a;x)k+1yk =
M(a;x)

1− yM(a;x)
(1.21)

It will be more useful for us to work with this version.

pk(a;m)mn+k M7−→ m(k+1)
n (a). (1.22)

We can write out powers of the Motzkin generating function as a linear combination of

Motzkin numbers, and obtain an explicit formula with (1.11).

m(k+1)
n (a) =

bk/2c∑
i=0

(
k − i
i

) k−2i∑
j=0

(
k − 2i

j

)
(−1)k−i−jak−2i−jmn+k+j(a)
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1.4.6 Cancellation of peaks and flats in subintervals

Theorem 1.4.30. For any fixed n0 + n1 + · · ·+ n` = n, k1 + · · ·+ k` = k (ni ∈ N, ki ∈ P),

we can find T , K, such that

PSeqn+k(T,K) = mno · PSeqk1 ·m
n1 · PSeqk2 ·m

n2 · · ·PSeqk` ·m
n` .

In particular, recalling our notation [k, n] = {k, k + 1, . . . , n},

T = [n0, n0 + k1− 1]∪ [n0 + k1 +n1, n0 + k1 +n1 + k2− 1]∪ · · · ∪ [n+ k−n`− k`, n+ k−n`],

K = T \ {n0 + k1 − 1, n0 + k1 + n1 + k2 − 1, . . . , n+ k − n`}.

Then ιT,K ◦M(PSeqn+k(T,K)) is the set of all Motzkin paths in Motz(k + n) without flats

at positions in T and without peaks at positions in K.

Proof. This follows from Theorem 1.4.24.

We can enumerate the set PSeqn+k(T,K), with our usual weights as

∑
PSeqn+k(T,K)

(−a)#F (−1)#UDm#m = mn0pk1m
n1pk2m

n2 · · · pk`mn`

= pk1pk2 · · · pk`mn.

And so

pk1pk2 · · · pk`mn M7−→
∑

ιT,K◦M(PSeqn+k(T,K))

a#F

enumerates the set of all Motzkin paths in Motz(k + n) without flats at positions in T and

without peaks at positions in K. In particular, note that this does not depend on the specific

n0, n1, . . . , n`, only their sum n.
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We particularly care about the case n0 = · · · = n`−1 = 0, n` = n, which gives Motzkin

paths of length k1 + · · ·+ k` + n without flats in the first k1 + · · ·+ k` positions and without

peaks in the first k1 + · · · + k` − 1 positions, except for possible peaks at k1, k1 + k2, . . . ,

k1 + · · ·+ k`−1. See Figure 1.17 for an example with ` = 3.

Moreover, in the case n = 0, we get Dyck paths with peaks only allowed at the positions

k1, k1 + k2, . . . , k1 + · · ·+ k`−1.

k1

k2

k3
n

Figure 1.17: Applying our functional to pk1pk2pk3m
n

Let MotzU
iD kU j−k

(n) denote the set of Motzkin paths that start with U iD kU j−k and

have n additional steps, so ∪min(i,j)
k=0 MotzU

iD kU j−k

(n) is the set of Motzkin paths of length

i+ j + n with no flats or peaks in the first i+ j steps, except a possible peak across steps i

and i+ 1. Let MotzU
i;D j

(n) denote the set of Motzkin paths of length i+ n+ j which start

with i up steps and end with j down steps. Then using Theorem 1.4.30, we see that applying

ιT,K ◦M to PSeqi ·PSeqj ·mn and PSeqi ·mn ·PSeqj (with T , K defined appropriately in each

case) gives ∪min(i,j)
k=0 MotzU

iD kU j−k

(n) and MotzU
i;D j

(n), respectively. In particular, both are

enumerated by M(pipjm
n).

Definition 1.4.31. Given Z = U iD kU j−kω1 · · ·ωn ∈ MotzU
iD kU j−k

(n), choose the minimal

` such that U j−kω1 · · ·ω` is a Moztkin path. We then define

ϕ(Z) = U iω1ω2 · · ·ω`ω̄nω̄n−1 · · · ω̄`+1D
j
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where

ω̄` =


U if ω` = D

D if ω` = U

F if ω` = F .

Lemma 1.4.32. This ϕ is a bijection

∪min(i,j)
k=0 MotzU

iD kU j−k

(n)
ϕ−→ MotzU

i;D j

(n).

Moreover, for each k it restricts to a bijection between MotzU
iD kU j−k

(n) and the set of

Motzkin paths in MotzU
i;D j

(n) whose smallest height between the first i up steps and last

j down steps is k.

Proof. This follows from the fact that each has a unique decomposition (for minimal k) of

the form U iD kU j−kω1 · · ·ωn and U iω1ω2 · · ·ω`ω̄nω̄n−1 · · · ω̄`+1D
j, respectively.

There is a simple bijection MotzU
iD kU j−k

(n)→ MotzU
i+j−2k

(n) obtained by dropping the

first k up steps and the first k down steps. Thus we have

M(pipjm
n) =

min(i,j)∑
k=0

M(pi+j−2km
n) =

min(i,j)∑
k=0

m
(i+j−2k+1)
n−i−j+2k (a),

or

P (x)P (y)
1

1−mz

M7−→ 1

1− xy
M(z)

(1− xM(z))(1− yM(z))
.

Example 1.4.33. Recall M0 : mn 7→ mn(0). For a = 0,

pipjpk
M07−−→

∑
`

# DyckU iD `U j−`U k

(0)

I claim that ∪` DyckU iD `U j−`U k

(0) is nonempty iff i, j, k have even sum and form the sides

of a triangle (i.e., i + j ≥ k, i + k ≥ j, j + k ≥ i), in which case there is a unique element
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with ` = j+i−k
2

. As a special case,

P (x)3 M07−−→
∑
n

(#triangle triples with perimeter 2n)x2n

Example 1.4.34. We can enumerate Dyck paths of length 2n with no peaks at odd-even

(or even-odd) pairs of indices using m2n M07−−→ m2n(0) = cn and p2(0;x) = (m2 − 1).

(1) To enumerate Dyck paths of length 2n avoiding odd-even peaks, apply M0 to (m2 −

1)n. These numbers are in fact the familiar Riordan numbers rn (A005043), and our

enumeration gives us the identity

rn =
n∑
i=0

(−1)n−i
(
n

i

)
ci.

There is a simple bijection with Riordan paths; just send odd-even pairs UU → U ,

DD → D , and DU → F .

(2) To enumerate Dyck paths of length 2n avoiding even-odd peaks, apply M0 to m2(m2−

1)n. These numbers are in fact the familiar Motzkin numbers mn (A001006), and our

enumeration gives us the identity

mn =
n∑
i=0

(−1)n−i
(
n

i

)
ci+1.

There is a simple bijection with Motzkin paths; just send even-odd pairs UU → U ,

DD → D , and DU → F as before, and simply remove the initial U and final D .

More generally, Dyck paths of length 2n with peaks allowed only at r mod d are enu-

merated by M0(prp
q
dpr′) where 2n− r = qd+ r′, r′ < d.

Before we conclude this chapter, we need one more observation for our later results.
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Proposition 1.4.35. For k, ` ∈ N, and using the convention p−1 = 0,

pk+` = pkp` − pk−1p`−1.

Or with generating functions,

∑
k,`∈N

pk+`x
ky` = P (x)(1− xy)P (y).

Proof. A sequence ω ∈ PSeq of length k + ` is either a concatenation ω = ω1ω2 where

ω1, ω2 ∈ PSeq, #ω1 = k, and #ω2 = `, or it cannot be written in this way because of

a negative peak, and so is of the form ω = ω1UDω2 where ω1, ω2 ∈ PSeq, #ω1 = k − 1,

and #ω2 = ` − 1. Note that a negative peak contributes a weight of −1, and our result

follows.
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Flawed Motzkin paths

In this chapter we will discuss the classic Chung-Feller theorem, which states that the number

of flawed Dyck paths of semilength n with a fixed number of flaws (steps below zero) is given

by the Catalan number cn. This gives a direct combinatorial interpretation of the formula

cn = 1
n+1

(
2n
n

)
. We will look at an analog for Motzkin paths found by Eu, Liu, and Yeh.

Their result states that the number of flawed Motzkin paths of length n with a fixed number

of flaws can be expressed as a linear combination of Motzkin numbers. We will give a

generalization that unifies the classic Chung-Feller theorem and the Motzkin path analog.

In particular, we will give a combinatorial proof using orthogonal polynomials. This leads to

a combinatorial interpretation for the coefficients in Eu, Liu, and Yeh’s linear combinations

of Motzkin numbers, and a refinement to the polynomials mn(a).

2.1 The Chung-Feller theorem

Definition 2.1.1. A flawed Dyck path of semilength n (length 2n) is a lattice path on

N × Z with exactly n steps U = (1, 1) and n steps D = (1,−1). These generalize Dyck

44



CHAPTER 2. FLAWED MOTZKIN PATHS

paths, but unlike Dyck paths they are allowed to have negative height. Flawed Dyck paths

are also known as free Dyck paths and grand Dyck paths in the literature [2, 5]. A step si

of a Dyck path s1s2 . . . s2n is called a flaw if either s1s2 . . . si−1 or s1s2 . . . si−1si has more

D ’s than U ’s. Equivalently, a flaw is a step si either from or to a vertex of negative height.

Thus, Dyck paths are flawed Dyck paths with no flaws.

We denote the set of flawed Dyck paths of semilength n by FDyck(2n). Note that

# FDyck(2n) =

(
2n

n

)

and

# Dyck(2n) =
1

n+ 1

(
2n

n

)
.

The Chung-Feller theorem gives a nice combinatorial interpretation of this relationship.

It was originally proven by MacMahon [22] and later by Chung and Feller [3].

Theorem 2.1.2 (MacMahon 1909 [22], Chung and Feller 1949 [3]). For 0 ≤ ` ≤ n, the

number of flawed Dyck paths with 2n steps and 2` flaws is independent of ` (and thus equal

to the Catalan number cn).

Note that Dyck paths have the same number of up and down steps, and flawed Dyck

paths have the same number of flawed up and flawed down steps and the same number of

non-flawed up and non-flawed down steps. So the general case is 2n steps and 2` flaws.

