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1 Shannon entropy and information theory

1.1  Background

The concept of entropy and the definition of the information content of a message was
developed independently by Shannon (Shannon 1948) and Alan Turing (during his work
at Bletchley Park in WWII), but came to be associated with Shannon’s name.

If the probability of a certain message m; is p(m;), then the information content of

a message is defined as follows (cf. e.g. Cover and Thomas 1991):

Definition 1.1 Information content of message m; is I(m;) = - log p(m;) (1)

The negative log function makes /(m;) a positive function, giving greater values to less
probable (less predictable, more surprising) messages.
Shannon entropy (which Turing called weight of evidence) is then defined as the mean

information content per message (cf. e.g. Cover and Thomas 1991):

Definition 1.2 Shannon entropy of a set of messages {m;} is

H =% p(m)l(m)=—3.ip(m;) log p(m;) )

If we replace the message m with a value x for a random variable X, then the entropy of X
is the measure of uncertainty inherent in X. With P the distribution of X, and p(x) the

corresponding mass density function, we can write (cf. e.g. Cover and Thomas 1991)



H(X) = H(P) = Y.xex p(x) log p(x) 3)

The entropy of X is thus an expected value for log (1/p(X)), with values of X are drawn
according to the probability mass function p(x). So, another notation for the value of
entropy of X is Ep{—log p(X)}. It describes how much information, on average, is
necessary to describe the distribution of the random variable (cf. e.g. Cover and Thomas

1991). The entropy is usually measured in bits, and the /og is then taken to base 2.

Example 1.1 The entropy of a fair coin toss is / bit.

Definition 1.3 Relative entropy (or Kullback Leibler distance or I-divergence) between

two probability mass functions p(x) and g(x) is defined as

D(p/lg) = Yxe, p(x) log ( p(x)/q(x) ) (4)

(cf. e.g. Topsee 1979, Cover and Thomas 1991, Berger 1985)

Relative entropy is not really a metric, but it shares some nice properties of metrics. We

list some of them now:

Theorem 1.1 Properties of I-divergence: (cf. e.g. Khudanpur 1999, references therein)

Non-negativity. D(p //q) is always non-negative, and is zero if and only if p = g.



Lower semicontinuity. For a sequence of probability mass functions (p,, g,), n = 1,2, ...,

which converges to (p,q),
limy .o inf Dpallgn) > D(p lg) )
If O(x)>0 for each x, then D(p //q) is continuous in the pair (p,q)

Convexity. For any a €/0,1], and distributions p;, g;, p2, g2,

aD(p1/lq)+(1-a) D(p:/lq2)2 D(ap+(1-a)p2flaqi+(1-a)q2) (6)
Partition inequality. Suppose A = {4, ..., A} is a partition of the space y, that is
X = uKi:1Ai, and for all i#/ 4,4, = O.

Suppose also that

pa(i) = 2renipx),  i=1, ..,k
ga(i) = 2reaiqx), i=1,..,K

Then D(p /lg)=> D(pa//ga), With equality iff P(x |x €4;) = Q(x |x €EA;), for each i. (7)
Pinsker’s inequality. The variational distance between distributions,

d(p.q) = 2iey Ip(x)-q(x)], is bounded above by the I-divergence:

D(plg)> % &(p,q) ®)

Information inequality. Let p(x), g(x), x €X, be two probability mass functions. Then

D(p/lq) > 0 with equality if and only if p(x) = g(x) for all x. 9)

Before we can prove these properties, we need a lemma: (cf. e.g. Khudanpur 1999)
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Lemma 1.1 Log-Sum Inequality. Let {a;}";-; and {b;}";-; be sequences of nonnegative

numbers. Let a=2";—;a; and b=2";-; b,. Then

2" =1 ailog a/b; >a log a/b (10)
With equality iff a/b; = ¢ for every i, where ¢ is some constant

Proof. It suffices to prove this for a; > 0, since when we drop from (10) the a; and b; for
which @;=0, this doesn’t change the left side of the inequality and can only increase the
right side by (maybe) reducing b. Also, it suffices to prove (10) for b;>0; otherwise, the
left side is infinity and there is nothing to prove. Finally, it suffices to prove this for a=b.
The inequality is invariant to a scaling of the b;’s because

2 i—1ailog a;/kb; = 3" i-; a;log a;/b; + a; log 1/k, and

alog a/3 kb; = alog a/b + a log 1/k.
Recall that log t < t-1 for positive ¢, with equality iff /=1. Thus, setting #; = b;/a;, we get

2li=railoga/b;=-2" -1 ailogt; >- "= a;(t;—1) =-2"=; (bi- a))

This proves the desired inequality, together with condition for equality.

Proof of Theorem 1.1
Non-negativity: Nonnegativity of D(p /iq) follows trivially from the log-sum inequality,

as does the condition for equality.
Lower semicontinuity: Consider the following three cases.

Case 1. For each x, g(x) > 0.

! Except where indicated, the proof of this theorem follows the one given in Khudanpur (1999).



In this case, since ¢,(x) 2 q(x), g.(x) > 0 for all n > nyfor some ny(x). Then, p,(x) log
Pu(X)/qn(x) 2 p(x) log p(x)/q(x) < +oo,

And since D(p,//g,) is a sum of a finite number of these terms, each of which converges
to a finite limit, then D(p, //g,) 2D(p /lq).

Case 2. There is an x' such that g(x) = 0 and p(x') > 0.

In this case, D(p/lq)= +o, and

D(l)ﬂ //ql‘l) =

= pu(x)log pu(x')/qn(x’) + E#X'pn(x) log pu(x)/qn(x) =

(pac)log pulx)/qu(x) + 0 if pul) =1
=3 pulx)log pu(x)/qu(x) + o if pufx)<1 and qu(x)=1
|Pn(x910gpn(x9/qn(x9 + otherwise

L 42 pal) [l0g a3/ 1- pu()) / (an)/(1- 4u))) + log (1- pu))/(1- 4u(x))]

Since g,(x') 2 0, we can verify that the first term above goes to infinity, and in all three

cases, the second term does not go to negative infinity.
So, D(pu/lgn) 2 +

Case 3. Every time when g(x') = 0, p(x') = 0 as well.
In this case D(p.//q,) =

= 2% st qto>0Pn(X) 108 Pu(X)/qn(x) + 2t 5.1 qeey=0Pn(X") l0g Pu(X)/gqn(X’)

= 2 st qw>0Pn(X) 108 Pu(X)/qn(x) + 25 5.t gie)=0Dn(X") l0g pu(X’) — pu(x’) log gu(x’)



225 st q>0Dn(X) 10g Pu(X)/qn(X) + 2 st qc)=0Pn(X") 10g Pu(x’)

Again, we can check that the first term goes to D(p,//q,), and the second term goes to

zero. So, limy, o inf D(p./lg.)= D(p lq)

Convexity: Since ap;(x) log pi(x)/q:1(x) + (1I-a)ps(x) log p2(x)/q:(x) =
= ap(x) log api(x)/aq(x) + (1-a)p:(x) log (1-a)p:(x)/(1-a)q:(x) =
2[api(x) + (1-a)px(x)] log [api(x) + (1-a)p2(x)]/[aqi(x) + (1-a)qx(x)]

Then from log-sum inequality we get that

aD(pi1/lq1)+(1-a) D(p2/lq2) 2 D(ap; + (1-a)p:/laq; +(1-a)q>).