We will prove the Chung-Feller Theorem using a bijection between flawed Dyck paths and

certain marked Dyck paths, as in [7]. The bijection is straightforward to see from Figures 2.1

and 2.2.

Definition 2.1.3. Let FDyck(2n, 2`, 2k) denote the set of flawed Dyck paths of length 2n

with 2` flaws and 2k steps between heights 0 and -1. For Y ∈ FDyck(2n, 2`, 2k), define the
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decomposition map for flawed Dyck paths

Dycomp : FDyck(2n, 2`, 2k)→ Dyck(k+1)(2n− 2`)×Dyck(k)(2`− 2k)

as follows. Take the decomposition defined on Y by isolating each of the 2k steps U and D

between heights 0 and -1. That is, say

Y = ∆0D∇1U∆1D∇2U∆2 · · ·D∇kU∆k (2.1)

where each of the U ’s and D ’s isolated above are between heights 0 and -1 (see Figure 2.1).

Observe that each of ∆0, . . . ,∆k is a Dyck path on its own (it starts and ends at height 0

and has no flaws). Also, each of ∇1, . . . ,∇k is an upside-down Dyck path, i.e., a flawed

Dyck path where every step is a flaw, on its own (within Y it starts and ends at height -1

and cannot go above -1). Then define our map by

Dycomp(Y ) = (∆0,∆1, . . . ,∆k, ∇̄1, . . . , ∇̄k)

where ∇̄j denotes the Dyck path corresponding to the upside-down Dyck path ∇j (by swap-

ping U ’s and D ’s).

Figure 2.1: Decomposing a flawed Dyck path by its steps between −1 and 0

Lemma 2.1.4. The map Dycomp is a bijection.

Proof. This follows immediately from the fact that this is a unique decomposition into parts,

and that assembling arbitrary Dyck paths and upside-down Dyck paths as in (2.1) results in

a flawed Dyck path of appropriate size. See Figure 2.1.
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This gives us the formula

# FDyck(2n, 2`, 2k) = c
(k+1)
n−` · c

(k)
`−k.

Definition 2.1.5. Let Dyck∗(2n, 2`, 2k) denote the set of Dyck paths of length 2n with a

marked vertex at (`− k, k) which is either the origin (0, 0) or else immediately following an

up step. For Y ∈ Dyck∗(2n, 2`, 2k), define the decomposition map for marked Dyck paths

Dycomp∗ : Dyck∗(2n, 2`, 2k)→ Dyck(k+1)(2n− 2`)×Dyck(k)(2`− 2k)

as follows. Take the decomposition defined on Y ∗ by isolating each of the k last up steps to

heights 1, . . . , k before the marking and each of the k first down steps from heights k, . . . , 1

after the marking. That is, say

Y ∗ = ∇̄1U ∇̄2U · · · ∇̄kU ∗∆kD∆k−1 · · ·D∆1D∆0 (2.2)

where each of the U ’s and D ’s are as described above (see Figure 2.2). Observe that each

of ∇̄1, . . . , ∇̄k and ∆0, . . . ,∆k is a Dyck path on its own Then define our map by

Dycomp∗(Y ) = (∆0,∆1, . . . ,∆k, ∇̄1, . . . , ∇̄k).

Figure 2.2: Decomposition of a marked Dyck path

Lemma 2.1.6. The map Dycomp∗ is a bijection.
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Proof. This follows immediately from the fact that this is a unique decomposition into parts,

and that assembling arbitrary Dyck paths ∇̄1, . . . , ∇̄k,∆0, . . . ,∆k as in (2.2) results in a

marked Dyck path of appropriate size. See Figure 2.2.

Combining Lemmas 2.1.4 and 2.1.6, we immediately obtain the following.

Theorem 2.1.7. There is a bijection

Dycomp∗−1 ◦Dycomp : FDyck(2n, 2`, 2k)→ Dyck∗(2n, 2`, 2k).

This bijection will be crucial for our later results.

It may seem strange that our marking is either at the origin or directly following an up

step. It is often useful to prepend an up step to Dyck paths, because we obtain a path from

height 0 to 1, which cannot be factored into smaller such paths. If we do this, the marking

is simply after any up step. But for our bijection, prepending an up step does not help

much. See [17] for a proof and generalization using the cycle method, which makes use of

prepending an up step.

We can now use this bijection to prove Theorem 2.1.2. Our proof is equivalent to the

proof given in [7, Theorem 1.1].

Proof of Theorem 2.1.2. For each Dyck path of length 2n, there are n up steps, and thus

n+ 1 ways to mark a vertex such that the vertex is either the origin or directly following an

up step. Thus,

(n+ 1)# Dyck(2n) = # ∪`,k Dyck∗(2n, 2`, 2k) = # FDyck(2n) =

(
2n

n

)
.

This classifies all flawed Dyck paths into classes of size n+ 1, with exactly one Dyck path in
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each class. Immediately we have a combinatorial proof of the formula

cn =
1

n+ 1

(
2n

n

)
.

In order to complete the proof, we need to show that in each class, each of the n + 1

elements has a different number of flaws. As we move our marking from left to right, we

are increasing the number of flaws by 2 at each step. Precisely, if we have a marking at

(2` − k, k), say followed by i down steps before the next up step, then the next eligible

marking is at (2` − k + i + 1, k − i + 1). The number of flaws in the corresponding flawed

Dyck path increases from 2` to 2`+ 2.

2.2 A Chung-Feller analog

2.2.1 Flawed Motzkin paths

Definition 2.2.1. Flawed Motzkin paths of length n are lattice paths on N × Z from

(0, 0) to (n, 0) with up steps U = (1,−1), flat steps F = (1, 0), and down steps D = (1, 1)

(see Figure 2.3). In other words, flawed Motzkin paths are Motzkin paths that are allowed

to have steps to or from a vertex of negative height, called flaws. The number of flawed

Motzkin paths of length n with ` flaws is the flawed Motzkin number mn,` (see Table 2.1).

Let FMotz(n) denote the set of flawed Motzkin paths of length n, and let FMotz(n, `) denote

those with ` flaws.

A Motzkin path is a flawed Motzkin path with zero flaws. Note that the first column in

Table 2.1 is the Motzkin numbers mn = mn,0 (A001006).

Definition 2.2.2. An upside-down Riordan path is a flawed Motzkin path in which
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Figure 2.3: The 19 flawed Motzkin paths of length 4

every step is a flaw. There is a simple bijection with Riordan paths (Definition 1.3.17) and

so these are enumerated by the Riordan numbers rn = mn,n (A005043).

n\` 0 1 2 3 4 5 6 7
0 1
1 1 0
2 2 0 1
3 4 0 2 1
4 9 0 5 2 3
5 21 0 12 5 7 6
6 51 0 30 12 19 14 15
7 127 0 76 30 49 38 37 36

Table 2.1: Flawed Motzkin numbers mn,`(1, 1)

Note 2.2.3. Motzkin paths and upside-down Riordan paths are the two extreme cases of

flawed Motzkin paths. See the first three rows and the last row in Figure 2.3.

As with refined Motzkin numbers, we want to generalize flawed Motzkin numbers to

polynomials to keep track of the number of flats.

Definition 2.2.4. Define the refined flawed Motzkin numbers

mn,`(a, b) :=
∑

FMotz(n,`)

a#non-flaw flatsb#flaw flats
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and define the refined Riordan numbers rn(b) := mn,n(a, b). See Table 2.2 for small values.

n\` 0 1 2 3 4 5
0 1
1 a 0
2 a2 + 1 0 1
3 a3 + 3a 0 2a b
4 a4 + 6a2 + 2 0 3a2 + 2 2ab b2 + 2
5 a5 + 10a3 + 10a 0 4a3 + 8a 3a2b+ 2b 2ab2 + 5a b3 + 5b

Table 2.2: The flawed Motzkin numbers mn,`(a, b)

2.2.2 Eu, Liu, and Yeh’s recurrence

Eu, Liu, and Yeh [8] showed that for a fixed number of flaws `, the flawed Motzkin numbers

mn,` can be written as a linear combination of Motzkin numbers. Specifically, they proved

the following recurrence.

Theorem 2.2.5 (Eu, Liu, and Yeh 2002 [8]). For the (unrefined) flawed Motzkin numbers

mn,` = mn,`(1, 1) and the (unrefined) Motzkin numbers mn = mn(1),

mn,` = mn −mn,`−1 −
`−2∑
i=0

mimn−i−1,`−i−2 (2.3)

except for mn,0 = mn and mn,1 = 0.

They thus obtained, for each `, a formula for mn,` as follows (see Table 2.3).

Theorem 2.2.6. Given ` > 0, there are integer coefficients ψ`,i for 0 ≤ i ≤ `, such that for

any n ≥ `,

mn,`(1, 1) =
∑̀
i=0

ψ`,imn−`+i(1). (2.4)
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Compare this result to the Chung-Feller theorem (Theorem 2.1.2), where for a fixed

number of flaws, the number of flawed Dyck paths is exactly the number of Dyck paths of

that length. That is, mn,`(0, 0) = mn,0(0, 0)

mn,0 mn

mn,1 0
mn,2 mn −mn−1

mn,3 mn−1 −mn−2

mn,4 mn − 2mn−1 + 2mn−2 − 2mn−3

mn,5 2mn−1 − 4mn−2 + 4mn−3 − 4mn−4

mn,6 mn − 3mn−1 + 6mn−2 − 9mn−3 + 9mn−4 − 9mn−5

mn,7 3mn−1 − 9mn−2 + 15mn−3 − 21mn−4 + 21mn−5 − 21mn−6

Table 2.3: Flawed Motzkin numbers mn,`(1, 1) by Motzkin numbers mn(1)

Proposition 2.2.7. We make the following observations about the coefficients ψ`,i.

(1) The number ψ`,i is zero iff either i = ` is odd or 0 = i 6= `.

(2) The coefficients ψ`,i are alternating. Specifically, ψ`,i = (−1)i|ψ`,i|.

(3) For ` > 3, −ψ`,3 = ψ`,2 = −ψ`,1 = m`−2

Our main result of this chapter is to generalize these results formn,`(a, b) and give a simple

combinatorial interpretation of the coefficients ψ`,i. We will thus obtain a generalization of

both Eu, Liu, and Yeh’s Theorem 2.2.5 and Chung and Feller’s Theorem 2.1.2, which are

the special cases mn,`(1, 1) and mn,`(0, 0), respectively.

2.3 A Chung-Feller generalization

Instead of letting n be the total length of a flawed Motzkin path, we will use n to denote

the number of non-flawed steps, so we will work with the numbers mn+`,` instead of mn,`.
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Then, we claim that given ` > 0, there are integer polynomials ψ`,i(a, b) for 0 < i ≤ ` such

that for any n ≥ `,

mn+`,`(a, b) =
∑̀
i=0

ψ`,i(a, b)mn+i(a).

Moreover, ψ`,i(1, 1) are the ψ`,i from Theorem 2.2.6, and ψ`,i(0, 0) = 1 if i = 0 and ` is

even, and ψ`,i(0, 0) = 0 otherwise. We will state our combinatorial interpretation for the

coefficients ψ`,i(a, b) in the next section and complete our proof in Section 2.3.3.

2.3.1 Motzkin paths with tricolored prime flat steps

Now we define a special set of Motzkin paths with colors on certain flat steps. We will see

that this gives us the combinatorial interpretation of our coefficients ψ`,i(a, b).

Definition 2.3.1. A prime flat step of a Motzkin path is a flat step on the axis (from a

vertex of height zero to a vertex of height zero).

Consider the set of Motzkin paths whose prime flat steps are colored one of three colors,

denoted m , F , and F (called blank, negative flat, and simply flat steps), with the following

restrictions.

(1) The path starts with either m or F .

(2) An m cannot be followed by a U .

Example 2.3.2. Recall the 9 Motzkin paths of length 4 (see Figure 1.9 or 2.3). Only four

of them (FUDF , FUFD , F FUD and F FF F ) start with a flat step. By using our three

colors with the restrictions above, we obtain the 62 elements of length 4, namely FUDm ,

FUDF , FUDF , FUFD , mFUD , mFUD , FFUD , FFUD , and the 2 · 33 = 54 others

corresponding to colorings of F FF F .
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Our interpretation of the polynomials ψ`,i(a, b) is a weighted enumeration of this set.

However, we will add a third condition, equivalent to appending a certain number of m ’s to

the end of each of the elements described above, which will make our weights nicer.

Definition 2.3.3. Let Ψ denote the set of Motzkin paths whose prime flat steps are colored

one of three colors, denoted m , F , and F (called blank, negative flat, and simply flat steps),

with the following restrictions.

(1) Every (nonempty) path starts with either m or F .

(2) An m cannot be followed by a U .

(3) Every path must end with m (#m+#F )/2. In other words, the total number of m and F

steps must be even, and at least half of them must be consecutive m steps at the tail

end.

Let Ψ(`) denote the set of paths in Ψ of length `, and let Ψ(`, i) denote the set of paths in

Ψ(`) with i = #m .

Example 2.3.4. The set Ψ(4) breaks up into the following pieces (note that Ψ(`, 0) = ∅ for

all ` > 0).

Ψ(4, 4) = {mmmm }
Ψ(4, 3) = {Fmmm ,mFmm }
Ψ(4, 2) = {FFmm ,mFFm }
Ψ(4, 1) = {FF Fm ,FUDm }

Some of the paths from Example 2.3.2, such as FUDm and mmmm are already in Ψ.

But for each example we can append m k to the end, where k is the number of m and F

steps, and obtain exactly the elements of Ψ.
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We can now state our theorem that generalizes the Chung-Feller theorem to Motzkin

paths.

Theorem 2.3.5. The polynomials ψ`,i(a, b) given by the generating function

∑
`,i∈N

ψ`,i(a, b)m
iy` =

1

1−m2y2 − bm2y3M(b; y) + amy2M(b; y)
(2.5)

satisfy

mn+`,`(a, b) =
∑̀
i=0

ψ`,i(a, b)mn+i(a) (2.6)

for all n ∈ N. Moreover, these polynomials have a combinatorial interpretation as

ψ`,i(a, b) = (−1)i
∑
Ψ(`,i)

a#F b#F . (2.7)

We will prove this in Section 2.3.3.

Corollary 2.3.6. For a = b = 1, we have

mn+`,`(1, 1) =
∑̀
i=0

ψ`,i(1, 1)mn+i(1) (2.8)

and these numbers ψ`,i(1, 1) = (−1)#Ψ(`, i) are exactly the ψ`,i from Theorem 2.2.6.

We will prove this in Section 2.3.4 when we observe that our ψ`,i(1, 1) come from the

recurrence (2.3).

Corollary 2.3.7. For a = b = 0, we obtain the Chung-Feller theorem (Theorem 2.1.2)

mn+`,`(0, 0) =
∑̀
i=0

ψ`,i(0, 0)mn+i(0) = mn+`(0). (2.9)
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Proof. Every nonempty sequence in Ψ(`, i) must start with m and m cannot be followed by

U . The number ψ`,i(0, 0) is the number of elements in Ψ(`, i) which do not contain F or F .

Thus, the only remaining possibilities are sequences of all m ’s, so

ψ`,i(0, 0) =

1 if ` = i

0 otherwise.

Our result follows.

Example 2.3.8. Looking back to Example 2.3.4, we have ψ4,4(a, b) = 1, ψ4,3(a, b) = −2a,

ψ4,2(a, b) = a2 + b2, and ψ4,1(a, b) = −ab2 − a. Therefore,

mn+4,4(a, b) = mn+4(a)− 2amn+3(a) + (a2 + b2)mn+2(a)− (ab2 + a)mn+1(a),

which gives us the special cases mn+4,4(1, 1) = mn+4(1)− 2amn+3(1) + 2mn+2(1)− 2mn+1(1)

(as in Table 2.3) and mn+4,4(0, 0) = mn+4(0) (as in the Chung-Feller theorem).

Further examples of the polynomials ψ`(a, b;m) :=
∑

i ψ`,i(a, b)m
i are given in Table 2.4.

ψ0 1
ψ1 0
ψ2 m2 − am
ψ3 bm2 − abm
ψ4 m4 − 2am3 + (a2 + b2)m2 − (ab2 + a)m
ψ5 2bm4 − 4abm3 + (2a2b+ b3 + b)m2 − (ab3 + 3ab)m
ψ6 m6 − 3am5 + (3a2 + 3b2)m4 − (a3 + 6ab2 + 2a)m3

+ (3a2b2 + b4 + 2a2 + 3b2)m2 − (ab4 + 6ab2 + 2a)m
ψ7 3bm6 − 9abm5 + (9a2b+ 4b3 + 2b)m4 − (3a3b+ 8ab3 + 10ab)m3

+ (4a2b3 + b5 + 8a2b+ 6b3 + 2b)m2 − (ab5 + 10ab3 + 10ab)m

Table 2.4: Polynomials ψ` =
∑

i ψ`,i(a, b)m
i

In the following section we will prove a similar result for a refinement of the flawed

Motzkin numbers. Afterwards we return to the proof of Theorem 2.3.5.

56



CHAPTER 2. FLAWED MOTZKIN PATHS

2.3.2 Flawed Motzkin numbers refined by steps between 0 and -1

Definition 2.3.9. Let FMotz(n, `, k) denote the set of flawed Motzkin paths of length n+ `

with ` flaws and k down steps from height 0 to height -1. Note that these paths also have

exactly k up steps from height -1 to height 0. Define

mn+`,`,k(a, b) :=
∑

FMotz(n,`,k)

a#non-flaw flatsb#flaw flats.

Our main theorem is the following.

Theorem 2.3.10. For each k, i ∈ N, define pk,i(a) := [mi]pk(a;m), so that
∑

k,i pk,i(a)mizk =

(1−mz + az + z2)−1. Then for all `, n ∈ N,

mn+`,`,k(a, b) = m
(k)
`−2k(b)m

(k+1)
n (a) = m

(k)
`−2k(b)

k∑
i=0

pk,i(a)mn+k+i(a). (2.10)

We can construct the generating function for m
(k)
`−2k(b)pk,i(a):

∑
`,i,k

m
(k)
`−2k(b)pk,i(a)miy`zk =

1

1−m2y2zM(b; y) + amy2zM(b; y) + m2y4z2M(b; y)2
. (2.11)

Note 2.3.11. This might more strongly suggest a refinement of Theorem 2.3.5 if we set

ψ`,i,k(a, b) := m
(k)
`−2k(b)pk,i(a) =

 ∑
Motz(k)(`−2k)

b#F

 ∑
{P∈PSeqk ·m k : i=#m }

(−a)#F

 .

Summing over k in Theorem 2.3.10 gives us part of Theorem 2.3.5, except that we will need

to deal with some cancellation and get our combinatorial interpretation in terms of Ψ, which

we will do in Section 2.3.3.

Because we’re going to be working with orthogonal polynomials pk(a;m), it will often
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be more convenient to work with polynomials in the umbra m than linear combinations of

Motzkin numbers. For example, we can restate much of Theorem 2.3.5 as

∑̀
i=0

(−1)i
∑
Ψ(`,i)

a#F b#Fmn+#m M7−→ mn+`,`(a, b).

Example 2.3.12. If we set ` = 4 as in Example 2.3.4, we see that

∑
Motz(1)(2)={F 2,UD }

b#F = b2 + 1

∑
Motz(2(0)={(∅,∅)}

b#F = 1

∑
PSeq1 ·m 1={m 2,Fm }

(−a)#Fm#m = m2 − am

∑
PSeq2 ·m 2={m 4,mFm 2,Fm 3,F 2m 2,UDm 2}

(−a)#Fm#m = m4 − 2am 3 + (a2 − 1)m

This gives us the pair

mn+4,4,2(a, b) = mn+4 − 2amn+3 + (a2 − 1)mn+2

mn+4,4,1(a, b) = (b2 + 1)(mn+2 − amn+1)

which sum to mn+4,4(a, b) as in Example 2.3.8. Note that there are terms mn+2 and −mn+2

which cancel when we sum over k.