Partition inequality: For a partition A = {4, ..., Ak},

D(p/llg) = Yxe, p(x) log (p()/a(x) ) = X =1 Yxe p() log (p(3)/q(x) ) =

>¥8 s [ Yeen p(9)] 10g (Teenp()/Tecaiq() ) =X =1 pali) log pa(i)/ga(i)= D(pa/lga)
Since the log-sum inequality was used for every i, then for this to be an equality, we must
have, for every i, that p(x)/q(x)=c;, so that Y ve4 p(x) = ;) vea:q(x), equivalently
P(xEA)/q(x EA) = ¢

This gives us the conditions for equality.

Pinsker’s inequality: Let A={4,, A,}, where 4;= {x |p(x)>q(x)} and A,={x |p(x)< q(x)}
Then, d(p,q) =2iey IP(x)-9(x)| = 2iear (P(X)-q(x)) — 2ren: (P(X)-q(x))=

=(pa(1)-ga(1))+(qa(2)-pa(2)) = d(pa.qn)



Then, from the partition inequality it follows that D(p /lg)> D(pa//qa), so we only have

to prove Pinsker’s inequality for [y| = 2.

For y ={0,1}, letp = (r,1-r) and g=(s,1-s), and

let f{s) = r log /s + (1-r)log [1-r]/[1-s] — 4c(r-s)’, treating r and ¢ as constants.
Then, f(r) = 0, and for s # 0 and s # I,

the partial derivative f.'(s) = —r/s + [1-r]/[1-s] + 8c(r-s) = (s-r) [ 1/(I-s)s — 8c]

Since r and s are probabilities, s(/-s) < % and f(s) achieves a minimum at s = » when the

constant ¢ < %. Thus, for ¢ </ we have
1s) = D@pJlg) = c(r-s| + |(1-r) = (1-s)1)” = D(p Jlg) — cd’(p.q) 20.
When ¢ = /%, we get Pinsker’s inequality.

Information inequality: (proof as in Cover and Thomas 1991) We can rewrite the

information inequality as follows:

Siex p(x) log (p(x)/q(x) ) >0 Starting with (9), we use
Yeex p(x) [log p(x) — log q(x)] >0 log(a/b)=log a — log b
Yxex [p(x) log p(x) —p(x) log q(x)] = 0

2xex [P(x) log p(x)] —2xex[p(x) log q(x)] =0

—yex[p (x) log q(x)] > — > ex [p(x) log p(x)] Note that the right-hand side

Ep{-log q(x)} > Ep{-log p(x)} is just the entropy H(P).



Thus, another way to write the information inequality is (11)

Ep{-log q(x)} > Ep{-log p(x)}=H(P) (In

Shannon proceeded to develop his theory of information with entropy as the natural
measure of efficient minimal description length, formulating the coding theorems that
help calculate the capacity of a message channel, and in general provide theoretical
foundations for designing telecommunication systems. We will return to code length in

section 4.2 below.

1.2 The problem of maximizing entropy

A particular, and important, problem in Information Theory is that of maximizing the

informational content per message, that is, maximizing entropy.

If P assigns probability / to a particular value xy in y, and 0 to all other values,
then there is no uncertainty at all — the entropy of such P is null (0log0 is taken to be 0 by
convention here). On the other hand, if all values of y are equally probable, the entropy

(and the uncertainty) is highest possible (cf. e.g. Berger 1985).

H(P) = =% p(x) log p(x;) == (1/n)(log 1/n) = (log n)/n (12)



A detour: why maximize entropy?
To provide a motivation for maximizing entropy of probability distributions, consider a

simple (and simplistic) version of a general problem.

Example 1.2 (Blum and Kalai 1999, pointed out by Dean Foster, personal (13)
communication). The decision maker Dina is a student of linguistics,
who has two friends who are investment specialists.
One of them, Wendy, is from Wharton Business School;
the other, Harry, is from Harvard Business School.
Since Dina knows nothing about finance, she is unable to judge which of her two friends
will do better in terms of long-term accumulation of wealth. However, she wants her own
means to grow at about the same rate as the wealth of the better of the two. What should
she do?
Some non-solutions. Some strategies that won’t achieve Dina’s goal of imitating the rate
of growth of the better of her two friends:
1. Dina should do whatever Wendy does initially, then, depending on who does
better after some time, switch to the better person.
This approach is just about the worst way to do it, since Dina will be missing the
good bets each friend makes, and switching to him or her after a period of success,
and not during that period. This way, Dina will do worse than either of them.
The flaw of this approach is its excessive adaptability to change. So, maybe adapting
should be abandoned altogether:

2. Dina should take a wild guess and stick with either Wendy or Harry.



10
Of course, Dina is not guaranteed from any disasters, so if she picks Wendy and

Wendy has a negative growth rate (i.e., she keeps losing money), while Harry grows
10% a year, Dina is very far from her objective.
So, maybe she should guarantee herself some balance between the two friends
3. With half her money Dina should do whatever Wendy does, and follow Harry
with the other half.
This approach is better than the previous two: so, if Wendy grows 10% a year, and
Harry loses in value 10% a year, Dina will be safely at 0%. This, however, doesn’t do
much to approximate Wendy’s 10%.
Solution. The best way to approximate the growth rate of the more successful friend is
to take all the wealth Dina wants to invest, and give half of it to Wendy, and half to
Harry, for them to include in their own portfolios.
This is distinct from the non-solution #3, since the worst Dina can do is lose what she has
invested — Dina can never lose more than she had. So, suppose after the term of the
investment, Harry does badly and loses half Dina’s wealth, while Wendy does better.
Her average growth rate is log w/t. Then, Dina’s average growth rate is log(w/2)/t = log
w/t — log2/t. So, Dina’s growth rate is the same as Wendy’s, minus a very small
correction factor log2/t.
Generalization. Generalizing this problem to any number of friends, we can interpret the
fraction of Dina’s wealth that she gives to each friend as a probability — the subjective
probability she assigns to this friend’s chances of success. The best way to distribute this
wealth, in the case when Dina is completely uncertain about her friends’ chances, is to

distribute it as widely as possible, maximally avoiding concentration of wealth in any one
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friend’s hands. If we interpret the fraction of Dina’s wealth give to each friend x from

the set of friends y as a probability p(x), then, to achieve a close approximation of the

most successful friend, Dina has to maximize the entropy over y.

This method of limiting one's losses and maximizing growth is used, e.g., in
actual financial management by funds that invest in other managed funds.

In this particular case, when the distribution is not constrained in any further way,
the maximal-entropy distribution is the uniform one: give each friend an equal

proportion of money.

More generally, when decisions have to be made based on a probability distribution that
is not completely known, it is desirable to select a distribution which is as unbiased (and
thus as uncertain about outcomes) as possible, subject to the constraints imposed by what
is known (Berger 1985).

Thus, maximizing the entropy of a distribution, subject to some constraints, is an
important problem of statistical decision theory.

Now that we have some reasons to maximize entropy, let us flesh out the problem

of maximization.

Suppose a class " of probability distributions P over the finite sample space ¥ is
given.
We wish to select a particular distribution P* that will maximize the entropy over 7.