Our proof of Theorem 2.3.10 proceeds as follows. We will first give a bijection

FMotz(n− `, `, k)
∆−→ Motz(k)(`)×MotzU

k

(n+ k),

which gives us the equality mn+`,`,k(a, b) = m
(k)
`−2k(b)m

(k+1)
n (a). The rest of the argument
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# set enumerated
a/b

weights. . .

mn+`,`,k(a, b) FMotz(n− `, `, k)
non-flawed /
flawed flats

=

←
→ ∆

m
(k)
`−2k(b)m

(k+1)
n (a) Motz(k)(`− 2k)×MotzU

k

(n+ k)
flats in last /
first k paths

7−→ M 7−→ Id×ι[k],[k−1] ◦M
(
mn M7−→ mn(a)

)
m

(k)
`−2k(b)pk(a;m)mn+k Motz(k)(`− 2k)× PSeqk ·m n+k flats F /F

Table 2.5: Theorem 2.3.10 reduces to Lemmas 2.3.15 and 2.3.14.

comes from our combinatorial interpretation (in Corollary 1.4.28) of (1.22),

PSeqk ·mn+k
ι[k],[k−1]◦M7−−−−−−→ MotzU

k

(n+ k).

See Table 2.5 for a summary.

We will now describe how to decompose flawed Motzkin paths in exactly the same way

we decomposed flawed Dyck paths (as in Figure 2.1) to prove the Chung-Feller theorem in

Section 2.1.

Definition 2.3.13. For Z ∈ FMotz(n+ `, `, k), define the decomposition map

∆ : FMotz(n+ `, `, k)→ Motz(k)(`− 2k)×MotzU
k

(n+ k)

as follows. Take the decomposition defined on Z by isolating each of the 2k steps U and D

between heights 0 and -1. That is, say

Z = ∆0D∇1U∆1D∇2U∆2 · · ·D∇kU∆k (2.12)
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where each of the U ’s and D ’s isolated above are between heights 0 and -1 (see Figure 2.4).

Observe that each of ∆0, . . . ,∆k is a Motzkin path on its own (it starts and ends at height

0 and has no flaws). Also, each of ∇1, . . . ,∇k is an upside-down Motzkin path on its own

(within Z it starts and ends at height -1 and cannot go above -1). Then define our map by

∆(Z) = (∇̄1, . . . , ∇̄k,U
k∆0D∆1D · · ·D∆k)

where ∇̄j denotes the Motzkin path corresponding to the upside-down Motzkin path ∇j (by

swapping U ’s and D ’s).

Figure 2.4: Decomposing a flawed Motzkin path by its steps between −1 and 0

It is not hard to obtain a bijection between FMotz(n+ `, `, k) and marked Motzkin paths

in exactly the same way as in Figures 2.1 and 2.2. Here we will take a slightly different

approach.

Lemma 2.3.14. The map ∆ is a bijection. Moreover, Z ∈ FMotz(n − `, `, k) has i flawed

flats and i non-flawed flats iff ∆(Z) ∈ Motz(k)(`− 2k)×MotzU
k

(n+k) has i flats in its first

k paths and j flats in its last path.

Proof. This follows immediately from the fact that this is a unique decomposition into parts

analogous with Lemma 2.1.4, and the decomposition in Lemma 1.4.29. See Figures 2.4

and 1.16.

In particular, from Lemmas 1.4.29 and 2.3.14, we have

mn+`,`,k(a, b) = m
(k)
`−2k(b)m

(k+1)
n (a). (2.13)
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With generating functions, we can write the formula

∑
n,`

mn+`,`(a, b)x
ny` =

M(a;x)

1− y2M(a;x)M(b; y)
. (2.14)

In the Riordan case, this reduces to

∑
n

rn(b)yn =
1

1− y2M(b; y)

=
2

1 + by +
√

1− 2by + (b2 − 4)y2
.

Now we will move on to the next two rows of Table 2.5.

Lemma 2.3.15. Let Id be the identity function on Motzk(`− 2k). Then

Motz(k)(`− 2k)× PSeqk ·m n+k
Id×(ι[k],[k−1]◦M)
7−−−−−−−−−−→ Motz(k)(`− 2k)×MotzU

k

(n+ k).

Proof. This follows immediately from Corollary 1.4.28.

We now have

m
(k)
`−2k(b)pk(a;m)mn+k M7−→ m

(k)
`−2k(b)m

(k+1)
n (a).

Recall that P (a,m; z) =
∑
k∈N

pk(a;m)zk = (1−mz + amz + z2)−1. If we define

T = T (a, b,m; y, z) := P (a,m;my2zM(b; y))

then T is given by

T =
1

1−m2y2zM(b; y) + amy2zM(b; y) + m2y4z2M(b; y)2
. (2.15)
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Proposition 2.3.16.

T =
∑
`,i,k∈N

m
(k)
`−2k(b)pk,i(a)mk+iy`zk

Proof.

T =
∑
k∈N

pk(a;m)mky2kzkM(b; y)k

=
∑
`′,k∈N

m
(k)
`′ (b)pk(a;m)mky2k+`′zk

=
∑
`,k∈N

m
(k)
`−2k(b)pk(a;m)mky`zk

=
∑
`,i,k∈N

m
(k)
`−2k(b)pk,i(a)mk+iy`zk.

Our result can be stated in terms of generating functions:

T

1−mx
=

∑
n,`,i,k∈N

m
(k)
`−2k(b)pk,i(a)mn+k+ixny`zk

=
∑

n,`,k∈N

m
(k)
`−2k(b)pk(a;m)mn+kxny`zk

M7−→=
∑

n,`,k∈N

m
(k)
`−2k(b)m

(k+1)
n (a)xny`zk =

M(a;x)

1− zM(a;x)M(b; y)

=
∑

n,`,k∈N

mn+`,`,k(a, b)x
ny`zk.

2.3.3 Proof of our Chung-Feller generalization (Theorem 2.3.5)

We want to address the cancellation in
∑
k∈N

m
(k)
`−2k(b)pk(a;m)mn+k.

Our generating function T as defined in (2.15) has the variable z keeping track of k. Define

T ′ = T (a, b,m; y) := T (a, b,m; y, 1). We can substitute M(b; y) = 1 + byM(b; y) + y2M(b; y)
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from (1.3) into T (a, b,m; y, 1) from (2.15):

T ′ =
1

1−m2y2M(b; y) + amy2M(b; y) + m2y4M(b; y)2

=
1

1−m2y2(1 + byM(b; y) + y2M(b; y)2) + amy2M(b; y) + m2y4M(b; y)2
.

Canceling the terms m2y4M(b; y)2, we obtain a simpler form:

T ′ =
1

1−m2y2 − bm2y2M(b; y) + amy2M(b; y)
(2.16)

Note that we can see from this formula that T (a, b,−m; y) has all positive coefficients, so

there is no further cancellation. Note that this is the generating function for ψ`,i from

Theorem 2.3.5.

We will define the map ς to translate to a set of words that will be easier to work

with, which we will call Ψ′(`). Then we will cancel out certain objects corresponding to the

cancellation above and obtain Ψ(`).

Definition 2.3.17. Let Ψ′ denote the set of Motzkin paths whose prime flat steps are

colored one of five colors, denoted m , F , U , D , and F (called blank, negative flat, negative

up, negative down1 and simply flat steps), with the following restrictions.

(1) Every (nonempty) path starts with either m , F , or U .

(2) The steps U and D occur in pairs such that all prime flat steps between them are

marked F . Equivalently, if we restrict to only the steps m , F , U , and D , then U and

D only occur as a doubleton UD .

1Note that our ”negative up” and ”negative down” steps are not actually up and down steps in the
Motzkin path, only colors on prime flat steps.
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(3) Every path must end with m (#m+#F+#U+#D )/2. In other words, the total number of

m , F , U , and D steps must be even, and at least half of them must be consecutive m

steps at the tail end.

Let Ψ′(`) denote the set of paths in Ψ′ of length `.

Definition 2.3.18. Let the map ς,

ς :
⋃
k

Motz(k)(`− 2k)× PSeqk ·m n+k −→ Ψ(`) ·m n,

be defined by

ς : (Z1, Z2, . . . , Zk)× ω1ω2 · · ·ωkm n+k 7→ ω1Z1ω2Z2 · · ·ωkZkm n+k.

Lemma 2.3.19. This ς is a bijection.

Proof. We can uniquely decompose an element of Ψ′(`)·m n into the form ω1Z1ω2Z2 · · ·ωkZkm n+k

(where (Z1, Z2, . . . , Zk) ∈ Motz(k)(` − 2k) and ω1ω2 · · ·ωk ∈ PSeqk) by isolating the prime

flat steps colored m , F , U , and D , which we identify with the identically named letters of

PSeqk.

Proposition 2.3.20. Ψ(`) is exactly the set of sequences in Ψ′(`) that contain no U and no

consecutive mU .

Proof. This follows directly from the restrictions in Definitions (2.3.3 and 2.3.17).

Let Ψ−(`) be the set of sequences in Ψ′(`) which contain a U before any consecutive mU ,

and let Let Ψ+(`) be the set of sequences in Ψ′(`) which contain a consecutive mU before

any U . Then we have a disjoint union

Ψ′(`) = Ψ(`) tΨ−(`) tΨ+(`).
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Definition 2.3.21. Define ι : Ψ−(`) → Ψ+(`) by changing the first U and its paired D to

mU and D , respectively, and removing an m from the end of the sequence.

Lemma 2.3.22. The map ι : Ψ−(`) → Ψ+(`) is a bijection. Moreover, it preserves length,

#m , #F , and #F but decreases #U and #D by one.

Proof. To go backwards, find the first mU and the next D from height 1 to height 0. Then

change these to U and D , respectively. The statistics follow immediately. To complete the

proof, note that the statistic #m + #F + #U + #D (denoted by k) ι(W ) decreases by two

when ι is applied. This is as expected, since this cancellation only happens when we do not

fix k. This also guarantees the property that our sequence ends with m#m+#F+#U+#D )/2,

which completes the proof.