That is, the distribution P* in the class /" results in the maximum possible value of
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H(P) =-> ¢, p(x) log p(x) = Ep{—log p(X)} where p is the probability mass
function of P.
If A 1s the set of all probability mass functions defined over y, by information

inequality (11) (cf. e.g. Cover and Thomas 1991), it follows that, for any distribution P,
infyeaEp{—log q(X)} is achieved uniquely at g=p, where it takes the value H(P).

So,

H(P) = infyeaEp{-log q(X)}, (14)
So the maximum entropy can be written as

supperH(P) = supperinfyeabr{—log q(X)} (5)



2 Game theory and minimax strategies

Every game consists of decision problems. A decision problem is the problem of
choosing among a set of alternative actions, in the cases when certain choices of actions
and their consequences can be unambiguously defined, the consequences of joint choices
can be precisely specified, and the choosers have distinct preferences among the
outcomes (cf. e.g. Rapoport 1966). The simple concepts used here merit precise

definition.

Definition 2.1 (cf. e.g. Rapoport 1966) An action or move by player i, denoted «a; is a
choice that player can make. The entire set of actions available to player i is called an
action set 4; = {a;}.

An ordered set <a;>, (i = 1,..., n) of one action for each of the » players in the game is

called an action combination. (16)

“A particular game is defined when the choices open to the players in each situation, the
situations defining the end of a play, and the payoffs associated with each play-

terminating situation have been specified” (Rapoport 1966).

Definition 2.2 The
payoffs, when they are specified on an interval scale (i.e., a scale impervious to order-

preserving linear transformations), are called utilities. (17)

13
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That is, given any three outcomes of a game, 4, B, and C, a player can specify the rank
order among them (e.g., 4>B>(), as well as the ratio of the differences among the
preferences (e.g., (B-C)/(A-B) = 2). If the payoffs are interpreted as money, this means
that a player’s choices are unchanged if the stakes are changed from pennies to thousands
of dollars, or if regardless of the outcome, the player has to pay a certain fee.

The players (decision-makers) strive to maximize their expected gains in utility in
making their choices. A negative of utility is a loss. Thus, loss is that quantity whose
expected gain is attempted to be minimized by a decision-maker. Knowledge of possible
consequence of decisions can thus be incorporated in the form of a loss function into
statistical analysis (Wald 1950).

A two-player zero-sum game can now be defined.

Definition 2.3 (cf. e.g. Rasmusen 1989, Berger 1985) A game in which the (18)

payoffs for all players always sum up to zero is called a zero-sum game.

Definition 2.4 (cf. e.g. Rasmusen 1989) A (pure) strategy s; is a particular way (19)
for a player i to play the game, uniquely specifying a particular choice for i in each move.
More formally, a player’s strategy is a function from a sequence of (previous)

events/actions (called an information set) into this player’s action set.

The distinction between pure and mixed strategies will be drawn shortly.



15
For example, consider a zero-sum two-player game of ‘rock, paper, scissors’
2 5 5

where the players display their choice of rock, paper, or scissors simultaneously three
times in a row. The person who wins two or three of the three rounds wins. Then, ‘always
choose rock’ describes one possible strategy; ‘choose rock first, then choose whatever the

other player chose on previous move’ describes another.

Definition 2.5 (cf. e.g. Rasmusen 1989) The set of strategies available to (20)
each player i is that player’s strategy set or strategy space S; = {s;}. A strategy
combination s = <s,, ...,s,> is an ordered set consisting of one strategy for each of the n

players in the game.

Zero-sum two-player games can be represented in normal form.

Definition 2.6 (cf. e.g. Rasmusen 1989) Normal form is the form which consists  (21)
of all possible strategy combinations s, s°, ..., s”; and payoff functions mapping s’

onto the payoff n-vector 7' (i = 1,2,...,p).

The normal form for a two-person game can be drawn up as a table, in which one
player’s strategy set is listed in the first column of a table, all strategies available to the
other player are listed in the first row, and each cell of the table contains the payoffs
resulting from the particular row-column strategy combination (the payoffs for column
player are always listed before the payoffs for the row player). A simple example will

illustrate:
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Example 2.1 One-round game of “rock, paper, scissors” where the two players (22)
move simultaneously can be represented in normal form as in Table 1 below.
The highlighted cell reads that in case Player 1 plays “paper” while Player 2

plays “scissors,” Player 1 will receive -/ units of utility while Player 2 will receive 1.

Table 1

Player 1 | Player 2 — | Rock | Paper | Scissors
Rock 0,0 |-1,1 1,-1
Paper 1-1 |00 [-11 |
Scissors -1,1 | 1,-1 ‘ 0,0 ‘

Note that in a game where it is impossible to base actions on prior information, like in the

one-round “rock, paper, scissors”, there is no distinction between actions and strategies.
It is clear that payoffs for each player are functions of strategy combinations, so

we can denote the contents of highlighted cell above as

7 (<paper,scissors>) = -1, 1, (<paper,scissors>) = 1

A solution concept for a game is called an equilibrium.

Definition 2.7 (cf. e.g. Rasmusen 1989) An equilibrium s* = <g;* ..., s,*>1is  (23)
a strategy combination consisting of a best strategy for each of the n players of the

game.
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Definition 2.8 (cf. e.g. Rasmusen 1989, Berger 1985) Mixed strategy for (24)
a player i is a function that maps a sequence of actions/events (a possible information set

w) to a probability distribution over actions: s; - w; — m(a;), where m>0, [, m(a;)da; = 1.

Compare this with a pure strategy, which maps information sets to actions:

Si Wi — a;

Example 2.2 (Rasmusen 1989). The Welfare Game (25)
This game models a pauper who starts looking for work only if he knows he cannot get
government aid, and a government that wished to aid a pauper if he searches for work but

not otherwise. The payoffs are shown in a table below.

Table 2

Government| Pauper— | Try to work | Be idle

Aid 3,2 -1,3

No aid -1,1 0,0

If players are allowed to mix-and-match their strategies, how often should they play each
one in order to maximize their payoffs?

If the government plays Aid with probability P,, and the pauper plays 7ry to Work with
probability P,,, their expected payoffs are

Ergoverment = Po[3Py + (-1)(I-Py)] + [1-P,J[(-1)P,, + O(I-P,)] = P,[5P,,— 1] - P,,



18
To maximize the government’s payoffs as a function of its actions, we take the

derivative of Emgovermens With respect to the probability of aid P, and set it equal to zero:
0 = dEngoverment/ APy = 5Py — 1.
Solving for P,,, we find P,, = 0.2

Similarly, for pauper’s expected payoffs,
Efpauper = Paf 2Py, + 3(1-P,)] + [1-P,J[1P,, + O(1-P,)] = -P\, [2P,— 1] + 3P,
Maximizing the payoffs, we get 0 = dEmyauper/ dP,, = 2P, — 1.
Solving for P,, we find P, = 0.5
So, both players’ payoffs are maximized when pauper plays 7ry to work with probability
0.2 and the government plays Aid with probability 0.5.
In fact, these two mixed strategies form a Nash equilibrium, the most frequently used
equilibrium concept (Nash 1951): (Nash equilibria are sets of strategies for players in a
noncooperative game such that no single one of them would be better off switching
strategies unless others did.)

Another equilibrium concept is based on a notion of maximin strategies.