This gives us

∑
Ψ−(`)

(−a)#F (−1)#U b#Fm#m = −
∑

Ψ+(`)

(−a)#F (−1)#U b#Fm#m ,

and thus ∑
Ψ(`)·mn

(−a)#F b#Fm#m =
∑

Ψ′(`)·mn

(−a)#F (−1)#U b#Fm#m .

Finally, we note that

(−1)i
∑
Ψ(`,i)

a#F b#F =
∑
Ψ(`,i)

(−a)#F b#F

because #m + #F = i+ F is even.
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We can now conclude:

∑
k∈N

m
(k)
`−2k(b)pk(a;m)mn+k =

∑
Ψ′(`)·mn

(−a)#F (−1)#U b#Fmn+#m

=
∑

Ψ(`)·mn

(−a)#F b#Fmn+#m

=
∑̀
i=0

(−1)i
∑

Ψ(`,i)·mn

a#F b#Fmn+i

=
∑̀
i=0

ψ`,i(a, b)m
n+i.

This completes the proof of Theorem 2.3.5 .

2.3.4 Consequences

Proposition 2.3.23. The coefficients of ψ`(a, b;m) =
∑

i ψ`,i(a, b)m
i are alternating in m

(and a).

Proof. This follows immediately from the fact that in Ψ, #F + #m is even. Thus,

ψ`(a, b;m) =
∑
Ψ(`)

(−a)#F b#Fm#m =
∑
Ψ(`)

a#F b#F (−m)#m .

Alternatively, one can see this from the generating function T ′ in (2.16).

The simplified formula (2.16) also helps us prove the following.

Proposition 2.3.24. For all `, ψ`,2(1, 1) = −ψ`,1(1, 1) = m`−2(1), and for ` > 3,

−ψ`,3(1, 1) = ψ`,2(1, 1) = −ψ`,1(1, 1) = m`−2(1)

Proof. We obtain [m]T ′ = −ay2M directly. We also obtain [m2]T ′ = y2 + by3M + a2y4M2,
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and setting a = b = 1 gives [m2]T ′ = y2 + y3M + y4M2 = y2(1 + yM + y2M2) = y2M .

Finally, [m3]T ′ = −2ay4M − 2aby5M2 − a3y4M3, and setting a = b = 1 gives [m3]T ′ =

−2y4M − 2y5M2 − y4M3. To complete the proof one must verify that y2 + y3 + 2y4M +

2y5M2 + y6M3 = y2M , which is left as an optional exercise for the reader or their favorite

computer algebra program.

We are now ready to find a recurrence that generalizes equation (2.3) by rearrang-

ing (2.16) to obtain

T ′ = 1 + m2y2T ′ + bm2y3MT ′ − amy2MT ′. (2.17)

I find that (2.17) looks more elegant when we set S := myT ′ + bmy2MT ′ and write the

pair

T ′ = 1 + myS − amy2MT ′

S = myT ′ + bmy2MT ′
(2.18)

which, as can easily be verified by substitution, is equivalent to (2.17).

This corresponds to a pair of recurrences which look similar to Eu, Liu, and Yeh’s (2.3).

In fact, when we set a = b = 1, we can sum our equations above to obtain T ′ + S =

1 + my(T ′ + S) =
1

1−my
, solve for S, and substitute to obtain

T ′ =
1

1−my
−myT ′ −my2MT ′ (2.19)

which gives us a recurrence equivalent to equation (2.3). Namely,

ψ`(1, 1;m) = m` −mψ`−1(1, 1;m)−m

`−2∑
i=0

miψ`−i−2(1, 1;m). (2.20)

This completes the proof of Corollary 2.3.6, and this chapter.
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Chapter 3

Skew Young tableaux with at most

three rows

Recall from Section 1.2.4 that the number of Young tableaux of size n with at most three

rows is given by the Motzkin number mn (A001006).

# SYT3(n) = mn

Regev [24] conjectured, and Zeilberger [4] (with his computer Shalosh B. Ekhad1) proved

that skew Young tableau with skew part (2, 1) and at most three rows is a difference of two

Motzkin numbers.

Theorem 3.0.1 (Zeilberger 2006 [4]).

# SYT
(2,1)
3 (n) = mn−1 −mn−3

Sen-Peng Eu [6] gave a combinatorial proof of this result in 2010, and showed in general

1Yes, Zeilberger’s computer is a named coauthor
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that SYTµ
3(n) for fixed µ can be written as a linear combination of Motzkin numbers. Jong

Hyun Kim [18, 20] found an explicit formula for this general case in 2011, which had an

unexpected connection with the Chebyshev polynomials. Using our linear functional mn 7→

mn, we can restate Kim’s main result as follows.

Theorem 3.0.2 (Kim 2011 [18,20]). Recall M : mn 7→ mn(0) from Definition 1.4.13.

1

(1− x)(1− y)
· (1− xy)

(1−mx+ x+ x2)(1−my + y + y2)
· 1

(1−mz)
M17−→

∑
i,j,n∈N

# SYT
(i+j,i)
3 (n)xiyjzn. (3.1)

An interesting symmetry property follows as an immediate consequence of the symmetry

between x and y in (3.1).

Corollary 3.0.3. # SYT
(i+j,i)
3 (n) = # SYT

(i+j,j)
3 (n)

This symmetry was later generalized for tableaux with more rows [11].

In section 3.2 we will describe a bijection between Young tableaux of size n with at

most three rows and Motzkin paths of length n. In section 3.3.2, we will extend this

bijection to skew-reduced Young tableaux with at most three rows, and in section 3.3.3,

we will extend this to all skew Young tableaux with at most three rows. This will give us

a combinatorial proof, using Motzkin paths and orthogonal polynomials, of a generalized

version of Theorem 3.0.2.

First, we start in Section 3.1 with the simpler case of skew Young tableaux with at most

two rows.
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3.1 Skew Young tableau with at most two rows

Recall from Section 1.2.4 that

# SYT2(n) =

(
n

bn/2c

)
.

In fact, we know from Section 1.3.2 that Young tableau of shape (n, n − k) correspond to

ballot paths with n up steps and n− k down steps, so we can refine this result for a specific

shape:

# SYT2(n, n− k) = bn,n−k =
k + 1

n+ 1

(
2n− k
n

)
.

We want to generalize these formulas to skew shapes. We will start in Section 3.1.1 by

looking at the rectangular case SYT
(k)
2 (n − k, n) corresponding to Dyck paths, and then

moving on to the general case SYT
(k)
2 (n− k, n− i) in Section 3.1.2.

3.1.1 Skew tableaux of shape (n, n)/(k)

Recall from Section 1.3.2 that Dyck paths of semilength n are in bijection with Young

tableaux of shape (n, n). We want to generalize this result to skew Young tableaux of shape

(n, n)/(k).

Definition 3.1.1. Given a skew Young tableau (S, L) of (non-skew) size n which fits inside

a p× q rectangle, define the rotation

rotp×q(S, L) := (S ′, L′)

70



CHAPTER 3. SKEW YOUNG TABLEAUX WITH AT MOST THREE ROWS

where

S ′ := {(i, j) : (p− i+ 1, q − j + 1) ∈ S},
L′(i, j) := n− L(p− i+ 1, q − j + 1) + 1.

Proposition 3.1.2. The rotation rotp×q is an involution on the set of skew Young tableaux

that fit inside a p× q rectangle.

Proof. This follows from the fact that rotp×q is simply a 180◦ rotation of the rectangle and

a reversal of the total ordering.

It follows that the involution rot2×n restricts to a correspondence between skew Young

tableaux of shape (n, n)/(k) and Young tableaux of shape (n, n − k). That is, we have a

bijection SYT
(k)
2 (n − k, n)

rotp×q←−−→ SYT2(n, n − k). We know from Section 1.3.2 that Young

tableaux with at most two rows correspond to ballot paths. The ballot paths ending at

height k correspond to Dyck paths that begin with k up steps, by simply reversing the path

and appending or dropping the necessary up steps. We thus have a series of bijections

SYT
(k)
2 (n−k, n)

rotp×q←−−→ SYT2(n, n−k)
§1.3.2←−→ Ballot(n, n−k)

reverse and←−−−−−−−−→
append/truncate

DyckU k

(2n−k),

(3.2)

as in Figure 3.1.

Thus, the number of skew Young tableau of shape (n, n)/(k) is

# Ballot(n, n− k) = bn,n−k =
k + 1

n+ 1

(
2n− k
n

)
. (3.3)

We can also use our results using orthogonal polynomials from Section 1.4, and obtain an
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2 3 7

1 4 5 6 8

rot2×5←−−→ 1 3 4 5 8

2 6 7

←
→ ∗

←
→ §1.3.2

reverse and←−−−−−−−−→
append/truncate

Figure 3.1: An example of the correspondence in Equation (3.2) for n = 5, k = 2.

enumeration as a linear combination of Catalan numbers.

# DyckU k

(2n− k) = M0(pk(0;m)m2n−k) =

bk/2c∑
`=0

(−1)`
(
k − `− 1

`

)
cn−`

To summarize, we have the equations

# SYT
(k)
2 (n− k, n) =

k + 1

n+ 1

(
2n− k
n

)
(3.4)

and

# SYT
(k)
2 (n− k, n) =

bk/2c∑
`=0

(−1)`
(
k − `− 1

`

)
cn−`. (3.5)

Note the bijection labeled ∗ in Figure 3.1. This bijection is not difficult to describe di-

rectly. For a Dyck path that starts with some fixed k up steps, we can find the corresponding

Young tableau and make the first k labels the skew part. This works because we know ex-

actly what those k up steps correspond to in the Young tableau (namely, the first k boxes

across the first row). We will use this idea in Section 3.1.2 now, and then extend it later in

this chapter to the much larger class of skew Young tableau with at most three rows.
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3.1.2 Skew tableaux of fixed shape with at most two rows

In this section we want to establish a bijection

SYT(k)(n− k, n− i)→ BallotU
k

(n− k, n− i).

Note that this is the general case for skew Young tableau with at most two rows. For any

fixed shape, say (λ1, λ2)/(µ1), we can set n = λ1, k = µ1, and i = λ1 − λ2.