Definition 2.7 (cf. e.g. Rasmusen 1989) A maximin strategy for player i (26)
gives i the highest possible payoff in the case when all other players pick

strategies to make i’s payoff as low as possible.

For a two-player game (to simplify notation),

ma-mi

a maximin strategy for player 1, denoted s,”“™, is the one that solves

maxsy minsg 7[1(51, Sg) or Sups; il’lfgg 7[1(51, Sg) (27)
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The maximin strategy doesn’t have to be unique, and it could be a pure or a mixed

strategy.

Definition 2.8 (cf. e.g. Rasmusen 1989) A minimax strategy in a two-player (28)
game is one chosen by one player so as to keep the other player’s payoff as low as

mi-ma

possible. A minimax strategy for player 1, denoted s, , 1s the one that solves

mil’lsg maxsg 71'1(S1, Sg) or il’lfgg Sups; 71'1(S1, Sg)

As Rasmusen puts it, “In non-zero-sum games, minimax is for sadists and maximin for
paranoids. In zero-sum games, the players are merely neurotic: minimax is for optimists
and maximin for pessimists” (Rasmusen 1989).

In the Welfare Game above, if we restrict the players to pure strategies, pauper’s
maximin strategy is 7ry to work (pauper’s minimum payoff is /), and his minimax

strategy is Be idle (government’s maximum payoff is 0).

A minimax equilibrium is a strategy combination consisting of minimax strategies for
each player; similarly, a maximin equilibrium is a strategy combination consisting of

maximin strategies for each player.

Theorem 2.1 (Von Neumann 1928). In every two-person zero-sum game, there  (29)
is a minimax equilibrium in pure or mixed strategies, and it is identical to the

maximin equilibrium.
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In our notation, allowing for mixed strategies m('s; ) and m( s, ), this means that in a two-

person z€ro-sum game

Ifm(s2) SUP mes1) T1(S1, S2) = SUP m(s1 ) INfmes2) Ti(S1, S2) (29°)

And since the limit is actually reached by a pure or mixed strategy,

MRy 52 ) MAX (51 ) T(S1, S2) = MAX (51 ) MIN e s2) T(S1, S2) (29”)

Coming back to our problem of maximizing entropy, the minimax result from game

theory (29°) suggests that the following equality might be true (Griinwald and Dawid

2003):

supper infyeiEp{~log q(X)}= infye supper Epf{-log q(X)} (30)

While the supremum on the left-hand side is achieved when the entropy over /" is
maximized, the meaning of the infimum on the right-hand side will become clear from

the following section.



3 Decision-making as games with Nature

Decision theory presents a detailed analysis of a subset of cases studied by Game Theory.

In particular, consider a Decision Maker who has to take some action a selected from the
given action space A, after which Nature will reveal the value x € y of a quantity X, and

Decision Maker will then suffer a loss L(x,a) in (— o, oo/ (Griinwald and Dawid 2003,
Berger 1985).

Since the value x is independent of any action chosen by Decision Maker, this can
be considered as a zero-sum game between Nature and Decision Maker. The two players
move simultaneously, after which the moves are revealed and Decision Maker pays
Nature L(x,a).

If Decision Maker knows that X comes from a probability distribution P

(objective probability), or if Decision Maker is using P to represent uncertainty about X
(subjective probability), then the undesirability to Decision Maker of any act a €4 will be

assessed by means of its Bayesian expected loss,

L(P,a) = ¥ P(x) L(x.a) = Ep{L(X.a)} ' €2))

The expected value or expected loss method in decision-making was known from
the 17th century. In 1738 Daniel Bernoulli published an influential paper entitled

Exposition of a New Theory on the Measurement of Risk in which he defines a utility

"' T am not considering non-finite cases, where loss would be defined as the corresponding integral.

21
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function and computes expected utility in presenting a solution to a decision problem.

In the last century, Frank Ramsey, Bruno de Finetti, Leonard Savage and others
developed and applied the concept of expected utility/loss in situations where all
probabilities are subjective (Wikipedia: Decision Theory).

In non-Bayesian or Frequentist schools of statistical decision theory, expected

loss function is different from L(P,a) above. First, we need to distinguish states of nature
x € x from the random variable y (dependent on x) representing sample information, or

observation/measurement. Then, we can define the notion of decision rule (procedure):

(cf. e.g. Berger 1985)*

Definition 3.1 A (nonrandomized) decision rule d(y) is a (measurable) function  (32)
from Y into 4. If Y=y is the observed value of the sample information, then 6(y)
is the action that will be taken. If Py (6;(Y)=0,(Y))=1 for all states of nature x,
the two decision rules §; and &, are equivalent.
In the absence of data, the decision rule is ‘no action.’
The risk function of a decision rule is the expected loss for repeated use of §(Y)
with varying Y-
R(.8)= Y, P(v/x) L(x,8(v)) = Ev{L(x.8(V))} (33)

For a no-data problem, R(x,6) =L(P,a)

? The entire section following this definition is drawn from Berger’s classic textbook on Statistical Decision
Theory (Berger 1985), so that definitions, theorems, and proofs till the end of the section are cited from
there, unless otherwise indicated.
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The following partial ordering serves as the first step to determining a good decision

rule:

Definition 3.2 A decision rule §; is R-better than a decision rule 8, if (34)

R(x,6,) <R(x,5,) for all x (with strict < for some x). The two rules are

R-equivalent if R(x,6,) =R(x,5,) for all x.

On the basis of this partial ordering we can define the notion of rule admissibility:

Definition 3.3 A decision rule & is admissible if there is no R-better decision rule. (35)

A decision rule is inadmissible otherwise.

Finally, the notion of Bayes risk is defined by averaging both over x and over y.

Definition 3.4 Given a prior distribution P on y, Bayes risk of decision rule §is  (36)

defined as r(P,6) = Ep{R(x,5)}

Definition 3.5 A randomized decision rule 5*(y,.) for each y is a probability (37)

distribution on 4, stating that if y is observed, §*(y,B) is the probability that an

action in B €4 will be chosen.
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Definition 3.6 A randomized act/move for a player is a choice represented as a

(38)
probability distribution on this player’s action space, and is the same as a
randomized decision rule for a no-data problem.
A non-randomized rule is then a special case of randomized ones, choosing a specific

action a for each x with probability /.

The loss function and risk function of a randomized rule are defined in terms of expected

loss.

L(x.6%(y..)=Ea-s+3.){L(x.a)}, R(x.6%)=Ev{L(x,6%(Y.))} (39)

For randomized rules, as for non-randomized rules, in a no-data problem, the risk is just
the loss.

Thus, for Nature, a non-randomized move involves picking value x from the
sample space ¥, while a randomized move involves picking a distribution P over y. For

Decision Maker, a non-randomized move involves picking an action a from 4, while a

randomized move involves picking a distribution z over A.
Applying the definition in (21) to this case, L(x,z) = Y 4e4 z(a) L(x,a) = E4-{L(X,a)}

and thus L(P,z) = 3.5« z(@)P(x) L(x,a) = E(x. 4y px - {L(X,a)}

For obvious reasons, the attention of scholars here is restricted to cases when the

loss function is defined: to the set Wof probability functions P such that L(P,a) is defined
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for all a €4, and to the set Z of probability functions z such that L(P,z) is defined for all

P& W, Then the loss function is well-defined:

Lemma 3.1 (Griinwald and Dawid 2003) For all P& Wand z €Z, (40)

L(Pz) =Ex-p{L(Xz)}=Es..{L(PA)}

Proof. Suppose L is finite. Then, by Fubini’s theorem, orders of summation or integration
can be interchanged, Ex-p {L(X,z)} = E4~. {L(P,A)}

For the case L(P,z)=o, consider the first equality L(P,z) = Ex-p {L(X,2)}.

Suppose L(P,z)> 0 everywhere.

If L(x,z) = oo for x in a subset of ) that has a positive P-measure, then both sides are
infinite and the first equality in (40) holds.

If L(x,z) is infinite on a subset of ) that has a non-positive (that is, zero) P-measure, it is

finite almost surely (that is, the loss associated with events whose probability is zero can
be considered to be zero as well).

If Ex- p {L(X,z)} were finite, then by Fubini it would be the same as L(P,z). So it is not
finite, and again both sides are infinite and the first equality in (40) holds.

If L can be negative at some points, note that its negative part must be finite; and the
reasoning for L(P,z) = - « is parallel to that for the positive o case.

The whole argument can be repeated changing x into a and P into z to prove the second

equality L(P,z) = E4~. {L(P,A)} g.e.d.
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Corollary 3.2 (Griinwald and Dawid 2003) For all P& W, (41)

infoez L(P,z) = infoeq L(P,a)

Proof. First, note that inf.ez L(P,z) <inf,eq L(P,a)

Ifinfyeq L(P,a) = -0, then inf.cz L(P,z) = infyeq L(P,a) = - © ;

otherwise forany z€Z L(P,z) = E4-. {L(P,A)}, but

E .. {L(P,A)}>inf,eq4 L(P,a), so inf.cz L(P,z) = inf,cq L(P,a).

This result, together with Theorem 3.2 below will allow us to concentrate on non-

randomized acts for Decision Maker in our attempts to minimize loss.

Definition 3.7 (cf. e.g. Berger 1985, see footnote 3) A set SCR" is convex if for  (42)

any two points x and y in S, the segment joining them (ax—+(/-a)y for 0 <a<I)is in S.

Definition 3.8 A real-valued function g(x) defined on a convex set S is convex if  (43)

forallx, ye S, glax+(1-a)y) <ag(x)+(1-a)g(y), strictly so if the inequality is strict.

g(x) is concave if for all x, y € S, ag(x)+(1-a)g(y) < g(ax+(I1-a)y, strictly so if the

inequality is strict.
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Definition 3.9 A hyperplane in R" is a set of the form

(44)

H(dk) = {7z €R": d'z=2"—; dzi=k}, where k is some real number, d ER™ and d+0.

A hyperplane has the following property: if / is a line in R” and z’ a point in R”, and y’
and )’ any distinct point of /, the hyperplane passing through z’ and perpendicular to / is

H(d k) where d=y'-y" and k=2")'/'-y"). (45)

Definition 3.10 A supporting hyperplane to a set S in R" at a boundary (46)

point s of S is a hyperplane H(d,k) (d#0) which contains s (that is, d's=k) and for which

d's >k when s ES. A separating hyperplane for sets S; and S; in R” is a hyperplane,

H(d k) (d#0) such that d's’ > k for s’ €S, and d's” < k for s° €S

A supporting hyperplane to a set S, according the definition in (46) is tangent to the S,

and S lies completely to one side of the hyperplane. A separating hyperplane is then one

for which one set lies entirely in the half-space {zE€R" | d'z > k} on one side of the

hyperplane, and the other set lies entirely in the half-space {zER" | d'z < k} on the other

side of the hyperplane.

Before we can prove a few important theorems in the minimax analysis, we need the

following lemma:
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LLemma 3.2 If S'is a closed convex set in R” and x” S, then there is a hyperplane  (47)
separating S and x”.

Proof. The proof will be geometric.

First, we show that there is a unique s” €S nearest to x”, such that |s"—x’| =

inﬁgg|s—x0|.

Existence of s:

Choose a sequence s” €S so that |s"—x"| 2 inf;es|s—x"|. It is easy to show that /s"} can be
chosen to be a bounded sequence, so that, by the Bolzano-Weierstrass theorem, {s"} has a
convergent subsequence {s"”} with a limit point s’. Since S is closed, s’ €S.

"0 x| =inf; es|s—x"|.

0 0 _ g
Then, |s"—x"| = limy_y.|s
Uniqueness of s”:

Assume there is an s’ &S such that s s’ and |s -x’|=|s"-x"|. Then the points x,s”, and s~

form an isosceles triangle with the base s’s”. Now, the midpoint s of this base is closer
to x” than either s or SO, and since S is convex, s’ &S. This contradicts the assumption

that s” is closest to x”. So s” must be unique.

Second, we define d=(s"—x") and k=(|s’|’—|s"|*)/2. Because of the property (45) of
hyperplanes, we know that H(d,k) is the perpendicular to the line segment x’s’ and
passing through the midpoint (x"+s”)/2 of that line segment. Also, since

0< % |8"x’|= %(d's"-d'x"), then d'x0<d's’.
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Consequently, dx” < %(dx"+d's’)=k < d's".

So, H(d, k) separates x” and s".
Third, we show that H(d,k) NS is empty. Assume it is not, that is, suppose s’ €S

and d's’=k. Because H(d,k) is the perpendicular bisector of x’s’, the triangle joining the

. 7. - . 2 . 1 .
points %%, 5%, and s’ is isosceles, with x’s” as the base. Let s° be the point on s’s! for which
0.2 . 0.1 0 2100 . . 2 :
x’s” is perpendicular to s”s". Then |x"—s"|<|x -s |, and since S is convex, s~ €S, again

contradicting the assumption that s” is closest to x”. So H(d,k) NS is empty.

Y

H(d, k)
Finally, we show that d's > k for s &S, so that H(d,k) separates x’ and S.
Assume that s’ €S and d's’ = a; < k. From the second step, we know that d's”=a,>k.

Now, let A=(k—a;)/(ar—a;), and notice that 0 <A < 1. By convexity, s’=As"+(1-A)s’) €S,

but then d's” = Aay + (1-Na; = a;+A(ap-a;)=k.

This contradicts the previous (third) step, and so we are done. g.e.d.
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The next two steps, building up to some of the central theorems of minimax analysis

are the following two lemmas, called Supporting Hyperplanes Theorem and Separating

Hyperplanes Theorem.

Lemma 3.3 (Supporting Hyperplanes Theorem). If s” is a boundary point of (48)
a convex set S, then there is a supporting hyperplane to S at s”.

Proof. S and closure(S) have the same boundary points, so that there are points

x" gclosure(S) such that x” >s’. By Lemma 3.2 in (47), there are hyperplanes H(d" k),

such that
(d")'s > k,, for s Eclosure(S), and (d")x" <k, (49)

These hyperplanes (and the inequalities in (49)) are not affected if " and k,, are replaced

by " =d"/\d"| and k', = ky/|d"|.

So, for H({",k’,,), we also have

(")'s > k’,, for s Eclosure(S), and (")'x" <k’, (50)
Now, since |¢"|=1 for all m, the Bolzano-Weierstrass theorem implies that the

sequence {7} has a convergent subsequence {7"”}. Let & = lim, S .