Given a skew Young tableau of shape (n, n− i)/(k), say with skew Young word

(k)ω1 · · ·ω2n−k−i,

this corresponds to Young word 1kω1 · · ·ω2n−k−i. Note that among ω1 · · ·ω2n−k−i, there are

exactly n − k occurrences of the letter 1, and n − i occurences of the letter 2. Thus, this

corresponds to a ballot path with n up steps and n − i down steps. Moreover, this ballot

path begins with k up steps. See Figure 3.2 for an example.

2 3 4 7

1 5 6
0 0 1 2 3 4 5 6 7

Figure 3.2: The skew Young word (2)2111221 corresponds to ballot path U 2DUUUDDU .

We can use in Lemma 1.4.32 with a = 0 to enumerate Dyck paths of the form

U ks1s2 · · · s2n−k−iD
i

by M0(pk(0;m)pi(0;m)m2n−k−i). Such Dyck paths correspond to ballot paths in BallotU
k

(n−
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k, n− i) by dropping the last i down steps. Now we can write

1

1−mx+ x2
· 1

1−my + y2
· 1

1−mz

=
∑
k∈N

∑
i∈N

∑
`∈N

pk(0;m)pi(0;m)m`xkyiz`

M07−−→
∑
k∈N

∑
i∈N

∑
`∈N

# BallotU
k

(`+ i− k, k − i)xkyiz`

=
∑
n∈N

n∑
k=0

n∑
i=0

# BallotU
k

(n− k, n− i)xkyiz2n−k−i

=
∑
n∈N

n∑
k=0

n∑
i=0

# SYT
(k)
2 (n− k, n− i)xkyiz2n−k−i. (3.6)

Note above that # BallotU
k

(`+ i−k, k− i) = 0 if `+k+ i is odd, so we can set `+k+ i = 2n.

Then, # BallotU
k

(`+ i− k, k − i) = 0 if k > n or i > n.

From Equation (1.12), we have

pk(0;m)pi(0;m)m2n−k−i =

bk/2c∑
`=0

bi/2c∑
j=0

(−1)`+j
(
k − `− 1

`

)(
i− j − 1

j

)
m2n−2`−2i. (3.7)

Applying the linear functional M0, we obtain our enumeration of skew Young tableaux with

at most two rows as a linear combination of Catalan numbers

# SYT
(k)
2 (n− k, n− i) =

bk/2c∑
`=0

bi/2c∑
j=0

(−1)`+j
(
k − `− 1

`

)(
i− j − 1

j

)
cn−`−j. (3.8)
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3.2 Motzkin paths and Young tableaux with at most

three rows

Let nn be the bijection from Motzkin paths of length n to nonnesting involutions In(4321)

from Definition 1.3.15. We can combine this with the Robinson-Schensted correspondence

to obtain a bijection from Motz(n) to SYT3(n):

Motz(n)
nn−→ In(4321)

RS*

−−→ SYT3(n). (3.9)

This bijection is fundamental to our upcoming results in Sections 3.3 and 3.3.3, where we will

extend it to skew Young tableaux. In this section, we will give two alternative descriptions

of this bijection (Sections 3.2.1 and 3.2.2) and then show their equivalence (Section 3.2.3).

3.2.1 Skew Young right-tableaux

Recall the usual correspondence SYT2(n) ↔ Ballot(n) from Section 1.3.2. Combined with

Equation (3.9), we will obtain

Ballot(n)↔ SYT2(n) ⊂ SYT3(n)↔ Motz(n)

which gives us an injective map from ballot paths into Motzkin paths. We will now investigate

possibilities for this map, and this will lead into our definition of skew Young right-tableaux.

Definition 3.2.1. We define two natural ways to map the set of ballot paths Ballot(n, k)

into the set of Motzkin paths Motz(n+ k) by replacing n− k up steps with flat steps.

(1) Replace the last n− k up steps with flat steps.

(2) Replace the last up step to each of the heights 1, 2, . . . , n− k with a flat step.
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Note the similarity with Definitions 1.3.9 and 1.3.12.

Example 3.2.2. Consider the ballot path UDUUUDDUU ∈ Ballot(6, 3). This ballot path

corresponds to the Young tableau with word 121112211.

(1) For Definition 3.2.1(1) above, we obtain UDUUFDDFF .

7−→

This gives us an elegant description of the map from the Motzkin path UDUUFDDFF

to the Young tableau:

1 3 4 5 8 9

2 6 7
.

We can describe this correspondence as


U ↔ box in the first row of a column of size two

D ↔ box in the second row of a column of size two

F ↔ box in a column of size one.

(3.10)

(2) For Definition 3.2.1(2) above, we obtain UDFUUDDFF .

7−→

This gives us an elegant property in the map between our Motzkin path and Young

tableau. The map preserves factorization. The prime factorization of our Young word

is

121112211 = 12 · 1 · 1122 · 1 · 1,

which is compatible with the prime factorization of our Motzkin path

UDFUUDDFF = UD · F · UUDD · F · F .
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The prime factorization compatibility in (2) is extremely useful, but the simple descrip-

tion of the map we get in (1) is also an advantage. If we take the Motzkin path in (2) and

try to apply the map described in Equation (3.10), we can arrange columns so that it is

increasing along rows and columns, but it is not left justified.

1 3 4 5 8 9

2 6 7

Notice that if we left-justify this configuration, we get the Young tableau. This is an

example of a “right-tableau”

Definition 3.2.3. A skew Young right-tableau (S, L) is a finite set S ⊂ P× P together

with a labeling L : S → N such that the following properties hold.

• Standard: L gives a total ordering on the non-skew part S ′ := S \ L−1(0)

• Rows nondecreasing: if (i, j), (i, k) ∈ S, j ≤ k, then L(i, j) ≤ L(i, k)

• Columns nondecreasing: if (i, j), (k, j) ∈ S, i ≤ k, then L(i, j) ≤ L(k, j)

• Justified upwards: for i, j ∈ P, if (i+ 1, j) ∈ S, then (i, j) ∈ S

• Connected first row: if (1, j + 1) ∈ S, then (1, j) ∈ S

• “Maximally rightwards”: If (i+ 1, j), (i, k) ∈ S and k > j, then either (i+ 1, k) ∈ S or

L(i+ 1, j) ≤ L(i, k).

As with skew Young tableau, we call K := L−1(0) the skew part. We say (S, L) has skew

size #K = k, non-skew size #S = n, and total size n+ k. We consider two skew Young

right-tableau to be equal if the partial order given by their labellings are the same, so we

typically assume that L : S ′ → [n].
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There is a natural correspondence between skew Young tableaux and skew Young right-

tableaux, as in Figure 3.3. We do not have separate notation for the set of skew Young

right-tableaux, because we generally think of a skew Young right-tableau as an alternative

way to visualize a skew Young tableau.

4 5 6 11 13 14

2 3 8 9 12 15

1 7 10 16

4 5 6 11 13 14

2 3 8 9 12 15

1 7 10 16

Figure 3.3: A skew Young tableau and the corresponding skew Young right-tableau

Recall that all Young words factor into a product of prime Young words, as in Figure 3.4.

1 2 4 6 7

3 8 9

5 10

=

1

·
2 4

3

5

·
6 7

8 9

10

Figure 3.4: The Young word 1121311233 has prime factorization 1 · 1213 · 11223

Young right-tableau have a useful relationship with the factorization of Young words.

Lemma 3.2.4. A Young word ω1 · · ·ωn factors into Young words ω1 · · ·ω` and ω`+1 · · ·ωn

iff in the corresponding Young right-tableau, every label in [`] occurs in an column to the left

of every label in [`+ 1, n].

Proof. Inserting one Young right-tableau (with labels [` + 1, n]) immediately after the last

column of another Young right-tableau (with labels [`]) results in a Young right-tableau

because we can not move any label in [`] beneath a larger label in [`+1, n], so it is maximally

rightwards. Thus, a product of two Young words ω1 · · ·ω` and ω`+1 · · ·ωn corresponds to a

Young right-tableau with this form. For the other direction, a Young right-tableau of this

form clearly divides into two separate Young right-tableau, each with a Young word, which

gives us the factorization.
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3.2.2 Motzkin height of Young words

Consider the sequence of suffixes of 1121311223:

∅, 3, 23, 223, 1223, 11223, 311223, 1311223, 21311223, 121311223, 1121311223

These are Young words iff they correspond to a place where our word factors into primes. In

this example, ∅, 11223, 121311223, and 1121311223 are Young words. The suffix 23 is not a

Young word, but the word 123, obtained by prepending a one, is a Young word.

Every Young word suffix is the non-skew part of some skew Young word. In particular,

Definition 3.2.5. Given a Young tableau with word ω = ω1ω2ω3 . . . ωn, define the corre-

sponding skew sequence to be the sequence of skew Young tableau with words

µ0ω1ω2ω3 . . . ωn, µ
1ω2ω3 . . . ωn, µ

2ω3 . . . ωn, . . . , µ
n−1ωn, µ

n

where µi is the partition which is the shape of the Young tableau with word ω1, . . . , ωi.
2

Definition 3.2.6. A skew Young tableau and its corresponding skew Young word, say

νω1 . . . , ωn, are called skew-reduced if for every ν ′ < ν, the word ν ′ω1 . . . , ωn is not a skew

Young word.

We will discuss skew-reduced Young tableau in further depth in Section 3.3. For now,

we just need one key observation.

Proposition 3.2.7. For every skew Young word µω1 · · ·ωn, there exists a unique ν ≤ µ such

that νω1 · · ·ωn is skew-reduced. Equivalently, for every skew Young word suffix ω1 · · ·ωn,

there exists a unique ν such that νω1 · · ·ωn is skew-reduced.