Now we want to show that the sequence {k’, )} has a convergent subsequence. Note that

for any fixed s &S,
k< (1")'s <12"|s|=]s]. (50"
Similarly, k> (7")%™ > -|¢"||x"] = -|x"|. (50™)

Since x" 25", (50") and (50") imply that {k ‘m@# 15 a bounded sequence. So, by Bolzano-

Weierstrass, it has a convergent subsequence {k )}, whose limit we shall call k.
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Since by (50) & gy < (I"7)'s for all s Eclosure(S), it follows that

ko < (1°)'s for all s Eclosure(S) (51)

Similarly, since & ’ugg) = (i {10 )mi6) it follows that ke>(t%)'s”.
Together with (51), this yields (°)'s"=k,. (51"

From (51) and (51') we have that H(¢’ k) is a supporting hyperplane to S at 5. q.e.d.

Lemma 3.4 (Separating Hyperplanes Theorem). If S; and S> are disjoint convex  (52)

subsets of R”, then

there is a vector d ER” (d#0) such that d's'>d's’ for all s’ €S; and s° ES.. (52"
Indeed defining k = supy2es. d's”, the hyperplane H(d, k) separates S; and S.. (52")

Proof. Let 4 ={x=s1—s2.' s'eS; and s° €Sy}

A is convex; also 0 is not in 4, since S; and S are disjoint. There are two possibilities.
First, assume 0 Eclosure(A4), that is, 0 is a boundary point of 4. Then, by Lemma 3.3 in
(48) there is a supporting hyperplane H(d,k) to A at 0. Therefore, k = d'0 = 0, and

'x >k = 0 for x EA.
Then, for s’ €S, and s° €S, it follows that d'(s’—s”) > 0. This proves (52').

Observe now that d's'>supses, d's’ > d's’, which proves (52").

Second, assume 0 gclosure(4). Then, by Lemma 3.2 in (47) there is a hyperplane

separating 0 and closure(A). The rest of the argument is as above. g.e.d.
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The final lemma focusing on a property of convex sets is given below:

Lemma 3.5 Let X be an m-variate random vector such that (53)

E[1X]|]<ooand P(X&S)=1, where S is a convex subset of R”. Then E/X] &S.
Proof. Define Y=X-E/X], and let S’=S-E/X] = {y | y = x—-E[X] for some x ES}.
Note that S’ is convex, that P(YES')=1, and that E/Y]/=0. Showing that E/X] €S is

equivalent to showing that 0 &S". This will be proved by induction on m.

When m=0, Y is degenerate to a point, so that £/¥]=0.
Now suppose the result holds for all dimensions up to and including m — 1.
For dimension m, assume, by way of contradiction, that 0 &S".

Then, by Lemma 3.4 in (52) there is a vector d#0 in R" such that d'y >d'0 = 0 for all
yES'. Let Z=d'Y, then P(Z>0)=1. However, E[Z] = d'E[Y] = 0, so that P(Z=0)=1.

So, with certainty, ¥ lies in the hyperplane defined by d'y=0.

Now let S"=S'n {y | d'y=0}, and observe that S” is a convex subset of an

(m-1)-dimensional Euclidean space, and that P(Y&S")=1 and E[Y]=0.

By induction hypothesis, 0 €S". Since S" is a subset of S’, this contradicts the supposition

that 02S’, completing the proof. q.e.d.

Now, we are ready to prove the first important theorem, called Jensen’s inequality.



Theorem 3.1 (Jensen’s inequality). Let g(x) be a convex real-valued function

defined on a convex subset S of R”, and X an m-variate random vector for which
E[|X]]< o, and P(X&S) = 1. Then, g(E{X}) <E{g(X)}, strictly so if g is

strictly convex and X is not concentrated at a point.

g(E{X}) is well-defined, since when E/|X]/< «, and P(X&S)=1, E[X] &S.

Proof. By induction on m: For m=0, theorem holds trivially since S is a point.

Assume theorem holds for dimensions up to m-1.

Define B={(x',y)'SR""': x&S, y€R’, and y>g(x)).

First, B is convex in R" : If (%, y;)' and (z'y,) are two points in B, then
k(, y)' +(1-k) (2 y) =([lx+(1-k)z]', kyi+(1-k)y2)

But since S is convex, [kx+(1-k)z] € S for 0< k<1,

and since y;>g(x) and y,>g(z) and g is convex,

kyi+(1-k)y2 2 k g(x)+(1-k) g(z) 2 g(kx+(1-k)z)

Thus, kX', y))' +(1-k)(Z'y;) € B for 0< k=<I1.
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(34)

Second, from Lemma 3.5 in (53) above, E/X] €S, so it follows that b = (E/X]', g(E[X]))’

is a boundary point of B.

Third, let H(d,k) be the supporting hyperplane to B at b. Writing d=(',r)', where vER"

and r€R’, it follows that d'b = V'E[X]+rg(E[X])=k

and d'(x',y) =Vvix + ry >k forx& Sand y > g(x)
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Now, if we set x = X and y = g(X), then with probability one,

VX + rg(X) 2VE[X]+rg(E[X])

Fourth, note that » >0 (otherwise d'(x',y)' = Vvix + ry >k for x € S and y > g(x) will be

wrong because y will be infinite). If » > 0, g(E{X}) <E{g(X)} follows by taking the

expectations.

If r = 0, from VX + rg(X) >VE[X]+rg(E[X]) we have h(X) = V(X- E[X]) > 0.
Also, E[h(X)] = 0, so h(X) = 0 with probability one, which we can rewrite as
PWV'X=k) = 1.

Thus, X is concentrated on the hyperplane H(v,k) with probability one.

Then let Sh = SHH(v,k). Since intersection of convex sets is convex, Sk is convex.
P(X&Sh) = 1. But Sh is an (m-1)-dimensional set, so the induction hypothesis applies to

give the desired conclusion.

Next, we prove a theorem that lets us eliminate randomized rules from consideration in

certain cases.

Theorem 3.2 Assume that 4 is a convex subset of R”, and that for each x € y (55)
the loss function L(x,a) is a convex function of a. Let §* be a randomized decision

rule in D* for which £6% [la|J< oo for all y €Y. Then (subject to measurability
conditions) the nonrandomized rule 8(y) = E5 "/ [a]

has L(x,6(y)) <L(x,6*(y,.)) for all y and x.
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Proof. From Lemma 3.5 in (53) above, d(y) EA.

From Jensen’s inequality we have that
L(x,8(y)=L(x, ES*’[a]) < ES""/[L(x,a)]= L(x,8%(v..) q.e.d.

So, when the loss function is convex, only nonrandomized decision rules need be

considered.

For a randomized rule 6* €D*, the quantity sup.e , R(x,0*) is the worst possible outcome

if 6* is used. A desire to protect oneself from the worst possible scenario is reflected in

the Minimax principle:

A decision rule §;* is preferred to 6, * if supce , R(x,0:%) < sup.e , R(x,62%). (56)

Definition 3.11 A decision rule 8*™ is a minimax decision rule if it minimizes ~ (57)

supxe y R(x,6%) among all randomized rules in D*, that is, if

SUpxe 4 R(X,a*M):iﬂﬂS*eD* supxe y R(x,6%).
This is equivalent to a minimax mixed strategy (28) if decision-making is interpreted as a

zero-sum game with Nature.

Note that minimaxity, according to Definition 3.11, is decided regardless of the
distribution of X or any prior knowledge about this distribution. For minimaxity specific
to a particular class of distributions, decision rules (procedures), and the notion of Bayes

risk r(P,8) will be used (Definition 3.4).
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Definition 3.12 If D is a probability distribution, then a Bayes act against D or  (58)

D-minimax act is the action a that minimizes the average expected loss L(D,a)
over all a €A.

A Bayes act need not exist for every distribution/loss function. A more universally

applicable notion is that of a Bayes loss:

Definition 3.13 The Bayes loss of a distribution P € P, denoted H(P) €[-0, o],  (59)

defined by H(P) = inf,eq L(P,a)

From (41), (55) we know that we will get the same result whether using (58) or extending
the definition to randomized acts.
In a frequentist Bayes approach, when a class of distributions I" is given, a distribution is

often chosen based on minimization of I'-Bayes risk (Definition 3.14).

Definition 3.14 The I'-Bayes risk of a procedure 8 is rr(8) = suppe r r(P,d) (60)
Correspondingly, the I'-minimax principle is:
A decision rule 8, is preferred over a rule 8, if r(8; ") < 1r(8,)) (61)

Definition 3.15 A rule 6* is said to be I'-minimax if (62)

1r(8") = infseeps rr(8') = infswep+ suppe r1(P,8)
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Now consider the ‘log loss game’ (Good 1952), in which Decision Maker has to

specify some g € 4, and her ensuing loss, if Nature then reveals X=x, is measured by —

log q(x). In this game, H(P) is just the Shannon entropy of P. A reinterpretation of this
game will be given below in section 4.2.

In addition, the infimum on the right-hand side of (30), repeated below in the next
section, is then a /-minimax act (Berger 1985), also termed a robust Bayes act against I
Such an act describes a maximin strategy (28) for Decision Maker for the log loss

decision problem given .



4 Maximal entropy as minimal loss

4.1  Proving the result for the special case

The following theorem is key to showing the connection between maximal entropy and

the acts that minimize loss:

Theorem 4.1 (Griinwald and Dawid 2004) Let P € P, and suppose H(P) is finite. (63)
Then the following three conditions hold:

1. zp €Zis Bayes against P iff Ep{L(X,a)-L(X,zp)} €[0, x] for all a €EA.

2. zpis Bayes against P iff L(P,zp) = H(P).

3. If P admits some randomized Bayes act, then P also admits some non-randomized

Bayes act.

The first two conditions of this theorem claim that given a distribution P, a Bayes act
against P can be found by comparing its loss with those of the available non-randomized
acts (condition 1), or by finding an act whose loss is the entropy of P (condition 2).
The search for a Bayes act may be restricted to non-randomized acts, if desired (condition
3).
Proof. From corollary in (41) and the fact that H(P) is finite, we have 1. and 2.
Let f(P,a) be defined as L(P,a)-H(P).

Then f(P,a)>0 for all a, while E4 - ,, f{(P,A) = L(P,zp) — H(P) = 0. It follows that the set
{a €A: f(P,a)=0} has probability / under zp and so must be non-empty. q.e.d

38
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And so, we hope to successfully follow (30), repeated below, in our search for a Bayes

act against /" in the log-loss game.

supperinfyeiEr{~l0g 4(X)}= infyes supper Er{~log 4(X)} (30)

When 7" is closed and convex, (30) does indeed hold under very general conditions.
Moreover the infimum on the right-hand side is achieved, uniquely, for g=p*, the
probability mass function of the maximum entropy distribution P*.

Thus, in this game between Decision Maker and Nature, the maximum entropy
distribution P* may be viewed simultaneously as defining both Nature’s maximin and
Decision Maker’s minimax strategy. In other words, maximum entropy is robust Bayes
against /.

Note that the acts g available to Decision Maker are not restricted to those
corresponding to a distribution in the class /™ that the optimal act p* does indeed turn out
to have this property follows from the analysis, and is not a case of circular reasoning.

Suppose " is described by mean-value constraints (Jaynes 1989, Cziszar 1991):
I'={P : Ep(T) = t}, where T=t(X) €ER" is a real-valued statistic. (64)

Griinwald (1998) shows that for such constraints the property (30) is particularly easy to
show. That is, while the Decision Maker cannot be sure which distribution Nature will
choose, a particular exponential distribution will be a possible (and an optimal) choice for

Nature.
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Namely, in presenting a general theory of exponential families, Barndorft-

Nielsen (1978) shows that under some mild consistency conditions on t (such as
requiring that the probability function integrate to /), there will exist a distribution P*

which satisfies the constraint Ep(7T) = 7, and has probability mass function of the form

pHx)=exp{ay +a't(x)}= exp{ay} exp{a’t(x)} for some a ER*, 0y ER. (65)
Then for any P&T,
Enf - log p*(X)} =-00- o't = H(P¥) (66)

Thus p* has the same expected loss under any P&T.

P* maximizes entropy, since for any P&,

H(P) = infyeq Ep{-log q(X)} < Ep{-log p*(X)} =H(P¥) (67)
by the previous rule.

To demonstrate that p* is a Robust Bayes act against /" and that (30) holds, first observe
that for any g €4,
supper Ep{-log q(X)} = Ep+{-log q(X)} = Ep+{-log p*(X)}=H(P*),

where the second inequality is the information inequality (11) (Cover and Thomas 1991).

So
H(P*)<inf,eq supper Ep{—log q(X). (68)
From the definition of p* in (65), we have, trivially, that

supper Epf{—log p*(X)} = H(P¥) (69)



41
A related theorem concerning the existence of minimax strategies is stated below as

Theorem 4.2.

Definition 4.1 (cf. e.g. Berger 1985). For each randomized strategy & (70)
let R(8") = L(x;,8"), and R(8)=(R;(5"), R:(E"), ..., Ru(5)).
The set of all risk points R(§"), S ={R(5’)} is called the risk set of the game. (71)

This set is convex.

Theorem 4.2 (Minimax Theorem). (cf. e.g. Berger 1985) Consider a two-person (72)
zero-sum game in which y = {x;, x5, ..., x»/l.

Assume that the risk set S is bounded from below. Then the game has value

V=supperinfscp+ L(P,é*)Z inf s« ep* suppgpL(P,é*) (73)

and a maximin strategy PV exists (for Nature).
Moreover, if S is closed from below, then a minimax strategy § ™ exists,

and L(P", §™) = 1.

In general, when the essential assumptions that the risk set is closed from below and
bounded from below are true, the game will usually have a value, and a minimax strategy

will exist.
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4.2 Games, entropy, and codeword length

Here, we will consider a reinterpretation of the zero-sum log-loss game between Decision
Maker and Nature described in the previous section. This reinterpretation was proposed

by Topsee (Topsee 1979, Topsee 1993). Probability distributions are defined on the finite

space y (for Topsee, discrete countable y). I"is the set of consistent probability

distributions on y. The Decision Maker is now the Observer, whose goal is, as before, to

make inferences about an unknown probability distribution based on the incomplete

information that this distribution belongs to /. While the Nature chooses the true
distribution from 7, the observer chooses a way of observing y, formalized by a code

(defined below in 4.2).