2We use superscript notation for indices to avoid confusion with our notation µ = (µ1, µ2, . . .).
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Proof. This follows from the fact that if µω1 · · ·ωn and νω1 · · ·ωn are both skew Young words,

then (µ∧ ν)ω1 · · ·ωn is also a skew Young word, where µ∧ ν = (min(µ1, ν1),min(µ2, ν2), . . .)

is the meet of µ = (µ1, µ2, . . .) and ν = (ν1, ν2, . . .) in Young’s lattice. To prove this, suppose

(µ∧ ν)ω1 · · ·ωn is not a Young word, so there exists some k > 1 such that (µ∧ ν)ω1 · · ·ωk−1

is a Young word but (µ ∧ ν)ω1 · · ·ωk−1ωk is not. Then the letters ωk and ωk−1 must occur

the same number of times in (µ∧ ν)ω1 · · ·ωk−1. But, µω1 · · ·ωk and νω1 · · ·ωk are both skew

Young words, so the letter ωk must occur fewer times than ωk−1 in the words µω1 · · ·ωk−1

and νω1 · · · , ωk−1, which contradicts the definition of µ ∧ ν.

Definition 3.2.8. Given a Young tableau with word ω = ω1 · · ·ωn, define the partitions

ν0, . . . , νn to be the unique partitions such that each νiωi+1 · · ·ωn is skew-reduced. We call

the sequence of skew Young tableau

ν0ω1ω2ω3 . . . ωn, ν
1ω2ω3 . . . ωn, ν

2ω3 . . . ωn, . . . , ν
n−1ωn, ν

n

the skew-reduced sequence of ω. Then Motzkin height of ω at i (for 0 ≤ i ≤ n) is the

size of the first row of νi. See Table 3.1

i skew sequence skew-reduced Motzkin height
0 (0)1121311223 (0)1121311223 0
1 (1)121311223 (0)121311223 0
2 (2)21311223 (1)21311223 1
3 (2,1)1311223 (1,1)1311223 1
4 (3,1)311223 (1,1)311223 1
5 (3,1,1)11223 (0)11223 0
6 (4,1,1)1223 (1)1223 1
7 (5,1,1)223 (2)223 2
8 (5,2,1)23 (1)23 1
9 (5,3,1)3 (1,1)3 1
10 (5,3,2) (0) 0

Table 3.1: The skew sequence, skew-reduced sequence, and Motzkin heights for 1121311223.
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We will see that the Motzkin height of a Young tableau corresponds to the sequence of

heights of the vertices of some Motzkin path. Moreover, for Young tableau with at most

three rows, this gives us a bijection with Motzkin paths.

3.2.3 Three descriptions of the Motzkin path correspondence

In this section we will describe a simple bijection SYT3(n) → Motz(n) using Young right-

tableau and then show it is equivalent to the Motzkin height from Section 3.2.2 and related

to the Robinson-Schensted correspondence from Section 1.2.3.

Definition 3.2.9. Define ρ3 on S ∈ SYT3(n) as follows. Given (S, L) ∈ SYT3(n), let (~S, ~L)

denote the corresponding Young right-tableau, and define ρ3(S, L) := s1 . . . sn where

sk :=


U if k is a label in the first row of a column of size two or three in (~S, ~L),

D if k is a label in the last row of a column of size two or three in (~S, ~L),

F otherwise, so k is a label in the middle row of a column of odd size in (~S, ~L).

For example, if S has Young word 121311223, then ρ3 results in UFFDUUDFD , as in

Figure 3.5.

1 3 5 6

2 7 8

4 9

1 3 5 6

2 7 8

4 9

Figure 3.5: Young tableau (S, L), Young right-tableau (~S, ~L), and Motzkin path ρ3(S)

Theorem 3.2.10. The following are alternative definitions of the same bijection SYT3(n)→

Motz(n).

(1) The map ρ3 (recall Definition 3.2.9).
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(2) The map to the lattice path whose heights are given by the Motzkin heights of the Young

tableau (recall Definition 3.2.8).

(3) The map nn−1 ◦RS∗−1 (recall Definitions 3.2.8 and 1.2.11).

Before we prove this, we will introduce a very useful Lemma.

Lemma 3.2.11. In a skew-reduced Young right-tableau, there are no columns which contain

only skew boxes.

Proof. If a column in a skew-reduced Young right-tableau with skew part ν contained only

skew boxes, removing that column would result in a skew-reduced Young right-tableau with

a smaller skew part ν ′ < ν, which is a contradiction.

Proof of Theorem 3.2.10. First, we will show that ρ3 agrees with the Motzkin height. Given

(S, L) ∈ SYT(n) with Young word ω1 · · ·ωn, and ρ3(S, L) = s1 · · · sn, the Motzkin height

at i is νi1, where (νi1, ν
i
2)ωi+1 · · ·ωn is skew-reduced. Each of the νi1 boxes in the first row of

the skew part of the shape corresponding to (νi1, ν
i
2)ωi+1 · · ·ωn must have a non-skew box

beneath them in the skew Young right-tableau. Thus, they must all correspond to up steps

U in ρ3. Similarly, each of the νi2 boxes in the second row of the skew part must have a

non-skew box beneath them, and so must correspond to flat steps F in ρ3. Thus in the

Motzkin path s1 · · · si, there are exactly νi1 up steps which are not paired with a down step,

so the height is i. For example, in Figure 3.5, (1, 1)3 is skew-reduced and ν8
1 = 1 corresponds

to the one unpaired up step at position 6 in UFFDUUDF , so the Motzkin height after step

8 is 1.

Now we will show that ρ3 ◦ RS ◦ nn is the identity on Motz(n), which will complete the

proof because RS ◦ nn is a bijection. Given Z = s1 · · · sn ∈ Motz(n), we want to show that

ρ3(RS(nn(Z))) = Z. There is a decomposition of nn(Z) (as a word in one-line notation)

82



CHAPTER 3. SKEW YOUNG TABLEAUX WITH AT MOST THREE ROWS

into decreasing subsequences, namely by matching pairs UD and then for each UD (left-

to-right), merging with the first available fixed point (F ), if it exists. For example, in

Figure 3.5, nn(Z) = 423179586 and the decomposition starts with 41, 2, 3, 75, 96, 8 and then

merges 41 with 2, cannot merge 75, and merges 96 with 8, to obtain 421, 3, 75, 986. I claim

that this decomposition is maximal, and that maximality is preserved under prefixes, which

implies by Lemma 1.2.10 that the sets of size one, two, and three in this decomposition are

in different columns, corresponding to F , UD , and UFD , exactly as in ρ3. In particular,

this decomposition is exactly the columns of our Young right-tableau. In our example,

note that the column labels of the Young right-tableau are given by 421, 3, 75, 986. To see

this maximality is preserved under prefixes and complete the proof, note that decreasing

subsequences of a prefix must correspond to U , F , UF , or (WLOG) UD and UFD . The

merging algorithm we defined for our decomposition is a left-to-right maximizer for the sizes

of its parts, so preserves maximality under prefixes.

Note that the bijection ρ3 sends odd columns to F ’s. That is, for (S, L) ∈ SYT3(n),

# oddcols(S, L) = #F (ρ3(S, L)). (3.11)

Equivalently, the size of the second row of (S, L) is #U (ρ3(S, L).

Note also that both ρ3 and ρ−1
3 are compatible with factorization. That is, for Young

words ω1 ∈ SYT3(n1) and ω2 ∈ SYT3(n2), we have ρ3(ω1ω2) = ρ3(ω1)ρ3(ω2). Similarly, for

Motzkin paths ω1 ∈ Motz(n1) and ω2 ∈ Motz(n2), we have ρ−1
3 (ω1ω2) = ρ−1

3 (ω1)ρ−1
3 (ω2)
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3.3 Skew Young tableaux with at most three rows

3.3.1 Skew-reduced Young tableaux

Recall skew-reduced Young tableaux from Definition 3.2.6.

Definition 3.3.1. For every skew Young word µω1 . . . ωn we call the unique ν ≤ µ such

that νω1 . . . ωn is skew-reduced (from Proposition 3.2.7) the skew-irreducible part. The

remainder µ− ν is called the skew-reducible part. Let

SYT
µ
(λ− µ)

denote the set of skew-reduced Young tableau of shape λ/µ and let

SYT
µ−ν,ν

(λ− µ)

denote the set of skew Young tableau of shape λ/µ with skew-reducible part µ − ν and

skew-irreducible part ν. We will also use the notations SYT
µ
(n), SYT

µ−ν,ν
d (λ′1, . . . , λ

′
d), etc.

as in Definition 1.2.4.

Note that we have

SYTµ(λ− µ) =
⋃
ν≤µ

SYT
µ−ν,ν

(λ− µ). (3.12)

Proposition 3.3.2. The skew-reducible part of a skew Young tableau is a partition.

This follows from Lemma 3.2.11, because a skew Young right-tableau has a number of

initial columns which are entirely skew boxes. These are exactly the skew-reducible part and

they form a partition.

Definition 3.3.3. Define the partial order � on partitions by ν � µ iff the set of column
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sizes of ν is a subset of the set of column sizes of µ. That is, if ν> = (ν>, . . . , νtopd) and

µ> = (µ>, . . . , µtopd), then ν � µ iff {ν>1 , . . . , ν>d } ⊆ {µ>1 , . . . , µ>d } (as multisets).

Lemma 3.3.4. If µ, ν are partitions, then ν � µ iff µ− ν is a partition.

This also follows from Lemma 3.2.11 as in Proposition 3.3.2.

By Proposition 3.2.7 and Lemma 3.3.4, we know SYT
µ−ν,ν

(λ−µ) is empty unless ν � µ,

so we can modify Equation 3.12 to obtain

SYTµ(λ− µ) =
⋃
ν�µ

SYT
µ−ν,ν

(λ− µ). (3.13)

Definition 3.3.5. There is a simple correspondence between SYT
ν′,ν

(λ−ν) and SYT
ν
(λ−ν),

defined by removing the skew-reducible part as in the correspondence

(ν ′ + ν)ω1 · · ·ωn 7→ νω1 · · ·ωn

for the words.

Combined with Equation 3.13, we obtain a correspondence

SYTµ(λ− µ)↔
⋃
ν�µ

SYT
ν
(λ− µ). (3.14)

In particular, we can enumerate skew Young tableau in terms of skew-reduced Young

tableaux, as

# SYTµ
d(λ− µ) =

∑
ν�µ

# SYT
ν

d(λ− µ)

We can compute the Möbius inversion of the lattice of partitions ordered by � to be, for
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µ = (µ1, µ2, . . .) and ν = (ν1, ν2, . . .),

Möb(µ, ν) =

(−1)µ1−ν1 if µ− ν has distinct column sizes

0 otherwise

This gives us the relationship

# SYT
µ

d(λ− µ) =
∑
ν�µ

(−1)µ1−ν1# SYTν
d(λ− µ)

where the sum is over ν such that µ− ν has distinct columns sizes.