Definition 4.2 A code is a map k: y 2/0,%0] such that 2, ¢, et =1 (74)

This definition can be interpreted as existence of codebook corresponding to k, with all

the codewords corresponding to the possible states x. The length of the codeword
corresponding to x € y is k., which may be thought of as the length of time needed by the

Observer to discover the true state of the system when this state is x, or as the time
needed to communicate x to someone else.
The goal of the Observer is to minimize this observation time, which is equal to

the expected code length, whereas Nature is trying to maximize this quantity.
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From (74) it is clear that there is a natural bijection between the set M of all

probability distributions over y and the set K of all codes. This bijection is given by
k< P: k.=-logp(x) and p(x) = e’ (75)
When (75) holds, we say that k is adapted to P, or that P is associated with £.

The cost function for the game is defined on K*/" with values in /0, «] given by
(k,P) — <k,P> = Ep{k}  where (k,P) & KxI"

The cost function thus gives the expected code length (or observation time).

From the above definitions it is clear that

supper infrexk <k,P> < infiex supper <k,P> (76)

When the equality obtains, o = supper infrex <k,P> = infrex supper <k,P> is the value

of the game.

For a particular code £, the risk is defined as follows:

Definition 4.3 Risk of code &, R(k) = R(k |I') = supper <k,P> (77)

Thus, the minimum risk is

Definition 4.4 Ryin(T) = infiex R(k)= infrex supper <k,P> (78)

The distribution P* is optimal strategy for Nature when P* &/ and
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infrex <k,P*> = supper infrex <k,P> (79)

The quantity infrex <k P*> is just the entropy of P*, H(P*) = —}.e, p(x) log p(x).

Thus, the optimal strategy for nature is just the maximum entropy distribution P* &/ with

H(P*) = supper H(P) (79"
At the same time, the code k* is optimal strategy for Observer when k* €K and

supper <k* P> = infrex supper <k,P> (80)
Thus, the value of the game, when it exists, can be expressed as
o = supper H(P) = infrex R(k), ot Ryin(I') = Hpax(T), (81)

or minimum risk equals maximum entropy, as in the equation (30) above.

Definition 4.5 A code k is cost-stable iff <k, P> is finite and independent (82)

of P for P&l

We will also recall the notion of relative entropy or Kullback-Leibler distance between

two probability mass functions p(x) and ¢(x), defined in (4), and repeated below

D(p/lg) = Yxe, p(x) log ( p(x)/q(x) ) (4)
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Considered from the point of view of the Observer in our game, this quantity denotes

the average improvement resulting from the information that a distribution that Observer

believed to be O has changed to P:

D(PIQ) =Ygy p(x) log (p(x)/q(x))= 2xey p(x) (log p(x)-log q(x)) = (83)

= er;( p(x) (L—ky)

where k, and /; are codes adapted to P and Q, respectively. Rewriting the above formula

in a way that connects code length, entropy, and relative entropy, we get

<LP>=D(PJ/Q) + H(P) (84)

Lemma 4.1 Assume that /" is convex and that H,,, (1) < . (85)
Then there exists a unique distribution P* such that P, = P* for every sequence (P,)
such that H(P,) 2H,...(T).

Proof. First, for any P, ..., P, and a probability vector Q = (Q,, ..., O,), we have
H20:P) = 20i H(P) + 20:D(Pi/|20;P)). (86)
This is because, taking k to be the code adapted to v=20;P;, from (84) we have
H(v)=<kyv>=<k 20,P>=20<kP>=20:[D(Pi/}v) + H(P)]= 20:.D(P:/}v)+ JO:H(P)).
Then, from Pinsker’s inequality (8) for every n and m we get

Hunax(TD)2H (Y% Py +%Py) = H(Py)+YH(Py)+ %D(Py [Pyt YaPy) +D(Py [| Pyt Yo Py) >

>V H(P)+%H(Pu)+ Y & (P, YoPyt+ P )+ Ve d° (P, Vo Pyt Y2 Pry) =

= YBH(P,)+ HH(Pp)+ || Pr-Pol
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Thus, when n, m = oo, we have || P,-P,|| 2 0 . So, the sequence converges to some

P*&T, independent of the choice of a particular sequence (P,). q.e.d.

Lemma 4.2 Assume that /" is convex and that H,,, (1) < . (87)

Then, for every P &7, the following inequality holds:

H(P)+ D(P/IP*) < Hyax(T)

Proof. Choose a sequence (P,) SI" such that n/Hmax(I')-H(Pn)] 2 0

For each PE€T’, assemble a sequence of distributions P,*=(1- 1/n)P,+1/n P, where n>1.
Then, since each P,*&r", so H(P,*) <H.(I'). Then, from (86) we have
H(P,*)=(1-1/n)H(P,)+1/n H(P) + (1-1/n) D(P, /| P,*)+1/n D(P, /| P,*)>

>(1- 1/n) H(P,) + 1/n H(P) + 1/n D(P,/| P,*)

So, we have H(P) + D(P,/| P,*) < n[Hmax() — H(P,)] + H(P,). (88)
Now, from the lower semicontinuity property of divergence (5) it follows that

limy . inf D(P, /| P,*) > D(P | P¥) (89)

Combining (88) and (89) we get H(P) + D(P /| P*) < H,ux(T).

In the log-loss game recast in terms of codes, the theorem connecting minimum risk and

maximum entropy can be states as follows:
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Theorem 4.3 Let I"be convex with H,,,(I)) < . Then, (90)
1. The value of the log-loss game on /" exists and 1S H,q (1),
2. The Observer has an optimal strategy code £* adapted to the “center of attraction”
distribution P* as in the preceding lemmas.

3. This optimal strategy is unique, and

4. for any k€K, P&l adapted to each other, supper <k,P>> H,,,.(I')+D(P*// P)

5. Nature has an optimal strategy iff P*&l" and H(P*)= Hyux(T)
Proof. Combining (84) and Lemma 4.2 (87), we get

infrex supper <k,P> < supper <k* P> = supper [H(P) + D(P// P*)] < Huax(I)  (91)

At the same time, as (86) states, Hyu(I) < infrex supper <k,P> (92)

Combining (91) and (92) we get equality throughout, showing that the value of the game
exists and is H,4.(I) (condition 1) and that £* is the optimal strategy for the observer

(condition 2).
To prove condition 3, let k€K, let v be the distribution associated with k, and let (Pn) be

a sequence in I" for which H(P,) 2 H ().

From (84), Lemma 4.1 (85), and lower semicontinuity of divergence (5), we get
supper <k,P> 2 lim, . inf [H(P,) + D(P,//v)] 2 Hyu(I)+ D(P*//v)
(proving condition 4).

Now, since k=k* iff v = P*iff D(P*//v)=0, so from condition 4, it follows that
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supper <k,P> > H,,(I') unless k=k*. So, k* is the unique optimal strategy.

Condition 5 follows from <[ P> = D(P//Q) + H(P) (84), which implies the following
observation:

for any P (in or outside of I'), minyex <k,P> = H(P) and the minimum is achieved for the
code adapted to P. When the entropy of P is not infinite, the minimum is not achieved for

any other code. But then, for H,,,(I') = supper H(P), it follows that an optimal strategy

for Nature in the game is the distribution P &/" for which H(P)= H,u.(I') (condition 5).
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