3.3.2 Skew-reduced Young tableaux with at most three rows

Definition 3.3.6. As before, let Motzω(n) denote the set of Motzkin paths which begin

with the Motzkin prefix ω, and have n additional steps.

Definition 3.3.7. We will extend the bijection ρ3, already defined on SYT3(n), to SYT
(k,i)

3 (n)

as follows. Given a skew Young tableau (S, L) ∈ SYT
(k,i)

3 (n) with skew Young word

ω = (k, i)ω1 . . . ωn, note that ω′ = (12)i1k−iω1 . . . ωn is a Young word, say with corresponding

Young tableau (S ′, L′). Then define ρ3(S, L) := ρ3(S ′, L′).

Note that the map (k, i)ω1 · · ·ωn 7→ (12)i1k−iω1 · · ·ωn places a certain total order on the

skew boxes, as in Figure 3.6.

Theorem 3.3.8. The extension of ρ3 in Definition 3.3.7 extends ρ3 to a bijection

SYT
(k,i)

3 (n)
ρ3−→ Motz(UF )iU k−i

(n).

Moreover, the number of odd columns in the total shape of the tableau is equal to the number

of flat steps in the corresponding Motzkin path.
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Before we prove this theorem, we will mention an immediate corollary.

Corollary 3.3.9. There is a bijection

SYT
(k,i)

3 (n)→ MotzU
k

(n)

defined by applying ρ3 and then removing the first i flat steps. Moreover, the number of odd

columns in the total shape of the tableau is equal to i plus the number of flat steps in the

corresponding Motzkin path.

Proof. This follow immediately from Theorem 3.3.8 and the fact that inserting/removing

flat steps at specific locations is bijective.

Notice in particular that MotzU
k

(n) is independent of i, so the sets SYT
(k,i)

3 (n) for dif-

ferent 0 ≤ i ≤ k are in bijection with each other.

Proof of Theorem 3.3.8. In the Young right-tableau corresponding to (12)i1k−iω1 . . . ωn, be-

cause (k, i)ω1 . . . ωn is skew-reduced, the first i 12 pairs must be in a column of size 3, and

the next k− i letters 1 must be in columns of size greater than 1 by Lemma 3.2.11. Thus ρ3

takes the initial segment (12)i1k−i to (UF )iU k−i.

We can use Lemma 1.4.29 to obtain the following formulas for # SYT
(k,i)

3 (n):

∑
SYT

(k,i)
3 (n)

a# oddcols (in total shape) = aim
(k+1)
n−k (a)

= ai
k∑
j=0

pk,j(a)mn+j(a)

Setting a = 1 gives us the formulas in Table 3.2.
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SYT
(0,0)

3 (n) mn

SYT
(1,i)

3 (n) mn+1 −mn

SYT
(2,i)

3 (n) mn+2 − 2mn+1

SYT
(3,i)

3 (n) mn+3 − 3mn+2 +mn+1 +mn

SYT
(4,i)

3 (n) mn+4 − 4mn+3 + 3mn+2 + 2mn+1 −mn

Table 3.2: Enumerating SYT
(k,i)

(n) as a linear combination of Motzkin numbers for a = 1.
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9 14 15 19 25 26

11 17 18 20 22 23 27

10 12 13 16 21 24

A skew-reduced Young tableau (S, L) ∈ SYT
(5,3)

(19) with labels starting at 9

↓
1 3 5 7 8 9 14 15 19 25 26

2 4 6 11 17 18 20 22 23 27

10 12 13 16 21 24

The skew part (5, 3) corresponds to Young word prefix (12)312 as in Definition 3.3.7

↓
1 3 5 7 8 9 14 15 19 25 26

2 4 6 11 17 18 20 22 23 27

10 12 13 16 21 24

The right-tableau (~S, ~L) and Definition 3.2.9 provides a fast way to find ρ3(S, L)

↓

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

The Motzkin path ρ3(S, L)

↓

The Motzkin path obtained by removing the first 3 flat steps from ρ3(S, L)

Figure 3.6: An example of the map in Theorem 3.3.8 and Corollary 3.3.8.
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3.3.3 Skew Young tableaux with at most three rows

We already saw a bijection in Section 3.3.2 for the skew-reduced case. The general skew case

follows from that bijection and the fact that

SYTµ
d(n) =

⋃
ν�µ

SYTµ−ν,ν
d (n)↔

⋃
ν�µ

SYT
ν

d(n),

where the bijection is defined by simply removing the skew-reducible part.

In the case with at most three rows, we have

SYT
(k,i)
3 (n) =

⋃
(k′,i′)�(k,i)

SYT
(k−k′,i−i′),(k′,i′)
3 (n)↔

⋃
(k′,i′)�(k,i)

SYT
(k′,i′)

3 (n).

It is not hard to show that (k′, i′) � (k, i) is equivalent to 0 ≤ i′ ≤ i and 0 ≤ k′ − i′ ≤ k − i,

which gives us

SYT
(k,i)
3 (n) =

k⋃
k′=k−i

i⋃
i′=k′−k+i

SYT
(k−k′,i−i′),(k′,i′)
3 (n)↔

k⋃
k′=k−i

i⋃
i′=k′−k+i

SYT
(k′,i′)

3 (n).

Note that in this bijection we are dropping exactly (k − k′)− (i− i′) odd columns.

We can now state our main result, generalizing Theorem 3.0.2.

Theorem 3.3.10.

1

(1− x̄)(1− aȳ)
· (1− axy)

(1−max+ a2x+ a2x2)(1−my + ay + y2)
· 1

(1−mz)

M7−→
∑

k,`,n∈N

k∑
i=0

∑̀
j=0

∑
SYT

(`,j),(k,i)
3 (n)

a# oddcolsx̄j ȳ`−jxiyk−izn
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Proof. First, note that

(1− axy)

(1−max+ a2x+ a2x2)(1−my + ay + y2)

=
∑
k∈N

k∑
i=0

(pipk−i − pi−1pk−i−1)aixiyk−i =
∑
k∈N

k∑
i=0

pka
ixiyk−i

by Proposition 1.4.35. Then we can do the skew-reduced case first:

1− axy
(1−max+ a2x+ a2x2)(1−my + ay + y2)

· 1

1−mz

=
∑
n∈N

∑
k∈N

k∑
i=0

aipkm
nxiyk−izn

M7−→
∑
n,k∈N

k∑
i=0

∑
SYT

(k,i)
3 (n)

a# oddcols (in total shape)xiyk−izn.

The general case then follows:

1

(1− x̄)(1− aȳ)
· (1− axy)

(1−max+ a2x+ a2x2)(1−my + ay + y2)
· 1

(1−mz)

M7−→
∑
`∈N

∑̀
j=0

∑
n,k∈N

k∑
i=0

∑
SYT

(k,i)
3 (n)

a# oddcols (in total shape)xiyk−izn

 a`−jx̄j ȳ`−j

=
∑

k,`,n∈N

k∑
i=0

∑̀
j=0

∑
SYT

(`,j),(k,i)
3 (n)

a# oddcols (in total shape)x̄j ȳ`−jxiyk−izn.

As in the reduced case, we can obtain explicit formulas for SYT
(`,j),(k,i)
3 (n), and hence

SYT
(k,i)
3 (n).
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Theorem 3.3.11. For nonnegative integers n, k, k′, `, `′,

∑
SYT

(k,i)
3 (n)

a# oddcols =
k∑

k′=k−i

 i+(k−k′)∑
`=i−(k−k′)

a`

 ·m(k′+1)
n−k′ (a)

=
k∑

k′=k−i

 i+(k−k′)∑
`=i−(k−k′)

a`

 · k′∑
j=0

pk′,j(a)mn+j(a)

See Table 3.3 for examples with a = 1.

Proof.

∑
SYT

(k,i)
3 (n)

a# oddcols =
k∑

k′=k−i

i∑
i′=k′−k+i

∑
SYT

(k−k′,i−i′),(k′,i′)
3 (n)

a# oddcols

=
k∑

k′=k−i

i∑
i′=k′−k+i

a(k−k′)−(i−i′)
∑

SYT
(k′,i′)
3 (n)

a# oddcols

=
k∑

k′=k−i

i∑
i′=k′−k+i

a(k−k′)−(i−i′)ai
′ ∑

SYT
(k′)
3 (n)

a# oddcols

=
k∑

k′=k−i

(
i∑

i′=k′−k+1

ak−k
′−i+2i′

)
·m(k′+1)

n−k′ (a)

=
k∑

k′=k−i

 i+(k−k′)∑
`=i−(k−k′)

a`

 ·m(k′+1)
n−k′ (a)

=
k∑

k′=k−i

 i+(k−k′)∑
`=i−(k−k′)

a`

 · k′∑
j=0

pk′,j(a)mn+j(a)
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SYT
(0,0)
3 (n) mn

SYT
(1,0)
3 (n) = SYT

(1,1)
3 (n) mn+1

SYT
(2,0)
3 (n) = SYT

(2,2)
3 (n) mn+2 −mn+1

SYT
(2,1)
3 (n) mn+2 −mn

SYT
(3,0)
3 (n) = SYT

(3,3)
3 (n) mn+3 − 2mn+2 +mn

SYT
(3,1)
3 (n) = SYT

(3,2)
3 (n) mn+3 −mn+2 −mn+1

SYT
(4,0)
3 (n) = SYT

(4,4)
3 (n) mn+4 − 3mn+3 +mn+2 + 2mn+1

SYT
(4,1)
3 (n) = SYT

(4,3)
3 (n) mn+4 − 2mn+3 −mn+2 + 2mn+1

SYT
(4,2)
3 (n) mn+4 − 2mn+3

Table 3.3: Enumerating SYT(k,i)(n) as a linear combination of Motzkin numbers mn = mn(1)
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